ner= Si ngul ar Type = {"E12", "E13", "El4b", "Z11", "Zz12", "Z13b",
"W2", “W3p", "qQio", "qQu1", "Ql2b", "s11", "sSi2¢, "ui12", "E14", "Z13",
"Wi2b", "W3", "Q12", "Ul2b", "Ul2c", "Z13T", "QL2T", "Ul2bT"};

Def i ni ngEquati on22[TT_Li st, TXYZ_List] : = NModul e[
{tt =TT, aa, bb, cc, txyz =TXYZ, X, y, 2}, x =txyz[[1]]; ¥ =txyz[[2]]; z =txyz[[3]];
aa=tt[[1]]; bb=tt[[2]]; cc =tt[[3]1]; {bb* y*"7+ aa* x"3+cCcxz2"2,
aa*x X*yYy"5+bb*x"3+ccxz"2, bbxy"8+aaxx"3+cc*xz"2,
bbxyr"5+aaxy*x"3+cc*z"2, bbxxxy* 4 +aaxyxx"3+ccxz"2,
bbxyr6+aaxy*x"3+ccxz"2,
bbxy”r"5+aaxx"4+ccxz”2,
aay *x"4+bbxyr4d+ccxz”2,
bbxyr4+ccxz"3+aaxy *xx"2,
bbxy"3xz+ccxz”3+aaxy *x"2, bbxry”5+cc*xz"3+aa*xy xx"2,
CCxz™4+aa*xX"2+xy+bbxy"2xz,
CC*xzZ"3xXx+aa*xxXx"2xy+bbxy"2=xz,
ccxz"4+bbxy”r3+aaxx"3,
cCxz"3+bbxy"4dxx+aaxx"2, cC*z"3xy+bbxX+xy"3+aaxx"2,
aa*xX"2xy+cC*xz"5+bbxy”2, bbxyr2xx+cCcrxy*+z"4+aaxx"2,
aa*xX"2xy+bb*x*xy"3+cc*xz"3, aa*xx"2xy +bbxy"3+ccxz"4,
aa*X"2xy+bbxXxxy"r2+cc*xz™4, aa*xx"3+bbxXxxy”r6+cC*xz"2,
aa*x"2+bbxx*y"5+cc*xz"3, aa*xX"2+bbxXx*xy"3+ccxz"4}];

JacWMBasi s[TXYZ_List] : =

I\/bdule[{txyz =TXYZ, X, y, z, res}, x =txyz[[1]]; ¥y =txyz[[2]]; z =txyz[[3]];

res = {{1, y, v% x, ¥% xy, y% xy% y®, xyd oxyt xy*}h {1y, ¥3 % y3 xy,
y4’ Xy2l X2, Xy3l X2 Y, X2 y2l X2 y3}| {11 Y, y2l X, y3l XY, y4l Xy2’ y5l
xy3 y8 xyt o xy® x vt} {1y, %, vA xy, X3 yE xy? v xyd xytl
{1y, x v2 xy, X3 ¥ xy? xPy, xy® x2y? Pyl {1y, X, yE xy, vE X
xy2, yh xy3 vS xyh xyth {1y, %, v3 xy, x2, ¥3 xyZ x2y, xyd x2y?, x2y?},
{1’ X, Y, X2, XY, y2, X3, X2 Y, Xy2’ y3, X2 y2’ Xy3, X2 y3},
{1y, z, x, ¥y%, yz, xz, ¥3, y?z, y3z}, {1, vy, z, x, y?, yz, 2% xz, y?z, yz? y?z?},
{1y, 2z, x, ¥y, vz, ¥3 xz, y?z, y* y*z, y*z},

{1, z, x, y, 2° 2

. xz,yz, 2% xz% yz?, yz%}, {1, z, x, y, z% xz, yz, xy,
xz?, yz? xyz, xyz?}, {1, z, x, y, z*
{1y, x, y2, xy, ¥y, xy% z,yz, xz, y?z, xyz, y¥z, xy®z},
{1, y, z, y?, yz, x, 2%, y?z, xy, xz, xy? xyz, xy®z},

{t. ’
(L

y
X
z
{1, x, y, xy, y? xy% z, xz,yz, xyz, y*z, xy®z},
X
X
y

. X2Z,y2z, Xy, xz2, yz?, xyz, xyzz},

2 2 2 3 3
Y, 2, x2z,y2z, 2%, xz% yz? 2% xz% yz°},

Y, 2% yz, x, 2% yz?, xz, xy, xz%, xyz, xyz*},

{1, x, y, ¥y% z, xz, yz, y?z, 2%, x2? yz? y?z%},
{1.
{1’ , y2’ y3, y4’ y5, X, XY, Xy2’ Xy3, Xy4, X y3’ X2 y4}’

{1y, y2 ¥3 y% x, xy, xy% xy3, z,yz, y*z, y®z, y*z, xz, xyz, xy*z, xy*z},
{1y, y% x, xy, z, yz, y?z, xz, xyz, z% yz? y®z? x2z? xyz®}}; res];

Y, XY, Z, x2z,y2, xyz, 2%, xz? yz? xyz?},

2 2

X2y, x2y2?, x

Degt xyzOne [EQN_, TXYZ_List] := Mdul e[{egn = EQN, txyz = TXYZ, tab, len, mat, vv, i},
tab = CoefficientRul es[eqn, txyz]; |l en = Length[tab];
mat = Tabl e[tab[[i, 1]1, {i, 1, len}]; vv =Table[l, {i, 1, len}]; Inverse[mat].vv];

(xDefine a partial order anbng vectors.
I nput: uu, vv.
Qutput: if uux vv, then 1; otherw se, 0. x)
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Partial Order [UU List, W._List]:=
Modul e[{uu = UU, vv =W, len, res =0, i}, len=Length[uul;
I f[Table[Sign[uu[[i]]-vv[[i]l]+1], {i, 1, len}] ==Table[1, {i, 1, len}], res =17;
resi;

(*Truncate nonom als in variable varthat are of order |arger than Mvk)
Pol yTruncate[FF_, VARTAB , WM ] : =
Modul e[ {ff = FF, var = VARTAB, mnm= MV i, ol dcoef, newcoef, |en},
ol dcoef = CoefficientRules[ff, var];
newcoef = CoefficientRules[ff, var]; | en = Length[ol dcoef ];
For[i =1, i <len, newcoef [[i, 2]] = Wiich[Total [ol dcoef [[i, 1]]] < mm
ol dcoef [[i, 211, True, 0]1; i ++]; FronCoeffici ent Rul es[newcoef, var]l;

(xPick up nonom als in variable varthat are of order larger than Mk)
Pol yPi ckup[FF_, VARTAB_ , MM ] : =
Modul e[ {ff = FF, var = VARTAB, nm= M| i, ol dcoef, newcoef, |en},
ol dcoef = CoefficientRules[ff, var];
newcoef = CoefficientRules[ff, var]; | en = Length[ol dcoef ];
For[i =1, i <len, newcoef [[i, 2]1] = Wiich[Total [ol dcoef [[i, 1]1]] == mm
ol dcoef [[i, 2]], True, 0]; i ++]; FronCoeffici entRul es[newcoef, var]];

(xI nput: defining equation "EQN' and |ist "TXYZ" of variables.
Qutput: the list of Jacobian ideal *)

Jacl deal [EQN_, TXYZ List]: =
Modul e[{egn = EQN, i, txyz = TXYZ, len, res}, len=Length[txyz];
res = Tabl e[D[eqn, txyz[[i]1]1], {i, len}]; res];

(*The next two commands cone from
http: //foruns. wol fram convmat hgr oup/ar chi ve/2011/Mar /msg00362. ht ni «)

nmodul eG oebner Basi s[pol ys_, vars_, cvars_, opts___]:=
Modul e[ {newpol s, rels, len =Length[cvars], gb, j, k, rul},
rels =Flatten[Tabl e[cvars[[j]] »cvars[[k]l]l, {J, len}, {k, j, len}]1];
newpol s = Joi n[pol ys, rel s];
gb = G oebner Basi s [newpol s, Joi n[cvars, vars], opts];
rul = Map[(#=> {}) & rels];
gb =Flatten[gb /. rul I;
Col | ect [gh, cvars]]

(*l nput: Jacobi an ideal "polys" and list "vars" of variables

Qut put: {Goebner basis, conversion matrix that

express Groebner basis in terns of the original generatorsx)
conversionMatri x[polys_, vars_] : = Mddul e[{aa, coords, pmat, | en = Lengt h[pol ys],
newpol ys, ngb, gb, convmat, fvar, rvars}, coords = Array[aa, |l en+1]7;

fvar = First [coords];

rvars = Rest [coords];

prmat = Transpose[Joi n[{pol ys}, ldentityMatrix[len]]];

newpol ys = prat . coor ds;

mgb = nodul eG oebner Basi s [newpol ys, vars, coords];

gb =ngb /. Join[{fvar » 1}, Thread[rvars -» 0]] /. 0 :» Sequence[];

convimat = Sel ect [mgb, ! FreeQ[#, fvar] & /. fvar - 0;

{gb, convmat /. Thread[rvars - Tabl e[UnitVector [len, j1, {j, len}]11}]



Exceptional singularities_allnormalforms.nb

(*

(*The next command produces {list of degrees, list of a nonom al basis},
when the nunber of variables is equal to 3, 4,

or 5. Such conmmand is not necessary in the current cal cul ati onsx)

JacWADneBasi s[EQN , TXYZ List]: =
Modul e[ {eqn=EQN, t xyz=TXYZ, t ab, | en, nonot ab, i, t ab22, t max, s, |, k,
max4=0, max5=0, res={}, t ab33={}, t ab44, degtab, t1,r, q, d1, | en22, | end4},
tab= conversi onMatrix[Jacl deal [eqgn, txyz],txyz][[1]1];
| en=Lengt h[tab]; degt ab=Degt xyzOne[eqn, t xyz];
nonot ab=Tabl e [Exponent [Monomi al Li st [tab[[i]1],txyz][[1]],txyz], {i,len}];
t max=Map [Max, Tr anspose [nonot ab]]; | en22=Lengt h[txyz];
I f [l en2224, max4=tmax[[4]]1]1;|f [l en2225, max5=t max[[5]11;
For [i =0, i stmax[[1]], For [j =0, j stmax [[2]], For [k=0, kst max[[3]],
For [r =0, r <max4, For [q=0, g<max5,
If [l en22==3,t1={i,j,k}, If[len22=4,t1=(i,j,k, r}, t1l=(i,j,k,r,q}11;
dl=Total [Tabl e[Parti al Order [t1, nobnotab[[s]1]1], {s,|en}]];
| f [d1==0, AppendTo[tab33, {degtab.t1,t1}]11;q++];r++1; K++];] ++1;i ++];
t ab44=Transpose[Sort [tab33]]; | end4d4=Lengt h[tab44[[2]]];
{tab44[[1]1], Tabl e[FronCoefficientRul es[{tab44[[2]][[i 11-1},txyz], {i,|lend4}1}1;

%)

(xl nput: defining equation EQN, variabl es TXYZ,
a given nonom al basis JAC, a Goebner basis GROBAS.

Qutput: {the matrix of residue pairing (¢, &), dual basis {¢, ¢? ..., ¢“}*)
Metric[EQN , TXYZ List, JAC List, GROBAS List]: =
Modul e[{egn = EQN, txyz = TXYZ, jac = JAC, i, j, nmonocw, G oebner = GROBAS, degt ab,

degxyz, len, mat, cw, jacGB}, degxyz = Degt xyzOne[eqn, txyz]; len = Length[jac];
degt ab = Tabl e[Exponent [jac[[i 1], txyz].degxyz, {i, len}]; cw=degtab[[l en]];
nonocw = (Pol ynom al Reduce[jac[[l en]], G oebner, txyz])[[2]];
mat = Tabl e[O, {i, len}, {j, len}]; For[i =1, i <len,
For[j =1, j <len, If[degtab[[i]] +degtab[[j]] ==cw, mat [[i, j]] =
Coef ficient [ (Pol ynom al Reduce[jac[[i]]*jac[[j]1], Goebner, txyz])[[2]],
nonocw]]; j ++1; 1 ++]; {mat, Inverse[mat].jac}];

(I nput: a polynom al FF, variables TXYZ,

a given nonom al basis JAC={¢1, ¢2,..., ¢,} of Jac(W, a G oebner basis GROBAS,
the dual basis {¢*, ¢% ..., ¢*}, and the dinension u of Jac(W.
Qut put: *)

Fi ndRemai ner [FF_, TXYZ_List, JAC List, GROBAS List, DUALJAC List, LEN ] :=
Modul e[{f = FF, txyz = TXYZ, jac = JAC, G oebner = GROBAS,
dual j ac = DUALJAC, | en = LEN, nonocw, tab, i},
nmonocw = (Pol ynom al Reduce[jac[[l en]], G oebner, txyz])[[2]];
tab = Tabl e[Coef fi ci ent [ (Pol ynom al Reduce[ dual jac[[i]] *f, G oebner, txyz])[[2]],
nmonocw], {i, len}]; tab.jac];

(» Input: a polynom al FF, together with other data.
Qut put: reduction of FF in the cohonol ogy =)

Cohonol ogyReducti on[FF_, TXYZ_ List, JAC List,
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GROBAS_Li st, DUALJAC List, LEN , CONV_List, LENXYZ_ ] : =

Modul e[ {f = FF, txyz = TXYZ, jac = JAC, Groebner = GROBAS, dual j ac = DUALJAC,
| enxyz = LENXYZ, conv = CO\V, nonocw, tab, i, I en =LEN, mm= 0,
tabll = {}, polyrr, poly, red1l}, poly =f; While[mm=0, polyrr =

Fi ndRenai ner [poly, txyz, jac, Groebner, dualjac, | en]; AppendTo[tabll, polyrr];

redll = (Pol ynoni al Reduce[poly - pol yrr, G oebner, txyz][[1]]).conv;
poly = Expand[-t » Total [Tabl e[D[red11[[i 1], txyz[[i]]l], {i, lenxyz}11];
I f [ToString[poly] == ToString[0], nm=1]]; Expand[Total [tabl11]]];

(» Qutput the primtive formup to order MM
*)
PrimtiveFormEQN , TXYZ List, JAC List, MM, VAR ]:=
Modul e[{eqn = EQN, txyz = TXYZ, nm= MM var = VAR, jac = JAC, | en, |enxyz,
tab, Goebner, conv, para, sca, k, psi, expotab, pol yrow, redll, dualj ac,
psirow, | en22, pos22, i, eone, vv, resll = {}, primtive}, len =Length[jac];
| enxyz = Length[txyz]; tab = conversi onMatri x[Jacl deal [egn, txyz], txyz];
G oebner =tab[[1]]; conv =tab[[2]]; para =Table[var;, {j, 1, len}];
dual jac = Metric[egn, txyz, jac, Groebner][[2]];
sca = Sum[ (para.jac) "k / (krt~k), {k, 1, mm}];
psi = Table[O, {i, 1, len}, {j, 1, len}];
expot ab = Tabl e[Exponent [jac[[i 1], txyz], {i, 1, len}]; For[i =1, i <len,
polyrow=jac[[i]] *sca; redll = Coefficient [t ”nmx Cohonol ogyReduction[
pol yrow, txyz, jac, Groebner, dualjac, |en, conv, | enxyz], t~nmj;
psirow = Coef ficientRul es[redll, txyz]; |en22 = Length[psirow];
For [k = 1, k <1 en22, pos22 = Position[expotab, psirow[[k]]1[[1]]1]1[[1, 111;
psi [[i, pos22]] = psirow[[k]1]1[[2]]; k++]; 1 ++]; eone =ldentityMatrix[len][[1]];
vV = eone; AppendTo[resll, 1]; For[i =1, i < mm VvV = - (VV. pSi );
AppendTo[resll, Pol yTruncate[vv.jac, para, nm]]; i ++]; primtive = Total [resll]];

(*Qut put the 4-pt functionx)
Four Poi nt Functi on[EQN_, TXYZ List, JAC List, WM, VAR , VARW_] : =
Modul e[{eqn = EQN, txyz = TXYZ, jac = JAC, nrm= MM var = VAR,
varvv = VARW, | en, para, paravv, expotab, sca, k, | enxyz, G Conv,
G oebner, conv, MatDual, basismat, resll, dualjac, red, flatvar,
coe22, flatvartab, uutab, vvtab, pos22, i, j, coe33, tab33, res},
I en = Length[jac]; para = Tabl e[var,-, g, 1,1 en}]; paravv = para /. var -» varvy,
expot ab = Tabl e[Exponent [jac[[i 1], txyz], {i, 1, len}];
sca = Sum[ (para.jac)” "k / (k!t~ k), {k, mm}];
| enxyz = Lengt h[txyz]; G Conv = conversi onMatri x[Jacl deal [eqn, tXxyz], txyz];
G oebner = GrConv[[1]]; conv = G Conv[[2]];
Mat Dual = Metric[eqgn, txyz, jac, G oebner];
dual j ac = Mat Dual [[2]]; basismat = Mat Dual [[1]];
red = Cohonol ogyReduction[sca, txyz, jac, Groebner, dualjac, | en, conv, | enxyz];
flatvar = Pol yTruncate[Coefficient [t *mmxred, t~ (nm-1)], para, 21;
coe22 = Pol yTruncate[Coefficient [t *mmxred, t» (Mm-2)], para, 31;
flatvartab = CoefficientRul es[flatvar, txyz];
uutab = Tabl e[0, {i, 1, len}];
For[i =1, i <len, pos22 = Position[expotab, flatvartab[[i, 1]]11[[1, 111;
uutab[[pos22]] =flatvartab[[i, 2]]; i ++]; vvtab = (2 para-uutab) /. var -» varvv,
resll = CoefficientRul es[Pol yTruncatel[
Expand[coe22 /. Tabl e[para[[i]] »vvtab[[i]], {i, 1, len}]], paravv, 3], txyz];
tab33 = Table[0, {i, 1, len}]; For[i =1, i <len, coe33 =res1l[[i]];
pos22 = Posi tion[expotab, coe33[[1]1]11[[1, 111;
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tab33[[pos22]] = Pol yPi ckup[coe33[[2]], paravv, 31; i ++];
res = Expand[-1 * (paravv. basismat).tab33/4]; res];

(*Print out final ouput. SCAL is used to take a nmultiplication of the 4-
point functionx)

Qut put [TT_List, POS_, TXYZ_List, MM, VAR , VARW_] : =
Modul e[{nm: MM tt =TT, k, pos = PGS, var = VAR, varvv = VARW, nat, i, j,
| en, para, txyz = TXYZ, jac, eqn, deg}, jac = JacW\Basi s[txyz][[pos]];
eqgn = Defi ni ngEquati on22[tt, txyz][[pos]]; len = Length[jac]l;

deg = Degt xyzOne[eqn, txyz]; para:TabIe[var,—, {, 1, Ien}]; i = pos;

Print ["Type: ", SingularType[[i]]]; Print["Defining Equation is: ", eqgn];
Print ["Degree of variables", txyz, " : ", degl;

Print ["Monomi al Basis= ", jac]; Print["Degree of the nonomial basis: ",
Tabl e[Exponent [jac[[i 1], txyz].deg, {i, len}]];

Print ["Parameters= ", para]; Print["deltaW\s ", para.jac];

Print["Up to order ", mm ", the primtive formis: "]; Print[" "1;

Print [PrimtiveForm[eqn, txyz, jac, mm var]]; Print[" "1;
Print ["The four point function multiplying with (-1) is given by: "1;
Print [" "]; Print[Expand[FourPoi nt Function[eqgn, txyz, jac, nm var, varvv]]]];

niel= (*tt={a, b, c} denotes the nornalization. t

is used to generate the flat coordinates here )
tt = {1, 1, 1}; txyz = {X, vy, z2};
For [pos =1, pos < 24,

Cut put [tt, pos, txyz, 3, u, t]; posS++];

Type: E12

Defining Equation is: x3+y’ +2z2
Degree of variables{x, y, z} : {—, -, —}
3 7 2
Monormi al Basis= {1, vy, y2, x, ¥3, xvy, v* xvy? y5 xyd xy? xy5}
] ) 1 2 1 3 10 4 13 5 16 19 22
Degree of the nonomi al basis: {O, — = = =, —, —, —, —, —, —, —}
7 v 3 7 21 7 21 7 21 21 21
Par anet ers= {u;, uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uip, U1, U2}

deltaWM u; +y Uy +y2 Uz +XUs +y3Us + Xy Ug +y* U7 + X y2ug +y> ug + X y3 ugo + x y* ugs + x y® ugs

Up to order 3, the primtive formis:

The four point function nmultiplying with (-1) is given by:
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1 1 1 1
— tstegtZ+ —t3tg+—t2totg+ —tatotg+ —tatgti+ —tetgtog+—tatgtsotg+

18 7 7 6 14 7
1 1 1 1 1 1
—tatstgtg+ —totytgtg+ — totgtd+—t3tig+—t4atdtig+—tatgtotig+ — totdtyg+
7 7 14 14 6 7 14

1 1 1 1

—t2tgtyo+— t3totg+—totstotp+—tatdtyy+—t3tegtag+—t3tytog+—totstsotyg+
6 14 7 7 6 7 7

1 1
—totatotyg+— t3tgp+—t3tstop+—totdtp+—totgtytip+—t3tgton
7 18 14 14 7 14

Type: E13
Defining Equation is: x3+xy®+z2
. 1 2 1
Degree of variables{x, y, z} : {—, —, —}
3 15 2
2

Monormi al Basis= {1, vy, y2, x, y3, xvy, y* xy? x2 xy3 x%y, x?y? x? y3}

{02 4 1 2 7 8321141416}
15 15 3 5 15 15 5 3 15 5 15 15
Par anet ers= {ui, Uz, U3, U4, Us, Ug, U7, Ug, Ug, Uig, U1, U1z, Uiz}

Degree of the nonom al basis:

del t aWM:
Up +Y Uz +Y? U3 +X Us+Y3Us +X Y Ug+y* U7 +Xy2ug+Xx%Ug+Xy3uUio+x2yuys +x2y2up +x2y%uss

Up to order 3, the primtive formis:

4upp Uz Y Uiy

75 25

The four point function nmultiplying with (-1) is given by:

1 1
——tet3 - —tstitg+ —tstgti+—tatg+—t3tg+ —tgtetyto+ —tat3tg+—titgte+
10 5 10 15 90 5 5 5

1 1 1 1 1

— tatgtgtg+ —tatytgtg- — tatstd- — tatgtd-—totgtd+ —tstdtig-—

1 5 10 15 30 10

3, 3 , 1 1 ) 1,

7t5t7t10—7t3t7t10+7t3t6t8t10+7t2t8t10+7t4tgt10+7t3t5tgt10+

1 10 5 10 30 5

1 3 1

—totytotyg+—totet2g+— t2tgtog+— tatdtog+—tatstotog+—tatgtytag+

5 10 10 15 5 5

1, 1 1,

— tatgtyy+—tatstgtyy+—totstgtyy ——tagtgtotyr -—totegtgtag+—tgtiotar +
5 5 15 15 10

(4]

1 1 2 2
totstigtay - — totgt? + —tatdtp+—titgtn+—tatstetin+—tatatston+
30 5 10 5 5

1
totgtytin+ —t3tgtin+ —totstgtin - — totgtotin+—totatigtop+— t3tgz+
5 5 15 5 45

P Olk ok e

1 1
7t3t4t5t13+7t%t6t13+7t2t5t6t13+*t2t4t7t13+*t2t3tgt13+7t%t10t13
5 10 5 5 5 10
Type: E14b

Defining Equation is: x3+y®+2z2

Degree of variables{x, y, z} : {

Wl k.
o -
N
N’
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Monomi al Basis= {1, y, y% x, y3 xy, y% xy? y° xy3 y® xy* xy® xy®}

] ) 11 1 3 112 1 7 5 17
Degree of the nonom al basis: {O, - —

8 4 3 8 24 2 12 8 24
Paraneters= {ug, U, Uz, U4, Us, Us, U7, Ug, Ug, Uig, U11, Uz, U1z, Uig}

23 13
2 12

3 5
Ay

deltaWM Up +Y Us +y2Ug +X Us +Y3 Us + X Y Ug +
4 2 4
y*uz +xy?ug +y> Ug + X y3 1o +y® Uzs + X y* U1z + X Y2 Usz + X y© u14

Up to order 3, the primtive formis:

3 5 1123

2 2
1+ Ugp U4 + Yy U1z Ugg + y© Uiy
96 4

2
Uiz Uig +

The four point function nmultiplying with (-1) is given by:

1 1 1 1
— t3tg+ —t3t3+ —tat+—tetitg+ —tstotgto+ —tstgtd+—tatgtd+
12 18 16 4 16 8

24
1 1 1 1
— t3tyo+—tstItgg+—tategtgtg+— t&tgtgg+—tatytgtgg+—tot3tog+
18 16 3 8 4 16
1
— titfo+ —tstetotyg+— tZtgtyy+—tatotgtyg+—tatgtotyy+—totgtotyy +
12 8 16 8 8 8

1 1 3 1
—tatstiotyn+—totztiotag+— totetd + —tatdti+ —t3tstp+ —tatityy+
8 16 6 16 8

1 1
—tﬁtgt12+zt3t5tgt12+§t2t7tgt12+Et§t11t12+gt2t5t11t12+zt§t13+

6

1
—t3tgtiz+—tatstotyz+—tot3tia+ —t5totia+ —totstotia+ —totatygtqs+
6 4 16 8 8 8

1

— t3tag e+ —tatdtggr—t3totyg s —totgtotog+ —totgtotog+ — t3tggtag
18 16 16 8 8 16
Type: Z11

Defining Equation is: x%y +y®+2?

_ 4 1 1
Degree of variables{x, y, z} : {— —, *}
15 5 2

Monomi al Basis= {1, y, x, y%, xy, x2

] ) 1 4 2 7 8
Degree of the nonom al basis: {O, -,

5 15 5 15 15
Parameters= {u;, Uz, Uz, Us, Us, Us, U7, Ug, Ug, Uig, U1}

13 16

15’ E}

C Y3 oxy?oyt oxyd xyt
3 2 4
5 3 5

deltaWM Up +Y U +X Uz +Y2Us +XY Us +X2Ug+Y3 U7 +X Y2 ug +y* Ug + X y3 Ug + X y* Ugg

Up to order 3, the primtive formis:

17 2y uj,

1+ Uio U%l +
81

The four point function multiplying with (-1) is given by:
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1 1 2
——tstis—tatdt; e —tgatstdo —tagtd+—t3tg+ —tItotgr—tatgtotgr—totatg+
18 3 15 15 3 10

1 1 1 1 1
—tatstd+—t2tsto+—tatstgtg+—totdtg-— tatatyto+—totststg+
6 30 3 3 15 15

1 1
— totatgtg-—totatd+ —t3tgo+—tatitio+—tatatgtip+—totatztog~+
5 30 18 6 3 5

1 1 1
—tdtgtyo+— t3totg+—totatyg +—t3tstog+—totatetyg+— t3totyg
30 15 6 3 15

Type: Z12
Defining Equation is: x3y+xy*+z2
3 2 1

Degree of variables{x, y, z} : {— —, —}
11 11 2

Monomi al Basis= {1, y, x, y?, xy, x?

L yv3 Xy X2y, xy3, x2y2, X2 y3}
2 3 4 5 6 6 7 8 9 10 12
© 117 11 11 110 110 11t 11 11 11 1 E}
Paramet ers= {ui, Uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uip, Uy1, U1z}

Degree of the nonom al basis:

del t aWM:
Up+Y Uz +X Uz +Y2Us+XyUs+X2Ug+y3 U7 +Xy2ug+X?yuUg+xXy3ugg+x2y2ugs +x2y3up

Up to order 3, the primtive formis:

6uipui, 5yu?, 29upeuf, 9xui,
- - + +

121 121 1331 1331

The four point function nmultiplying with (-1) is given by:

10 5 7 3
—— tsti+—tstdtr+ —tsgtgti - —tst3+ —tatitgr—tatetotg-
33 22 22 22 11 11

6 1 2 1 1 1 2
tatdtg+— tytst3+ — tatgtd——tatyt3+ —totg+—tdtg-—tatstetog-
11 11 22 22 66 11

6 4 2
tatdtg+—tatgtytg+—tatgtytg+—tatZtg+—titgtg+ — tatstgtyg-—
11 11 11 11 11
1 1 1
totetgtg+— totytgtg-— tagtatd-—— totstd+ —tatltp+ — tatgtog+
11 11 22 22 22
’ 2 3 2 3 2
tatstegtio+r —totgtyo-—tztztio-—tatstzto+r—totetztip-—1tat7tio-
22 22 11 11 22
tatatgtig+ — totstgtog+— t5tgtig+ — totatgtg-—— totat2y+
11 22 11 22
t2tstgg +— tatdtgg+—tatatgtyg - — totstegtog+— tatgtotqg+
11 11 11 11
totstotyg+— t3tgtyy+— totgtgtyg—— totgtotyg+— t3tootas +
11 11 11 22

1
2
1
1
11
4
11
1
1
5
2
3
1
1

3
tatiti+ —titstip+—totatstin+—totgtgtin+— totatstp+—titgts
11 22 11 11 11 11

Type: Z13b

Defining Equation is: x3y+y®+2z2
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. 5 1 1
Degree of variables{x, y, z} : {— —, —}
18 6 2
Mononi al Basi s= {1, y, X, ¥2, xy, y3 x2, xy? y4 xyd yo xy? XYS}

] ) 1 5 1 4 1 5 11 2 7 5 17 10
Degree of the nonom al basis: {O, — — —}

6 18 3 9 2 9 18 3 9 6 18 9
Paraneters= {ui, Uz, Us, Us, Us, Us, U7, Ug, Ug, Uio, U1z, Uiz, Uiz}
del t aVWi\:
2 3 2 2 4 3 5 4 5
U +Y U2 +XU3+Y Ug +XYUs+Y  Ug+X“U7 +XY“Ug+yY Ug+XYy  Ugp+yY Ugp +XY U2 + XY~ Uz

Up to order 3, the primtive formis:

115y u;p U3 26
UpoUig + ———————— + —— y? U%s
1944 729

1+

2
Uip Uiz +

The four point function nmultiplying with (-1) is given by:

1
—t2tZ2-—tstd+
6 3

1 1
titg+ — t2t3+ —tatd+ —tstdtg+—tgatdtg+
18 3
1 1 1 1 1
—tatgtgtg+ —tatytgtog+ — tatstd——tatgtd+ —totgtd+—t3tyg+
9 3 18 36 12 18
1 1
—tatdtio+—tatgtstp+—tatstgtyg+—tatgtio+—totgtotsp+— t3t2,+
3 3 9 6 12

1 1
tatstotyy - — tagtdtyg+—tatstytag+—totdtyg+— ttgtag +
36 3 3 36

= = o
oo|"‘oo"4

totetgtonr —— tagtatotyy +— totstotyr+—totatiota —— totagt? +
18 18 18 36

|

1 1
tatZtip+ — t3tetp+—tot3tip+—tatatoton+ —t3tgtin+—totatotqn+
36 12 3 6 6

g

1
tZtgatip+ — t3tga+—t3tstza+—totgtetoa+ —totatstiz+ — t3tgtas
54 6 9 3 18
Type: W2

Defining Equation is: x%+y%+2z?2

)

Degree of variables{x, y, z} : {7, — *}
4

Monomi al Basis= {1, y, x, y%, xy, x%, y3, xy? x%y, xy3, x?y? x?y3}

) . 11 2 9 1 3 13 7 17 9 11
Degree of the nonomial basis: {O, — Th T *}
5 10

5 4 5 20 2 200 10" 20 10’
Paranmeters= {u;, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uig, U1z, U12}

del t aW\:
Up +Y Up +X U3 +Y2 Ug +X Y Us + X2 Ug +Y S U7 + X Y2 Ug + X2y Ug + X Y3 U1g + X2 y2 uq1 + x2y2 ups

Up to order 3, the primtive formis:

Uiz Uiz yud,

20 20
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The four point function multiplying with (-1) is given by:

1 1 1 1 1 1 1 1
— t2t2+ —tstitg+—tatstytg+ — t3t3+—totstd+ —t2tgtg+ —tatotg+—totatg+
20 8 5 10 10 8 10 10

1 1 1 1 1 1
—tatgtgtg+—tatstd+ —tatstog+—tatdtgg+—totstytgg+—totatgtig+r— t3t3,+
4 8 10 8 5 5 20

1 1 1 1 1
— titp+—tatstetyy+—totatztyy+—tftotyy+—totitp+ —tftetin+— titsty
15 4 5 8 10 8 10

Type: WL.3b

Defining Equation is: x*y+y*+2z2

_ 3 1 1
Degree of variables{x, y, z} : {— -, —}
16 4 2
Monomi al Basis= {1, x, y, x%, xy, y% x% x2y, xy? y3 x2y?% xy3, x?y?}
] ) 3 1 3 7 1 9 5 11 3 7 15 9
Degree of the nonom al basis: {O, —, = =, — =y —, —, —, —, —}
16 4 8 16 2 16 8 16 4 8 16 8

Paranmeters= {ui, Uz, Uz, Us, Us, Us, U7, Ug, Ug, Uig, Ui1, U1z, Uiz}
del t aW\-
Up +XUp+y Uz +X°Ug+XyUs+y2ug+x3uU7+X?yug+xy2ug+y3upo+x2y?urr +xy3up +x2y%uss

Up to order 3, the primtive formis:

3uip Uiz 57uf, Uiz 7y ui, 9 29 X upp U3 5x2ui,
- + - + Ujp Uj3z + +
64 2048 128 512 1024 1024

The four point function rmultiplying with (-1) is given by:

3 1 1 1 3 1
— tZt2 - —tstd+ —t3tg-—tatitg+ — t2ti+—tstito+ —tatgtsto+
1 3 48 2 16 32 2

o

1 1 1 1 1 1
—tgtstgtg+ —tot3tg+ —t3t5+ —tatgtd+—totystd+—t2tgtyg-— tatdtig+
4 8 8 8 8 32 16

3 1 1
—tgtstotgo+—tatdtgg+—titgtyg+— tatgtgtig+ —totytgtig+ — tatstotig-
2 8 8 16 4 16

1

— totgtotig-—tatatdg-— totstig+ —tatdtygg+— tatetog+— tatdtyy +
16 16 32 8 8 8

1 1
—totgtytyg+—totstgtag+—totatotyg +— t3togtyg +— t3t3 +—tatston~+
4 4 4 32 16 4
—tatstetin-—totdtp+—tatatstip+—tatstytip+—totatgtip+— titgton -
8 32 2 4 4 16

1
— totatiptip+ —tatftis+ —totatstia+ — t3tgtgg+—totatstiz+—t3tgtss
16 8 4 32 4 8

Type: QLO
Defining Equation is: x?y+y*+2z3

3 1 1
Degree of variables{x, y, z} : {*, —, *}
8 4 3

Monomi al Basis= {1, y, z, x, y, yz, xz, ¥% y?z, y®z}
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) ) 1 1 3 1 7 17 3 5 13
Degree of the nonomial basis: {0, — = = —, —, —, —, —}
4 3 8 2 12 24 4 6 12
Parameters= {ui, Uz, Uz, Us, Us, Us, U7, Ug, Ug, Uig}
deltaWM: U; +yUr +Z Uz +XUs +y2Us+y ZUg+XZU7+Y3Ug+y22Zug+y®zugg

Up to order 3, the primtive formis:

11y ui,

1+ Ug UTg +

128 384

The four point function multiplying with (-1) is given by:

t2t2+ tﬁtetg+gt2t5t6tg+5t2t4t7tg+

[
AR

1
— tdtg+ —tatd+—t4atlts-
24 1 4

—t2tst Ettzt Etztt — t3tgt it3t Ettzt itztt
459+8259+6369+16289+18310+42410+162510

Type: QL1
Defining Equation is: x2y+y3z+2z3
_ 7 2 1
Degree of variables{x, y, z} : {— -, —}
18 9 3
2

Monomi al Basis= {1, y, z, x, y?, yz, z% xz, y*z, yz? y?z?}

w

{02174521 7810}
"9 3 18 9 9 3 18 9 9 9

Paranmeters= {uz, Uz, Uz, Us, Us, Us, U7, Ug, Ug, Uig, Ui}

Degree of the nonom al basis:

deltaWM U; +YUp +Z Uz +XUs+Yy2Us+Y ZUg+Z2U7 +XZUg+Y2ZUg+Yy Z2Uig+Yy22Z%uUp

Up to order 3, the primtive formis:

S5uppui; yuf 13 25z uj;
R + Ug UZy + ————
108 24 648 1944

The four point function multiplying with (-1) is given by:

1
— tstd+—t2tgty+—tagtdt;-—t3tZ-—tatstd-—totetd+
36 24
1 1 1 1
—tatstetg-—tatatstg-—t3t3 - — ttg+—t3tgto+ —totidtg+—t3tytg+
2 6 4 4 12 36

1 1 1 1
—totstotg+—totytgto+ —tftstyg+ —tatZtip+—t3tgto+—totstetog-—
6 2 4 4 12 3

1 1
—totatstig+— t3tgtyg+ t3tgg+ —totftag+ —totatstyy+— t3tgtyg
9 12 4 6 12

Type: QL2b

Defining Equation is: x?y+y®+2z3
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. 2 1 1
Degree of variables{x, y, z} : {—, -, —}
5 5 3
Monomi al Basi s= {1, Yy, z, X, Y2, vz, y3 xz, y?z, y* yiz, y“z}
] ) 11 2 2 8 3 11 11 4 14 17
Degree of the nonomi al basis: {O, — =y T, T, T, —, o, T, =, ——, —}
5 3 5 5 15 5 15 15 5 15 15
Par amet ers= {uj;, Uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uig, Ui, Uiz}
deltaWM: U; +y Uy +Z Uz +XUs+y2Us+y ZUg+yS U7 +XZUg+Yy2ZUg+y*Uig+ySzZ Ui +y*zugp

Up to order 3, the primtive formis:

11 11 13
1+ U, Ugp + —— Ug U3y + —— Yy ugg U2, + — y2 ud,
600 200 24
The four point function nmultiplying with (-1) is given by:
tg 1

1 5 1 1
— +—tstetZ+—tytstytg-—t3t3+—tatitg+—tststg+
72 10 2 12 6 4

1 1 1 1
— t2tytg+ —totditg+ — t3t3+—t3tgtyg+—tetgtyg+—totgtytog+
20 10 12 4 20 10

1 1
—totgatgtig+—totstgtp+—tgtstqy +— tStqgg+— t3tetog +
2 10 4 20 6
1 1 1 1
—totstotyg+— t3taptag +— t3tgp+—totZtp+—tot2tp+—t3tsta

20 18 4 20 20
Type: S11
Defining Equation is: x?y+y2z+z*
5 3 1

Degree of variables{x, vy, z} : {7 —, }
16 8 4

Monom al Basi s= {1, Z, X, Y, 72, xz, yz, z° X2°, yz°,

Degree of the nonom al basis: {O, - = =, —,
4 16 8 2
Parameters= {ug, U, Uz, U4, Us, U, U7, Ug, Ug, Uig, U1}

y
1 5 3 1 9 5
8

deltaWM U; +Z Uy +XU3+YUs+Z%Us+XZUg+yZU7+23Ug+X2Z%Ug+yZ%Uig+Yy2z3unr

Up to order 3, the prinmtive formis:

Supupy 7zuj 9 5y uj;
- - + Ug U711 +
64 128 512 1024

The four point function multiplying with (-1) is given by:
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5 1 1 1
—— t2td s —t3tr+—t4tdts;+ —tatgts - —tytitg-—tatstetg-

32 48 4 4 1 8

1 1 1 1 1 1

— totdtg+ —tItytg+ —totstotg-— t3t - —totatd-—tatdtg-
16 8 16 32 16 16

1
t2t3+—t2tstio+—totdtip+
8 8

1
Ztotgtetg+r—tatatstg - —totatgte - —
2 2 8 8

1 1 3
—tatatetig+—t3tsto+— t3tgtp+—t3tatqy +—totatyg+—t3tsty
2 4 32 4 8 32

Type: S12
Defining Equation is: x?y+y?z+xz®
. 4 5 3
Degree of variables{x, y, z} {— —, —}
13 13 13
Monomi al Basis= {1, z, x, y, 2% xz, yz, xy, xz?, yz% xyz, xyz?}
{O 3 4 5 6 7 8 9 10 11 12 15}
"13° 13" 13 13 13 13 13 13 13 13 13
Par amet ers= {uj;, Uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uig, Ui, Uiz}

Degree of the nonom al basis:

del t aW\:
Up +ZUp+XU3+YUs+Z°Us+XZUg+YZ U7 +XYUg+XZ2Ug+yzZ2Uo+XYZUi+XYy2zZ2Up

Up to order 3, the primtive formis:

12upu, 30u%, U2 2xuf, 20ugu?, 93zui;uf, 9z2ud,
- + - + + +

169 2197 169 2197 4394 2197

The four point function nmultiplying with (-1) is given by:

5t8 1 5 1 2
- +—tgtdty-—t2t3 - —tatet?-—tatd+—tZtgtg+—tgtdtg+—tatststg+
156 13 13 1 26 26 6 13

1 3 2 1 1 2

— tatgtytg+ —totdtg-— t2t3 - —tatsti-—totgti-—titg-—tatstgto-
1 26 52 13 13 3 13

1

— tatdto+ —titstg+—tatgtyto+ —totgtstg+ — tgtatgtg+—totstgto-

1 13 13 13 13 13

1 1 2

— t3t3 - —totgtd-—tatdtig+—t3tgtg+—tatgtgtig+ — totdtip-

26 13 13 26 13 13

3

— tatatstio-—totstyto+r —titgtio+—totatgtip+r — totatotio-— t5tf+
1 13 26 13 13 2

5 7 3 3

— t3tstyg+—tatdtyy+—tatgtegtog+—totstgtog+— t3totog+—totatytyg -
2 26 13 13 26 13

2

1 5 2 3 3
totatgtyy+ — t3tgtgg+ — t3tatp+—totatp+—totatstp+ — t3tets
13 26 26 13 13 26

Type: U12
Defining Equation is: x3+y%+2z*

1 1 1
Degree of variables{x, y, z} : {7, -, f}
3 3 4

Monomi al Basis= {1, z, x, y, 2% xz, yz, xy, xz?, yz% xyz, xyz?}
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. . 1111 7 7 25
Degree of the nononial basis: {0, — T, T, T, T,y —, —,
4 3 3 2 12 12 3 6

Parameters= {ui, Uz, Us, U4, Us, Ug, U7, Ug, Ug, Uig, U1z, U2}

ol w,
S|
N
o |
——

del t aWM:
Up +ZUp +X U3 +Y Us +Z° Us + X ZUg +Y Z U7 + XY Ug +X Z% Ug +Y 22 Ug + X Y Z U1 + X Y 22 U1p

Up to order 3, the prinmtive formis:

1 1
1+— U3 U +— UgUly + — z Uy UZ, + — 22 U3,
72 72 36 72

The four point function multiplying with (-1) is given by:

1 1 1 1
—t2tgty+—tatdtg+ —tatdtg+ —totstyto+r—t3tgtg+—totstgtig+—t3tgtog+
8 6 6 4 6 4 6

—t3tgtgo+—tptltyg+—t3tgtgg+—t3tytgg+—t3top+—t3tp+—t3tsty
8 6 18 18 8

Type: E14

Defining Equation is: x2+xy*+2z3
_ 1 1 1
Degree of variables{x, y, z} : {—, -, —}
2 8 3
Mononi al Basis= {1, y, x, y?, xy, y% xy? z,yz, xz, y?z, xyz, y®z, xy?z}
] ) 11 1 5 3 3 1 11 5 7 23 17 13
Degree of the nonom al basis: {O, S e T e T e e e et T —}
8 2 4 8 8 4 3 24 6 12 24 24 12
Paranmeters= {ui, Uz, Uz, Ua, Us, Us, U7, Ug, Ug, U1g, Uiz, Ugp, Uiz, U1a}
deltaWM Up +Y Us +X Uz +Y2Us + XY Us +Yy3 Ug +
XY2U7+ZUg+YZUg+XZUg+Y2Z Ui +XYZUp+Y3Z Uiz +Xy2Z Uy

Up to order 3, the primtive formis:

1
1+— U, Ug+— Ugp Uy + — Y Ugp U3, +
64 64 48

The four point function multiplying with (-1) is given by:
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1
—— titsto+ —tétgto+r—tatststg+ —tatgtstg+—totdtg-—t3tatqg-
16 8 4 4 8 8

1 3 1 1 1
—totatstyo+—tgtstgtog+—tatdtgg+—t3tstg+—totgtytyg+—tgt3tyg-
8 2 8 8 4

[

1
— t3tg v —tgtdty+—tatstetog+—tatgtstyg +—totstytog——tdtotog+
24 4 2 4 4 4

1
—tdtyotyn - —t3t% - —tgtd - —totdtp+—tItstp+—tatgtetan+
9 16 4 2

1

6

1 1 1 1 1

—totstetip-—tdtgp+—totgtytop+ —t3tgtip+—tatatstoz+—tot2tig+
4 6 2 8

ol w b
()]

1
—titetiz-—tstitig+—totatytig-—tatetstiz-—t3tis-—tgtotartys-
2 4 2 9 3

[EY

1 1 1
—t3t2+ —tatdtog+ —totgtstog+ —totatgtog-—tatdtog+ —t3totyg+ — titay
8 4 4 4 8 18

(]

Type: Z13
Defining Equation is: x2+xy3+yz®
_ 11 5
Degree of variables{x, y, z} : {7, -, —}
2 6 18

Mononi al Basis= {1, y, z, y2, yz, x, z%, y?z, xy, xz, xy?, xyz, xyzz}

] ) 1 5 1 4 1 5 11 2 7 5 17 10
Degree of the nonom al basis: {O, — - — —}

6 18 3 9 2 9 18 3 9 6 18 9
Paranmeters= {uz, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uip, Ui1, Uzz, Uiz}

del t aW\:

Up +Y Up +Z U3 +Y2 Us+Y ZUs +XUg+2Z2U7+Y2Z Ug+XY Ug+XZUg+Xy2Ui1 +XYZUiz+XYy2Z Ui

Up to order 3, the primtive formis:

2 2
Uio U3 + Uip U7z +

y U1z Uf3 +
The four point function multiplying with (-1) is given by:

1 5 1 1 1
3 t2t3-—tatd-—tstdtg+—tatdtg+
9 1 3

-
N‘H
—_
N
—
~nN
|
o |
—_
[4;]
—_
~Nw
|
=
o
®©
—_
(2]
—_
[ee]
|
o |

1 1 1
tatetgto+ —tatytgto+ —tatstd+ —tatgtd+—totgtd+—tetqg-
3 9 36 6 18

1 1 2
tatdtio-—tatetstio+—tatstgtio+—tftotio-—totgtgtsg-
6 3 9 6

holk ol

1 1
— t3t3y+ —tatstgtag + — tatdtyg +—tatstytyg +—totdtyg ——t3tgtqg +
9 36 3 3 9

N
i

1 1 1 1 1 )
—totgtgtan - —tatgtotay +—totstotyy+—totgtptayn -—tatgty; +
9 9 9 9 18

1 1 1
—tgtZtyp+— tatgtip-— totdtip+—tatatotip+—t3tgtp+—totatoton+
6 18 12 3 6 3

1
ft%tlltlz—f'[431'[13+*t%t5t13+*t2t4t6t13+*t2t3t7t13+*t%t9t13
18 27 6 9 3 9
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Type: W.2b

Defining Equation is: x2y+y?+2z5

Degree of variables{x, y, z} : {—, -, —}

2 3

Monomi al Basis= {1, x, y, z, xz, yz, z%, xz? yz? 2% x2° yz

*}
] ) 1 1 1 9 7 2 13 9 3 17 11
Degree of the nonomi al basis: {O, — = =, =, —, —, ——, ——, —, —, —}
4 2 5 20 10 5 20 10 5 20 10
Parameters= {ui, Uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uig, U1z, U2}
deltaWM U; +XUp+y Uz +Z Us +XZUs+YZUg+2Z°U7+XZ%Ug+YyZ2Ug+2Z3Upg+x2z3uU1p+yz3up

Up to order 3, the primtive formis:

Ugup, z Ui,

20 20

The four point function nmultiplying with (-1) is given by:

t2t3+

al e

1 1
—tatltg+—totstd+ —t3tstg+ —totstgtsg— totgtsto+r—t3tgtg+—t3tg+
4 4 4 2 4 15

1
2
1 1

— tgt3tyg-—tstotgtig-—tatdtop+ —tatototig-— t&t2g+—tatet2g+ —tot3tyg -
0 5 5 5 10 10 4

2 1 1 1
—tstdtg; - —tgtytgty——tgtstootyg —— t3t3 + —t3tatqp+— tatdtp+—t3tiota
5 5 10 4 10 10
Type: W3

Defining Equation is: x2+xy?+yz?*

_ 1 1 3
Degree of variables{x, y, z} {—, — —}
2 4 16

2

Mononi al Basis= {1, z, y, 2%, yz, X, 2%, yz? xz, xy, xz?, xyz, xyzz}

{031371951137159}
16 4 8 16 2 16 8 16 4 8 16 8
Parameters= {ui, U, U3, U4, Us, Us, U7, Ug, Ug, Ujp, U1, Uiz, U1z}

Degree of the nonom al basis:

del t aWM-
Up +ZUp+Y U3 +Z2Us+Y ZUs +XUg+Z3U7+YZ%Ug+XZ Ug+XYUig+XZ2U11 +XYZ Uiz +XYZ2 Ui

Up to order 3, the prinmtive formis:

5ui1 U3 15 U%z Ui3z y U%g 3 11
- + - + Uio u§3 +
64 1024 128

Z upp UZg + 7% ud;

The four point function nmultiplying with (-1) is given by:
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3 1 1 1 3 1
—— t3tZ - —tgtd- —t3tg-—tyatitg-—tZtd-—tstitg-—tyatetoto+
6 48 4 8 4

1 1 1 1 1 1 1
—tgtstgtg+ —tot3tg-— t3td-——tatgtd-——totst3+—t&tgtgg+—tgatdtog+
4 8 6 8 16 16 16

3 1
—tatstytio+—tatityo+—titgtio+—tatetgtio+r—totztgtio+—tatstotp+
2 8 8 8 4 8
— totgtotig-—tatgt2y-— totstfg+—tat2tyg - — tatgtg ——tatdtyy -

6 8 16 8 16 8
1 1., 1 ., 2
—t2t5t7t11+—tztstgtllf—t2t4tgt11+—t3t10t117—t2t11+—t4t5t12+
8 4 8 16 32 4

1 1 1
—t3t5t6t12+—tzt%tler—t3t4t7t12+—t2t5t7t12+—t2t4tgt12+—t%tgtlzf
4 32 2 4 4 8

—totatiotin+—tattiza+—totgtstiz+ — t3tgtog+ —totatytig+ —t3tgtas
8 8 4 16 4 8

Type: Q2
Defining Equation is: x?2y+xy3+2z8
_ 2 1 1
Degree of variables{x, y, z} : {7, -, f}
5 5 3
2

Mononi al Basis= {1, x, y, XY, y2, xy? z, xz,yz, xyz, y’z, xyzz}
_ _ 2 1 3 2 4 1 11 8 14 11 17
Degree of the nonom al basis: {O, =, T T, Ty T, T, ——, ——, ——, ——, 7}
5 5 5 5 5 3 15 15 15 15 15
Paranmeters= {u;, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uig, U1z, U12}

del t aW\:
Up +XUp +Y U3 + XY Us +y2 Us + X Y2 Ug+Z U7 +X Z Ug +Y ZUg + XY Z U1g + Y2 Z U1 + X Y2 Z U1p

Up to order 3, the primtive formis:

1 1
1+— U?g Uiz +— Ug Uy + — Y Ugp U3, + — U1 US,
75 75 50 25

The four point function multiplying with (-1) is given by:

1 1 3 2
—— tdtatg-—tatitg+—totatstg+ —tatltg+—totatgtg+—tatstgtg-
10 5 10 5 5

1 1 1
—t2td - —tytitg+—titstg+—tatgtg+—tatgtgto+—totstgto-
4 10 5 5 5 5
td 1 1 1
—t2tgtog+—tytgtd-— - —t3tgo-—totatatg+— t3tstig+—tatatstog+
6 36 10 5 10 5

[

1 1 1 1
— totZtyp-—tdtyg+ — t3tetg+—tItgtg+— t3tatyg+—tatitog+
5 10 6 10 5

—totgtstyn-—tatZtyg+—totgtetor-—tatstetog+—t3tgtog-—tzst3tag -
5 5 5 5 6 3

1 1 1 1
—t2t3 +—t3tatp+—t3tatip+ —totatstn-—tatitp+—t3tyn
5 10 5 5 18

Type: Ul2b

Defining Equation is: x2y+y®+z*
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1 1 1
Degree of variables{x, y, z} : {—, -, —}
3 3 4

Monomi al Basis= {1, x, y, Y% z, xz, yz, y?z, 7%, x 2% yz? y?z?}
_ _ 11 2 1 7 7 11 1 5
Degree of the nonomi al basis: {O, — = = =y, —, —, —, —, —
3 3 3 4 12 12 12 2 6
Parameters= {u;, Uz, Uz, U4, Us, Ug, U7, Ug, Ug, Uig, U1z, U2}

5 7
o)

deltaWM: U; +XUp +y Uz +y2 Us+ZUs+XZ Ug+Y Z U7 +y2Z Ug+2Z%Ug+XZ2U1o+Yy2z2ugg +y2z2ug,

Up to order 3, the primtive formis:

U11 U12 y U%Z 1 2 11
+ — Ug Upp +

2
ug Uiz -

24 16

1
zZugu3, + — z2u,
72
The four point function nmultiplying with (-1) is given by:

1 1 1 1
—tatgtd+ —totatetys+—tatgtd+ —totatgtg+—t3totg+ —t3tstg-—
4 2 12 2 4 12

3 1 1
— t3t3+—t3ti+ —tstgtd+—totatytig-—tstetotig-— t2t3g+—t3tatqy +
16 16 8 2 4 16 4

1 1 1 1 1
— t3taty+ —tstototayg v — tEt2 + —t3tatp+—t3tip+ —t2tgtyy
12 4 16 4 36 8
Type: Ul2c
Defining Equation is: x2y+xy?+z*4
_ 11 1
Degree of variables{x, y, z} : {—, —, —}
3 3 4
Monomi al Basi s= {1, X, Y, XY, Z, Xz, Yz, Xxyz, z?, xz y
_ _ 11 2 1 7 7 11 1
Degree of the nonomi al basis: {O, I e e R y
3 3 3 4 12 12 12 2
Paranmeters= {ui, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uig, Uiz, U12}

del t aWM-
Up +XUp +Y U3 +XY Us +Z U5 +XZUg+Y Z U7 +XY ZUg+2Z2Ug+XZ%Uig+Yy Z% U1 + XY 22 U1

Up to order 3, the prinmtive formis:

Up U1z Uiz Uiz 1 ) ) 1., .,
+— Ug U3y + — zZugud, + — z2 U},
72 36 72

12 12

1+— uug -
72

The four point function nmultiplying with (-1) is given by:
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1 1 1
——totgtd+ —tatatd+ —totatgty+ —tagtatgty+—totatd— —tatgtd-—titgtg+
3 6 3 3 6 3

w

1 1 1 1 1 1 1
—totatgtg+—t3tgtg+ —t3tytg+ —totagtytg——t3tstg——t3td+—tgtst}-
3 6 6 3 3 8 8

1 1
—t2t3+—tstgti-—t3tatip+—totatstg+—t3tatp-—tstetotig+—tstytotog-—
8 8 3 3 6 2 4

1 1 1
gt§t§0+7t§t4t11+ft2t3t4t11—5t§t4t11+zt5t6tgt11—5t5t7tgt11+

»
[N
W
=

1 1 1
gtétlotll——t%t%l——t§t12+gt§t3t12+gtztgtlz——t§t12+5t§tgtlz

(00]
©
©

Type: Z13T
Defining Equation is: x%+xy®+z?
1 1 1
Degree of variables{x, y, z} : {7, -, f}
39 2
Monomi al Basis= {1, y, y% y3, v% y% x, xy, xy% xy? xy* x% x%y, x?y% x*y% x?y*}
1214514527278110}
999 3 9 93 9 93 9 3 9 9 9

Parameters= {ui, U, Uz, U4, Us, Us, U7, Ug, Ug, Uig, U1z, Uz, U1z, U4, Us, U}

Degree of the nonom al basis: {0,

deltaWM: up +y up +y2uz+y3us+y*us +yS ug + X U7 + X y Ug +
2 3 4 2 2 2,2 2,3 2,4
XY~ Ug + XYy~ Up + XY U1 + X" U2 + XY Uz + XY~ U14 + X" Y~ U5 + X“ Y " Ugp

Up to order 3, the primtive formis:

5u?; bSupgU 2 1., 13 25 x u3g
- -————— - — Y Uis U - — Y~ U + Upp Ufg + ————
216 108 27 24 648 1944

The four point function nmultiplying with (-1) is given by:
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1 1 1 1 1
—t3tg-—tst3tg+—tstg - —t2tgtig-—tatdtig+—tstgtotig+—tatdtog+
3 36 2 2 6 6
1 , 1 2 1 3 3 1 1 2 1 2
— tatgtig+r—tatgtfp+—totip-—tgtu-—tatstegtay - —tagtgtyy+—tstgts+
6 36 12 2 4 12
1 1
—tatgtotyy+— tatdtyg+—tatgtiotag+ —totototyy +— totgt?y + — tZtston+
6 12 6 6 12 12
1 1 1 1
—tstetgtip+—t2tgtp+—tgtgtotop+— titotop+—t7tdtop+—tatstigton+
3 4 2 36 36 3
1., 1.,
—tateloltio+—t7tgtaptio+—tqtuntipo+—tatstpntoio+—totetantio+—t5ta1ton -
3 18 12 6 6 36
1
—tstot?y - — tatgtd, - —tatgtZ, - — totigt?, + —tstgtytia+—t2tgtqs+
9 12 18 36 3 3
—tgtgtgtiz+— tgtig+ —tatstogtis+ —tatgtotis+ —tytgtotos+ —tFtogtaz+
2 54 2 3 9 6
1 1 ) 1 1
—tatstoluz+—tatgtaotaz+—tstaotag+ —tatgtatag+—totstagtag-—tatstntag -
3 6 18 6 6 6
—tatgtiptia-— tototiptig - — tatytdy - —totgtfyr —tdtotyg+—tatetstyge
9 18 18 36 4 2
1 1 1 1 1
—t4t5tgt14+—t3t6tgt14+—t7t§tl4+—t§t9t14+—t3t5t9t14+—t2t5t9t14+
2 3 12 4 3 6
2 1 2
— t9totug+—tatatotaa+ —totstootaa+—t5taataa+ —totatagtyg-—tatztantag-
12 3 6 12 6 9
— totgtiptis-—totystigtag+ —tatststis+—tatgtystis+—titgtis+—tatstgtys+
18 18 3 3 6 3

1 1 1 1
—totgtgtis+—titgtys+—tatatotis+—totstotis+—t3tots+—totatiotys+
6 9 3 6 6 6

—totgtytis - — totytptis+— titrtg+ —tatstotig+ —totgtytag+ t3tye+
6 18 12 6 6

1 1 1
—tatatgtig+—totstgtig+ — t3totig+ —totatotig+—totatiotis+— t3titss
6 6 12 6 6 12

Type: Q2T
Defining Equation is: x2+xy®+z8
. 1 1 1
Degree of variables{x, y, z} : {—, —, —}
2 10 3

Monom al Basi s=
(1, y, y% ¥3 v% x, xy, xy? xy® z,vyz, y%z, y3z, y*z, xz, xyz, xy?z, xy’z}

Degree of the nonom al basis:
{O 1 1 3 2 1 3 7 4 1 13 8 19 11 5 14 31 17}
10 5 10 5 2 5 10 5 3 30 15 30 15 6 15 30 15
Paranmeters= {ui, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uig, Uiz, Ugp, U1z, Uis, Us, Uz, U17, Uig}
deltaWM u; +Y U +y2us +y3us +y*Us +X Ug + XY U7 + X Y2 Ug + X y3 Ug + Z Ugp +
YZUir +Y2Z U +Y3Z Uiz +Y*Z Uia + X Z Us + XY Z Ug + X Y2 Z U7 + X Y3 Z Ugg

Up to order 3, the primtive formis:
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, Y uj; 1 ) 2 1
1+*U16U17+ + — U7g U1g + — U15 U7 Uig + — Y U1p U17 U1g +
75 150 5 75 25
1 1

2,2 2 2 2 2 2
— y? ud7 Uig + — Uiq Ufg + — Y Uss Ufg + — y? U1e Ui + — Y° U17 Ufg
50 25 50 50 75

The four point function multiplying with (-1) is given by:

1 1 1 1 1
—— tgtZtyy - — titgtygg+—tstytgtygg +— tat3tyg+—tstgtotyg+—tatztotyr+
20 20 5 10 5 5
1 1 1 2
—tagtgtotyg+— tot3ty —— t2tytp+—tstatp+—tstetgtop+—tatstgton+
5 10 10 5 5 5
t4

1 1 1 4,
—tatitgp-—t8tgtyp+—tgtgtgtp+—tatstgtip+—totgtgtyp - — -
5 5 5 5 5 36

2
— t3tys+ —tstgtotig+ —tat3t3——t2tgtiz+—tgatetgtiz+—tatstgtoz+
20 5 10 5 5 5

2 12
tqtis -

[ RN

2 1 1 1
— tot3tia-—tatstotiz+—tatetotiz+—tatztotiz——tartirtag-
10 5 5 5 3
1
—tiotiptfg+ —tstdtgg——t&tyta+—tatetytog+—tatdtyy——tatstgtog+
3 5 5 5 5 5

1
—tatetgtys+—tototgtyy-—titots-—tatstotis+—totetotyy——ti tooty, -
5 5 5 5 5 3

-

2 3 3
—tpotfrta-—totiatigty-—tfht + —tdtgts - — tatdtis+—tatsgtotys -
3 3 5 20 5

()]

—tatetstis—— totitys+—titgtis+—tatstgtis—— totgtgtis+—tatatotys+
5 20 5 5 10 5

[E

1 1 1 3
—totstotis+— t3htis+—tottintis+—tfhtiatis——t2te+—tatstets -
5 18 3 6 5

N o1

— tatdtig+ — t3tytgg+—tatstotgg—— totgtstog+ —tatatgtog+

10 10 5 10 5

—totstgtig+— t3totyg+—tatatotig+—tiot2itag+—ttatig——tatdtyz+
5 10 5 6 5

1 2 1
—t2tgty7+—tatstetyy - — tatdty+—tatgtytoz+—totstotoz+—t3tgtyy+
5 5 20 5 5 5

[Eny

1 1
—totatgtiz+—totatotaz+—tftatsz - —tftstg-—tatZtig+—tatatgtog+
5 5 6 5 5

= o,

1 1 1 1
—t2t5t6t18+—t%t7tlg+—t2t4t7tlg+—t2t3tgtlg+—t%tgt18+—t%otlg
5 10 5 5 10 18

Type: Ul2bT

Defining Equation is: x?+xy®%+z*

1 1 1
Degree of variables{x, vy, z} : {*, — *}

’

2 6 4
Monormi al Basis= {1, vy, y2, X, Xy, z, yz, y>z, xz, xyz, z?, yz?, y?z?, xz?, xyzz}
1 1 1 2 1 5 7 3 11 1
Degree of the nonom al basis: {O, S e e e e et e
6 3 2 3 4 12 12 4 12 2
Parameters= {ug, U, Uz, U4, Us, Ug, U7, Ug, Ug, Uzg, U1z, Uiz, U1z, U4, Uis}

2
3

|21
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del t aWN: u1+yuz+yZU3+xu4+xyu5+zu5+yzu7+
Y2ZUg+XZUg+XYZUg+2Z%Uis +Y 22 U1p +Y2 22 Uz + X 2% Ugg + X Y 22 Ugs

Up to order 3, the primtive formis:

U%4 1 5 Uiz Uis 1 1 2 1 2 1 2 3
- —— + — Ujg U5 - - — Y Uiz U5 + — Us Ujg + — Z U1g Ui5 + — Z° U7g
24 72 12 24 72 36 72

The four point function multiplying with (-1) is given by:

1 1 1 1 1 1
— t3t2+ —tatstotgr—t3t3 - —tatsti-—tatyto+—tatstytg+
12 3 6 3 12 3

1 1
—tagtatgtg+—totstgtg+—t3t5-— totatd+—tatatytio+—totstsztop-—
3 3 6 12 3 3

1 1
—tdtgto+—totatgtyg+—totatotig+— t3t3-—t3t3 +—trtgtd +
3 3 12 8 8

1 1 1
—tetiot? - — titip+—tatatstp+—totdti - —tstgtytin+—tetotaztos-
36 3 6 2 4

[oe]

1 1 1
—t3t2, - —tgtgt?y+ —tatitiz-—t3tstiz+—totatgtoa——t3tygtgs-
4 3 3 3 4

=

1 1
t2t2;+ —t3tatqg-—totdtog+—totatstog+
3 12 3

1 1
tetgtantiz-—tetztiotiz-—
2 8

[EnY

1 1
—tetztiatig+—t3tiotag-—t3tis+ —totagtatas+—titstis+— t3tytys
4 8 9 3 6 8

(*Qut put the 5-pt function for Ul2cx)
Fi vePoi nt Functi on[EQN_, TXYZ List, JAC List, WM, VAR, VARW_, PRIM ] :=
Modul e[{eqn = EQN, txyz = TXYZ, jac = JAC, nm= MM var = VAR, varvv = VARV,
prim=PRIM |en, para, paravv, expotab, sca, k, | enxyz, G Conv, G oebner, pr22,
conv, MatDual, basismat, resll, dualjac, red, flatvar, coe22, flatvartab,
uut ab, vvtab, pos22, i, j, coe33, tab33, res, uut22, uut33, uv22, uv33, uv25s},
I en = Length[jac]; para = Tabl e[var,-, g, 1,1 en}]; paravv = para /. var -» varvy,
expot ab = Tabl e[Exponent [jac[[i 1], txyz], {i, 1, len}]; pr22 =
Pol yPi ckup[prim para, 2] +1; sca=Sum[(para.jac) k xpr22/ (k!t”" k), {k, mm}7;
| enxyz = Lengt h[txyz]; G Conv = conversi onMatri x[Jacl deal [eqn, tXxyz], txyz];
G oebner =G Conv[[1]]; conv = G Conv[[2]];
Mat Dual = Metric[eqgn, txyz, jac, G oebner];
dual j ac = Mat Dual [[2]]; basismat = Mat Dual [[1]];
red = Cohonol ogyReducti on[sca, txyz, jac, G oebner, dualjac, | en, conv, | enxyz];
flatvar = Pol yTruncate[Coefficient [t *mmxred, t~ (nm-1)], para, 31;
coe22 = Pol yTruncate[Coefficient [t *mmxred, t» (Mm-2)], para, 41];
flatvartab = CoefficientRul es[flatvar, txyz];
uutab = Tabl e[0, {i, 1, len}];
For[i =1, i <len, pos22 = Position[expotab, flatvartab[[i, 1]]11[[1, 111;
uut ab[[pos22]] =flatvartab[[i, 2]]1; i ++];
uut 22 = Tabl e[Pol yPi ckup[uutab[[i 1], para, 2], {i, 1, len}];
uut 33 = Tabl e[Pol yPi ckup[uutab[[i 1], para, 31, {i, 1, len}];
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vvtab = (para-uut22) /. var -» varvyv;
uv22 = uut 22; uv25 = Expand[uv22 /. Tabl e[para[[i]1] -»vvtab[[i]1]l, {i, 1, len}1];
uv33 = Tabl e[Pol yPi ckup[uv25[[i ]], paravv, 3], {i, 1, len}];
vvtab = ((para-uut22 -uut33) /. var » varvv) -uv33;
resll = CoefficientRul es[Pol yTruncate][
Expand[coe22 /. Tabl e[para[[i]1] » vvtab[[i]1], {i, 1, len}]], paravv, 4], txyz];

tab33 = Table[O, {i, 1, len}]; For[i =1, i <len, coe33 =res1l[[i]];

pos22 = Posi tion[expotab, coe33[[1]11[[1, 111;

tab33[[pos22]] = Pol yPi ckup[coe33[[2]], paravv, 4]1; i ++];
res = Expand[ (paravv. basi smat ). tab33 /57; res];

(*Print out final ouput. SCAL is used to take a nmultiplication of the 4-
point functionx)

Qut put 55[TT_Li st, POS_, TXYZ_List, MM, VAR , VARW_] : =
Modul e[{nm: MM tt =TT, k, pos = PGS, var = VAR, varvv = VARW, mat, i, j, len,
para, txyz = TXYZ, jac, egn, deg, prim}, jac = JacW\Basi s[txyz][[pos]];
eqgn = Defi ni ngEquati on22[tt, txyz][[pos]]; | en = Length[jac];

deg = Degt xyzOne[eqn, txyz]; para = Tabl e[var,—, {4, 1,1 en}]; i = pos;

Print ["Type: ", SingularType[[i]]]; Print["Defining Equation is: ", eqgn];
Print ["Degree of variables", txyz, " : ", degl;

Print ["Monomi al Basis= ", jac]l; Print["Degree of the nonomial basis: ",

Tabl e[Exponent [jac[[i 1], txyz].deg, {i, len}]];

Print ["Parameters= ", para]; Print["deltaW\s ", para.jac];

Print["Up to order ", 3, ", the primtive formis: "1; Print[" "1];
prim=PrimtiveForm[egn, txyz, jac, 3, var]; Print[prim]; Print[" "1;

Print ["The four point function multiplying with (-1) is given by: "1;
Print [" "1; Print[Expand[FourPoint Function[eqgn, txyz, jac, 3, var, varvv]]ll];
Print ["The five point function is given by: "1; Print[" "1;

Print [ Expand [Fi vePoi nt Functi on[egn, txyz, jac, nm var, varvv, pri m]]]];

(»tt={a, b, c} denotes the normalization. t

is used to generate the flat coordi nates here x)
tt = {1, 1, 1}; txyz = {x, vy, z};
For [pos = 21, pos < 21,

Qut put 55[tt, pos, txyz, 4, u, t]; pos++];

Type: Ul2c

Defining Equation is: x2y+xy?+z*

_ 11 1
Degree of variables{x, y, z} : {—, —, —}
3 3 4

y

_ _ 11 2 1 7 7 11 1
Degree of the nonom al basis: —
2

0, = —y — —y —, —, —,
{ 3 3 3 4 12 12 12
Paranmeters= {ui, Uz, Uz, Us, Us, Ug, U7, Ug, Ug, Uig, U1z, Ur2}

del t aWM-
Up +XUp+YU3+XYyUs+ZUs+XZUg+YZU7+XYyZUg+2Z2Ug+X2Z2Uyg+YyZ2Up +XYyZ2 U

Up to order 3, the primtive formis:
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Up U1z Uiz Uiz 1 ) 1 ) -
+— Ug Ui, + — Z ug Ui, + — 2% U3,
7 36 72

12 12

l+—U%U127
72

The four point function multiplying with (-1) is given by:

1 1 1 1
m—totatd+—tagtatd+—totatets+—tatatots+—tatatd——tatgtd-——t3tgtg+
6 3 3 6 3

3
1 1 1 1 1 1 1
—totatetg+—t3tgtg+—t3totg+—totgtstg——t3tstg-—t3t3+—tgtyt3-
3 6 6 3 8 8
1 242 2 1 2 1 2 1
—t2t3+—tstgtd-—titatyp+—totatatog+—t3tatp-—tstetotig+—tstytotog-—
8 8 3 3 6 2 4
1 1 1 1
—t2t2y+ —t3tgtgg+—totatytyg - —t3tatyg+—tstgtotyg——tstytotqg +
8 6 3 3 4 2
1 1 1 1 1 1 1
—t8tgotyg - —tEt2 - —t3tp+—titatpr—totitp-—t3tp+—titgtyy
8 6 6 9 8

The five point function is given by:
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1 1 1 1 1 1
$t2- — t3tety+—t3t3+ —totitgtg-— tatitetg-—tot2tstg+—tatatstg+
54 9 18 18 9

1 1 1 1 1
— t3t4td - —totatgti+ — t3tatd-—tdtgtg+ — tdtytgtg+r—tgtatgtg-
18 18 18 12 12

1 1 1 1 1
titgto+ —totitio- —tatitio+ —tgtio-—t3tstyg+ —tetityp-— tFtyg-
27 54 24 12 24 48

1 1
tstdtgtip+ — tstetstgtyg+—tst3tgtyg-— tatdtoto+—tatgtztotop+
12 24 12 12
tgtZtotio-—totetgtotio+— tategtgtotio+—totstgtotio+—tatstgtgtyo-
6 12 12 12
1 1
tatstetdg+—totdtdy - — tatdt2g+—tatsgtstdg-—totgtst?g-— tatgtst2y+
6 12 24 6 24
1 1 1 1
tot2tdy+ —tatdt?y - — totstgtip+ — tatstgtfy—— t3t25 - — tot3ta +
24 12 24 48 54
1 1 1 1 1
tatdtgn - — tdtgg+— tdtotyy - —tetStyg+—t9ty+—tstdtgt +
4 24 12 24 24
tstetstgtyy - — tstdtgtyg +— tgtdtotog+—tatgtytotyy - — tatatgtyy +
12 24 12 12
totgtgtgtiy+— tagtgtgtgtay+—totztgtotyr -—tagtstgtotyy+—tgatstetiotar -
12 12 6 12
2tZtpotar - — tatdtota +— tatststotn+—tatetytiotas +—tatetztiotys -
24 12 6 6
totdtigtyn - —tatdtigtyn+— totstgtotay+—tatstgtiotsn +— tataotar +
6 12 12 48
1 1 1 1
tatstetdy + — totdt2 + — tatdtd - —tatstotf - —totgtst2 - —tatgtst2 -
24 24 12 24 6
1 1 1 1 1
tatftfi+ —tatftf+ —totstgt - —tatstgti - —tdth+ —t5tfta-
6 24 12 48 18
1 1 1 1
totattp+ — t3t3tp - — tsgtdtp+—tgtdtotip+ —tstetityp-— tstdton—
18 36 24 24 36

1 1
totdtotop+ — tatdtotp+ —totgtytotip+— tatgtytotin+s — tot2tgtyy -
24 12 12 24

tatitotyy+ tdtio-—totstetiotin+— tatstgtiptin+— totststioton+
6 12 12

tgtstztiotiz+—totstetigtin+—tagtstetartin+r—totstztagtin-—tatstztaity
12 12 12 6



