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ABSTRACT. In this paper, we prove the mirror symmetry conjecture between the Saito-
Givental theory of exceptional unimodular singularities on Landau-Ginzburg B-side and
the Fan-Jarvis-Ruan-Witten theory of their mirror partners on Landau-Ginzburg A-side.
On the B-side, we develop a perturbative method to compute the genus-zero correla-
tion functions associated to the primitive forms. This is applied to the exceptional u-
nimodular singularities, and we show that the numerical invariants match the orbifold-
Grothendieck-Riemann-Roch and WDVV calculations in FJRW theory on the A-side. The
coincidence of the full data at all genera is established by reconstruction techniques. Our
result establishes the first examples of LG-LG mirror symmetry for weighted homoge-
neous polynomials of central charge greater than one (i.e. which contain negative degree
deformation parameters).
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1. INTRODUCTION

Mirror symmetry is a fascinating geometric phenomenon discovered in string theory.
The rise of mathematical interest dates back to the early 1990s, when Candelas, Ossa,
Green and Parkes [6] successfully predicted the number of rational curves on the quin-
tic 3-fold in terms of period integrals on the mirror quintics. Since then, one popular

mathematical formulation of mirror symmetry is about the equivalence on the mirror
1
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pairs between the Gromov-Witten theory of counting curves and the theory of variation
of Hodge structures. This is proved in [20,33] for a large class of mirror examples via
toric geometry. Mirror symmetry has also deep extensions to open strings incorporating
with D-brane constructions [27,48]. In our paper, we will focus on closed string mirror
symmetry.

Gromov-Witten theory presents the mathematical counterpart of A-twisted supersym-
metric nonlinear o-models, borrowing the name of A-model in physics terminology. Its
mirror theory is called the B-model. On either side, there is a closely related linearized
model, called the N=2 Landau-Ginzburg model (or LG model), describing the quantum
geometry of singularities. There exist deep connections in physics between nonlinear sig-
ma models on Calabi-Yau manifolds and Landau-Ginzburg models (see [26] for related
literature).

In this paper, we will study the LG-LG mirror symmetry conjecture, which asserts an
equivalence of two nontrivial theories of singularities for mirror pairs (W, G), (W, GT).
Here W is an invertible weighted homogeneous polynomial on C" with an isolated criti-
cal point at the origin, and G is a finite abelian symmetry group of W. The mirror
weighted homogeneous polynomial W! was introduced by Berglund and Hiibsch [5]

aii
1%
Wl =yn [T5- x?ﬁ. The mirror group GT was introduced by Berglund and Henning-

in early 1990s. For invertible polynomial W = Y! ; [] , the mirror polynomial is

son [4] and Krawitz [28] independently. Krawitz also constructed a ring isomorphism
between two models. Now the mirror symmetry between these LG pairs is also called
Berglund-Hiibsch-Krawitz mirror [11]. When G = Gyy is the group of diagonal symmetries
of W, the dual group G}, = {1} is trivial. In order to formulate the conjecture, let us
introduce the theories on both sides first. We remark that one of the most general mirror
constructions of LG models was proposed by Hori and Vafa [24].

A geometric candidate of LG A-model is the Fan-Jarvis-Ruan-Witten theory (or FJR-
W theory) constructed by Fan, Jarvis and Ruan [14}/15], based on a proposal of Witten
[50]. Several purely algebraic versions of LG A-model have been worked out [7,36]. The
FJRW theory is closely related to the Gromov-Witten theory, in terms of the so-called
Landau-Ginzburg/Calabi-Yau correspondence [10,37]. The purpose of the FJRW theory
is to solve the moduli problem for the Witten equations of a LG model (W, G) (G is an
appropriate subgroup of Gw). The outputs are the FJRW invariants. Analogous to the
Gromov-Witten invariants, the FJRW invariants are defined via the intersection theory
of appropriate virtual fundamental cycles with tautological classes on the moduli space of
stable curves. These invariants virtually count the solutions of the Witten equations on
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orbifold curves. For our purpose later, we consider G = Gy, and summarize the main
ingredients of the FJRW theory as follows (see Section for more details):

e An FJRW ring (Hy, ®). Here Hyy is the FJRW state space given by the Gy-invariant
Lefschetz thimbles of W, and the multiplication e is defined by an intersection
pairing together with the genus 0 primary FJRW invariants with 3 marked points.

o A prepotential }-(f, ]VI\{,W of a formal Frobenius manifold structure on Hy, whose co-
efficients are all the genus 0 primary FJRW invariants (- - -)!V.

o A total ancestor potential sz%vl\:,] RW that collects the FJRW invariants at all genera.

A geometric candidate of the LG B-model of (WT, GT) is still missing for general G'.
When G = Gy, then GT = {1} and a candidate comes from the third author’s theory of
primitive forms [41]. The starting point here is a germ of holomorphic function (f = W7
to our interest here)

f(x): (C",0) = (C,0), x={xi}iz1,.n
with an isolated singularity at the origin 0. We consider its universal unfolding
(C"xC*,0x0) - (CxCHO0x0), (x,8)— (F(x,s),s)

where u = dimg Jac(f)o is the Milnor number, and s = {sy}y=1,... . parametrize the
deformation. Roughly speaking, a primitive form is a relative holomorphic volume form

¢ =P(x,s)d"x, d'x=dx;---dx,

at the germ (C" x CH*,0 x 0), which induces a Frobenius manifold structure (which is
called the flat structure in [41]) at the germ (C*,0). This gives the genus 0 invariants in
the LG B-model. At higher genus, Givental [19] proposed a remarkable formula (with its
uniqueness established by Teleman [49]) of the total ancestor potential for semi-simple
Frobenius manifold structures, which can be extended to some non-semisimple bound-
ary points [12,34] including s = 0 of our interest. The whole package is now referred to
as the Saito-Givental theory. We will call the extended total ancestor potential ats = 0 a
Saito-Givental potential and denote it by exszsc.

For G = Gy, the LG-LG mirror conjecture (of all genera) is well-formulated [[11]:

Conjecture 1.1. For a mirror pair (W, Gy) and (WT,{1}), there exists a ring isomorphism
(Hw, ®) = Jac(WT) together with a choice of primitive forms ¢, such that the FJRW potential
%I,I:,J RW s identified with the Saito-Givental potential %V%ﬁ

For the weighted homogeneous polynomial W = W(xy, - - -, x,), we have

W(AT xq, -, Ax,) = AW(xq, -+, xp), VA €CF,
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with each weight g; being a unique rational number satisfying 0 < g; < 1 [38]. There is a
partial classification of W using the central charge [43]

ew =) (1—2q;).

1

So far, Conjecture [I.T/ has only been proved for ¢y < 1 (i.e.,, ADE singularities) by Fan,
Jarvis and Ruanl14] and for ¢y = 1 (i.e., simple elliptic singularities) by Krawitz, Milanov
and Shen [30,35]. However, it was open for ¢y > 1, including exceptional unimodular
modular singularities and a wide class of those related to K3 surfaces and CY 3-folds. One
of the major obstacle is that computations in the LG B-model require concrete information
about the primitive forms. The existence of the primitive forms for a general isolated
singulary has been proved by M.Saito [46]]. However, explicit formulas were only known
for weighted homogeneous polynomials of ¢y < 1 [41]. This is due to the difficulty of
mixing between positive and negative degree deformations when &y > 1.

The main objective of the present paper is to prove that Conjecture [1.1|is true when
WT is one of the exceptional unimodular singularities as in the following table. Here we
use variables x, y, z instead of the conventional x1, X3, - - - , x,. These polynomials are all
of central charge larger than 1, providing the first nontrivial examples with the existence
of negative degree deformation (i.e., irrelevant deformation) parameters.

TABLE 1. Exceptional unimodular singularities

Polynomial Polynomial Polynomial Polynomial

Eqz x4y’ Wi | xt+y° Up | B+ +2

Qu [ Xy+xy’+2° || Zin | ¥y+y*x || Sio | FPy+y*z+2°x
Eig | 2+xy*+2% || Eiz | 2+xy° | Zis | 2 +xy® +y2® || Wiz | 22 +xy? + yz?
Quo | Py+v*+2 || Zn | PPy+y® | Qu | ¥*y+y3z+2% || Si1 | ¥*y+y?z + 2

Originally, the 14 exceptional unimodular singularities by Arnold [3] are one param-
eter families of singularities with three variables. Each family contains a weighted ho-
mogenous singularity characterized by the existence of only one negative degree but no
zero-degree deformation parameter [43]. In this paper, we consider the stable equiva-
lence class of a singularity, and always choose polynomial representatives of the class
with no square terms for additional variables. The FJRW theory with the group of diag-
onal symmetries is invariant when adding square terms for additional variables.
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LG-LG mirror symmetry for exceptional unimodular singularities. Let us explain how
we achieve the goal in more details. Following [28], we can specify a ring isomorphis-
m Jac(WT) = (Hwy,e). Then we calculate certain FJRW invariants, by an orbifold-
Grothendieck-Riemann-Roch formula and WDVYV equations. More precisely, we have

Proposition 1.2. Let W' be one of the 14 singularities, then
Y :Jac(W') — (Hy,e),

defined in 2:20) and (2.23), generates a ring isomorphism. Let M be the i-th monomial of WT,
and ¢, be of the highest degree among the specified basis of Jac(WT) in Table|2| Let q; be the
weight of x; with respect to W. For each i, we have genus 0 FJRW invariants

T

a (W), W), W

), W(pu ) = qi, whenever MI # x2.

Surprisingly, if WT belongs to Q11 or S11, then the ring isomorphism Jac(WT) = (Hy, o)
was not known in the literature. The difficulty comes from that if there is some q; = ey
then one of the ring generators is a so-called broad element in FJRW theory and invariants
with broad generators are hard to compute. We overcome this difficulty for the two cases,
using Getzler’s relation on M 4. It is quite interesting that the higher genus structure
detects the ring structure. We expect that our method works for general unknown cases
of (Hy, ) as well.

On the B-side, recently there has appeared a perturbative way to compute the primitive
forms for arbitrary weighted homogeneous singularities [32]. In this paper, we develop
the perturbative method to the whole package of the associated Frobenius manifolds,
and describe a recursive algorithm to compute the associated flat coordinates and the
potential function ]:Sgﬂ (see section 3.2). We apply this perturbative method to compute
genus zero invariants of LG B-model associated to the unique primitive forms [23,32]
of the exceptional unimodular singularities, and show that it coincides with the A-side
FJRW invariants for W in Proposition[1.2) (up to a sign).

In the next step, we establish a reconstruction theorem in such cases (Lemma ,
showing that the WDVV equations are powerful enough to determine the full prepoten-
tials for both sides from those invariants in (1.1). This gives the main result of our paper:

Theorem 1.3. Let WT be one of the 14 exceptional unimodular singularities in Table Then the
specified ring isomorphism Y induces an isomorphism of Frobenius manifolds between Jac(WT)
(which comes from the primitive form of WT) and Hy (which comes from the FJRW theory of
(W, Gw)). That is, the prepotentials are equal to each other:

(1.2) FSr = Fo'.
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In general, the computations of FJRW invariants are challenging due to our very lit-
tle understanding of virtual fundamental cycles, especially at higher genus. However,
according to Teleman [49] and Milanov [34], the non-semisimple limit JZfV%CT; is fully de-
termined by the genus-0 data on the semisimple points nearby. As a consequence, we
upgrade our mirror symmetry statement to higher genus and prove Conjecture |1.1| for

the exceptional unimodular singularities.

Corollary 1.4. Conjecture is true for WT being one of the 14 exceptional unimodular singu-
larities in Table (1} The specified ring isomorphism ¥ induces the following coincidence of total
ancestor potentials:

(1.3) a5 = "V

The choice in Table|l|has the property that the mirror weighted homogeneous polynomi-
als are again representatives of the exceptional unimodular singularities. Arnold discov-
ered a strange duality among the 14 exceptional unimodular singularities, which says the
Gabrielov numbers of each coincide with the Dolgachev numbers of its strange dual [2].
The strange duality is also reproved algebraically in [44]. The choices in Table|l|also rep-
resent Arnold’s strange duality: the first two rows are strange dual to themselves, and the
last two rows are dual to each other. For example, E14 is strange dual to Q1. Beyond the
choices in Table (I, we also discuss the LG-LG mirror symmetry for other invertible poly-
nomial representatives (some of whose mirrors may no longer be exceptional exceptional
singularities) where equality still holds. The results are summarized in Theorem 4.3
and Remark[4.5| Our method has the advantage of being applicable to general invertible
polynomials with more involved WDVV techniques developed.

The present paper is organized as follows. In section 2, we give a brief review of the
FJRW theory and compute those initial FJRW invariants as in Proposition In sec-
tion 3, we develop the perturbative method for computing the Frobenius manifolds in
the LG B-model following [32]. In section 4, we prove Conjecture [I.1) when the B-side
is given by one of the exceptional unimodular singularities. We also discuss the more
general case when either side is given by an arbitrary weighted homogeneous polyno-
mial representative of the exceptional unimodular singularities. Finally in the appendix,
we provide detailed descriptions of the specified isomorphism ¥ as well as a complete
list of the genus-zero four-point functions on the B-side for all the exceptional unimodu-
lar singularities. We would like to point out that section 2 and section 3 are completely
independent of each other. Our readers can choose either sections to start first.
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2. A-MODEL: FJRW-THEORY

2.1. FJRW-theory. In this section, we give a brief review of FJRW theory. For more de-
tails, we refer the readers to [14,[15]. We start with a nondegenerate weighted homogeneous
polynomial W = W(xy, - - - , x,,), where the nondegeneracy means that W has isolated crit-
ical point at the origin 0 € C" and contains no monomial of the form x;x; for i # j.
This implies that each x; has a unique weight g; € QN (0, 3] [38]. Let Gy be the group of
diagonal symmetries,

21)  Gy:= {(Al,...,An) € (C| WA x1, .., Apxp) = W(xl,...,xn)}.

In this paper, we will only consider the FJRW theory for the pair (W, Gy ). In general,
the FJRW theory also works for any subgroup G C Gy where G contains the exponential
grading element

(2.2) J = (exp(27r\/—71q1), e ,exp(27rﬁq,0> € Gwy.

Definition 2.1. The FJRW state space Hy for (W, Gw) is defined to be the direct sum of all
Gw-invariant relative cohomology:

(2.3) Hw:= P H,, H,:=H" (Fix(y); W;C)°".
veGw

Here Fix(y) is the fixed points set of y, and CNr = Fix(y) C C". W, is the restriction of W to
Fix(y). W° := (ReW,) (M, o) with M >> 0, where ReW,, is the real part of W,,.

Each vy € Gw has a unique form
(24) Y= (exp(27r\/—1®’1/),- - exp(2my —1@%)) e (C*)", 0relo,1)nQ.

Thus Hy is a graded vector space, where for each nonzero « € H,, we assign its degree
N n
dega = TY +Y (8] —q).
i=1

We call H, a narrow sector if Fix(7y) consists of 0 € C" only, or a broad sector otherwise.

The FJRW vector space Hy is equipped with a symmetric and nondegenerate pairing

(=X

veGw

where each (, ), : Hy, x H,-1 — Cis induced from the intersection pairing of Lefchetz
thimbles. The pairing between H,, and H,, is nonzero only if y1y, = 1. Moreover, there
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is a canonical isomorphism (see section 5.1 of [14], Appendix A of [9], and references
therein)

(2.5) (Hw,(,)) = ( @ (]ac(Wy)w,,)GW, Z </>resn/> .

vEG vEGw

Here wy is a volume form on Fix(y) of the type dx;j, A - - - Adxj, , where we mean w, =1
if N, = 0. Gw acts on both x; and dx;. Let (Jac(W,)w,)®" be the Gy-invariant part of
the action. We choose a generator

(2.6) 1, := w, € H" (Fix(y); Wy*; C).
If H, is narrow, then H, = (Jac(W,)w, )" = C is generated by 1,. If H, is broad, we

denote generators of H, by ¢ 1, via ¢ w, € (Jac(Wy)w,)®". Finally, the residue pairing
(, )res,y is defined from the standard residue Resy, of W,

) w
<fa)y, gw7>res,)/ = ResWy (fg) = Remduex:oawyfgiyawy'
A,

It is highly nontrivial to construct a virtual cycle for the moduli of solutions of Witten
equations. For the details of the construction, we refer to the original paper of Fan, Jarvis
and Ruan [15]. Let ¢’ := %, be a stable genus-g orbifold curve with marked points
p1,---,Px (Where 2¢ —2 +k > 0). We only allow orbifold points at marked points and
nodals. Near each orbifold point p, a local chart is given by C/G, with G, = Z/mZ for
some positive integer m. Let .23, ..., £, be orbifold line bundles over €. Let 0; be a C*-
section of .Z;. We consider the W-structures, which can be thought of as the background
data to be used to set up the Witten equations

éO‘i + aiw =0.
801»
For simplicity, we only discuss cases that W = M + - - - + M, with M; = [T}, x;l."j . Let
Kc be the canonical bundle for the underlying curve C and p : ¥ — C be the forget-
ful morphism. A W-structure £ consists of (¢, 41, -+, %n, 1, -+, Pn) Where @; is an
isomorphism of orbifold line bundles

n k
®aj,j *
@i : ®°% " —p (KC,log)/ KC,log =Kec® ® ﬁ(pﬂ
j=1 j=1
A W-structure induces a representation r, : G, — Gy at each point p € 4. We require
it to be faithful. The moduli space of pairs € = (¢, £) is called the moduli of stable W-

orbicurves and denoted by # 4. According to [14], # o is a Deligne-Mumford stack,
and the forgetful morphism st : # o, — Mg to the moduli space of stable curves is
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flat, proper and quasi-finite. % 4, can be decomposed into open and closed stacks by
decorations on each marked point,

Wg,k = Z Wg,k(’)/l,...,’}/k), ’)/j = rpj(l).

(V1 70) €(Gw)*
Furthermore, let I" be the dual graph of the underlying curve C. Each vertex of I" rep-
resents an irreducible component of C, each edge represents a node, and each half-edge
represents a marked point. Let §E(T") be the number of edges in I'. We decorate the half-
edge representing the point p; by an element y; € Gy. We denote the decoration by
Iy, and call it a Gw-decorated dual graph. We further call it fully Gy-decorated if we

also assign some y4 € Gy and y_ = (y+)7!

on the two sides of each edge. The stack
Wg,k(yl, ..., 7Yx) is stratified, where each closure in Wg,k(yl, ..., ¥x) of the stack of stable

W-orbicurves with fixed decorations (y4, ..., ¥x) on I' is denoted by %g,k(ryl,_m).

If Wg/k(yl, -+, Yk) is nonempty, then the Line bundle criterion follows([14, Proposition
2.2.8]):

2.7) deg(p..4) = (2g —2+k)g Z ecz,i=1,-

j=1

In [15], Fan, Jarvis and Ruan perturb the polynomial W to polynomials of Morse type
and construct virtual cycles from the solutions of the perturbed Witten equations. Those
virtual cycles transform in the same way as the Lefschetz thimbles attched to the critical
points of the perturbed polynomials. As a consequence, they construct a virtual cycle

. L k
(r)/l ----- Yk)]VIr € H*(Wg,k(rhwﬁk)f(c) ® H HNyj (FIX(Yj)/ W;;)/C)GW
j=1

_ql>‘

Based on this, they obtain a cohomological field theory {/\?’ : (Hw)®F — H* (Mg, C)}
with a flat identity. Each /\?’k is defined by extending the following map linearly to Hy,

which has total degree

(2.8) 2 ((éw =3)(1—g)+k—4E(T i

HM:

[Gw®
deg(st)

Definition 2.2. Let ; be the j-th psi class in H* (M, k). Define FIRW invariants (or correlators)

/\gk(ocl,...,ock) =

k
PD st, <[Wg,k(7/1l vy ,)/k)]wr H (X]> , aj € H)/j'
=1

k
g.
(2.9) <Tg1 (le) Tgk (Xk / /\ 0(1,...,0(k) I I P/, ;€ Hy],.
=1
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The FJRW invariants in are called primary if all {; = 0. We simply denoted them by
(o1, ..., o)y . We call (HW, ) an FJRW ring where the multiplication e on Hy is defined by

(2.10) (e B,v) = (o, B,7)0

If the invariant in (2.9) is nonzero, the intergrand should be a top degree element in
H*(Mgy). Then using the total degree formula and the definition of the cohomo-
logical field theory, it is not hard to see that

k k
(2.11) Y degaj+ ) 0= (éw—3)(1—-g)+k
=1 =1
Let us fix a basis {aj}7:1 of Hy, with a; being the identity. Let t(z) = ¥,,>0 27:1 b, 00 2"
The FJRW total ancestor potential is defined to be

(2.12) %VE]RW = exp (Z he1 Z k' t(r) + 1, .. () +1Pk>§\,]k> .

>0 k>0

There is a formal Frobenius manifold structure on Hyy, in the sense of Dubrovin [[13]. Its
prepotential is given by
F RW _
] Zk' tOI"' Ok’ tO—Zth}(X]
k>3 =
The prepotential satisfies the WDVV (Witten-Dijkgraaf-Verlinde-Verlinde) equations:
FJRW FJRW FJRW FJRW
> F, P Fyw P Fyw P Fyw

il , _ , ij ,
Zat“uatadata Ot Ote, e, & Ot Oty My Ot Ot Oty

(2.13) to i= t(),‘x,

where (n'/) is the inverse of the matrix ({a;, «;)). It implies ([14, Lemma 6.2.6])

2 14)<- s Ota, O @ O, 0 ) ok =Sk + (-, 0 ® 0, e, )0k + (- -, Oa, Ap, e @ Og)o
: —_— <...,06a.06d;“b/“c>0,k~

where k > 3, Sy is a linear combination of products of correlators with number of marked

points no greater than k — 1. Moreover, both S3 = S4 = 0.

Another important tool is the Concavity Axiom [14, Theorem 4.1.8]. Consider the uni-
versal W-structure (.21, - - -, %) on the universal curve 7w : ¢ — # ¢ (Ty,,..y,)-

(2.15) If all H,, are narrow and 7. (&} ,.%) =0,

then R, (@ ,.%) is a vector bundle of constant rank, denoted by D, and

k

(2.16) [Wg,k<rm,--.,n)]m N Hl%' = (_1)DCD <R17T*(@?:1°gi>) N [Wg,ka,---,n)]-
i=1
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It can be calculated by the orbifold Grothendieck-Riemann-Roch formula [8, Theorem
1.1.1]. As a consequence, if the codimention D = 1, we have

n 4 7’! B @?’rcut
(217)  Aga(ly,,-.- 1y Z(Bz ) Z o)y Zz(g)[w)

I—‘Cut

Here By(x) := x> — x + % is the second Bernoulli polynomial. «; is the 1-st kappa class on
M,4. Here the graphs Iy are fully Gy-decorated on the boundary of Wos(Vi,-- ) V)
Each Iyt has exactly one edge which seperates the graph into two components. Two sides
of the edge are decorated by some v € Gy and y_ := (y) ! such that each component
of Teyt satisfies the line bundle criterion (2.7). Finally, [I.u] denotes the boundary class in
H* (Mo, C) that corresponds to the underlying undecorated graph of I'ey.

We call a correlator concave if it satisfies (2.15). Otherwise we call it is nonconcave.
Nonconcave correlator may contain broad sectors. In this paper, we will use WDVV to
compute the nonconcave correlators. Some other methods are described in [7,22].

2.2. FJRW invariants. In this subsection, we will prove Proposition Let us first de-
scribe the construction of the mirror polynomial W'. Let W = M; + - - - + M,,, with M; =

% . We call such a polynomial W invertible because its exponent matrix Ey := (a;;)
is 1nvert1ble Berglund and Hiibsch [5] introduced a mirror polynomial W7,

(2.18) Z H X

i=1j=1

Its exponent matrix Eyr is just the transpose matrix of Ey, i.e. Eyr = (Ew)T. In [31],
Kreuzer and Skarke proved that every invertible W is a direct sum of three atomic types
of singularities: Fermat, chain and loop. If W is of atomic type, then W belongs to the
same atomic type. We list the three atomic types (with ¢; < 1) and a C-basis of their
Jacobi algebra as follows. The table also contains an element ¢, of highest degree.

TABLE 2. Invertible singularities

Polynomial f C-basis of Jac(f) du
m-Fermat Xty oAk <ai—1 i
m-Chain: | x{'xp + x52x3 + - -+ + x5 {11 1 i X, A
m-Loop: | x{'xp 4+ x52x3 4 - - - + x5 xq "ok k< a moag!

Here in the case of m-Chain, k = (ki, - - - , k) satisfies (1) k; < a; — 1 for all j and (2) the
property that k is not of the form (a1 —1,0,a3 —1,0,- -+ ,a31 — 1,1, %,- -+ , %) withi > 1.
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A first step towards the LG-LG mirror symetry Conjecture [I.1]is a ring isomorphism
between (Hyy, ®) and Jac(WT). For computation convenience later, we use the follow-
ing normalized residue defined by the normalized residue pairing 1y (which is to be

explained in (3.1)))
(2.19) Resyyr () = nyyr(dxy - - - dx,, dpudxy - - - dx,) = 1.

The ring isomorphism has been studied in [1}/14,16,28,129] for various examples. Ac-
cording to the Axiom of Sums of singularities [14, Theorem 4.1.8 (8)] in FJRW theory, the
FJRW ring (Hyw, ®) is a tensor product of the FJRW ring of each direct summand. Krawitz
constructed a ring isomorphism for each atomic type if all g; < 3 [28]. For our purpose,
if W is a polynomial in Table [1} then it is already known that (Hyy, @) is isomorphic to
Jac(WT) except for W = x% + xy1 + yz’, (q,7) = (3,3),(2,4). We will give the new
constructions for the two exceptional cases, and will also briefly introduce the earlier
constructions for the other 12 cases.

Since Ew is invertible, we can write E;\,l using column vectors py,

_ k W\ T k
EW1:<pl|"'|Pn>/ Pk = (q)g)//(pl(/l)> ’ (Pl()e@

We can view py as an element in Gy by defining the action

Pk = (exp(27r\/—1(p§k)), e ,exp(27r\/—1(p,(1k))) € Gw.
Thus p;] € Gw, with | the exponential grading element in (2.2).
1
27
there is a degree-preserving ring isomorphism ¥ : Jac(WT) — (Hyy, ®). In particular, if p;] is
narrow fori =1,--- ,n, then ¥ is generated by

(2.20) V(i) =1, i=1---,n

Proposition 2.3 ([28]). For any n-variable invertible polynomial W with each degree q; <

Example 2.4. Let W = x” +y7, p,q > 2. Denote v;; = (eXp(Zn‘Fi),exp(Z”\Fj)),

The FJRW ring (Hyw, o) is generated by {1,,,,1y,,}. Then WT' = W and the ring isomorphism

VY :Jac(WT) = (Hy, ®) generated by (2.20) extends as
(2.21) Yx' Ty =1, 1<i<pl<j<qg.

For 2-Loop singularities, p;] may not be narrow for some i € {1,2}. However, ring
isomorphisms still exist. According to [1,28], we have

Example 2.5. For W = x2y+ xy3 +23 € Qu, Gw = ws. A ring isomorphism ¥ :

o~

Jac(WT) = (Hy, e) is obtained by extending [2.20) from
(2.22) ‘P(x) = x1]10.
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The corresponding vector space isomorphism ¥ : Jac(WT) — Hyy is as follows:

HW 1] 1]13 1}11 X].]lO y21]10 1]8 1]7 X].]S y21]5 1]4 1]2 1]14
2

JacoWD) |1 | y | z | «x v: lyz | xy| xz | v’z | xy? | xyz | xy’z

Now we discuss if there exists g; = 3 for W. Without loss of generality, we assume W
is of the atomic type: W = x% + x1x52 + - -+ + xp_1 x5 Then Fix(p1]) = {(x1,- -+, xm) €
Ck|x; = 0,i > 2}. Thus H,,; is generated by a broad element x;rllp1 7, which is a ring
generator of Hyy. If m = 2, it is known [16] that ¥ : Jac(WT) — (Hyy, ) generates a ring
isomorphism, by ¥(x;) = azxgz_llp1 jand ¥(x2) = 1,,;. The key point is that the residue
formula in implies
1

-1 -1 w
:<x;2 lpﬂfxgz 1,7, 1)0 = ——.

W
0 a5

-1 -1
<xgz LPE xgz 1o, 1p1*ﬂ2]71>
2
Inspired from this, for m > 3, we consider

L a,—1 a,—1 W
K:= <x2 1P1]'x2 1P1]'1 l-ay 1 —1>O .
Py “p3 ]

If K # 0, then it is possible to define

a _
(2.23) Y(xp) = < _1<2> B,

In Section[2.3} using Getzler’s relation, we will prove the following nonvanishing lemma,
Lemma 2.6. Let W = x> + xy7 + yz', (q,7) = (3,3), (2,4). Then

(224) O s P s PR RN |

As a direct consequence of Lemma it is not hard to check the following statement.

Proposition 2.7. Let WT be one of the exceptional unimodular singularities in Table then the
map ¥ in (2.20) and (2.23) generates a degree-preserving ring isomorphism

Y :Jac(WT) = (Hy, e).

Proof. We only need to consider W = x? + xy7 + yz’, (q,7) = (3,3), (2,4). We will check
that ¥ gives a vector space isomorphism which preserves the degree and the pairing
on both side. We will also check that the generators in Hy satisfy exactly the algebra
relations as in Jac(WT), by computing all the genus-0, 3-point correlators. We remark
that we use the normalized residue in Jac(WT), i.e.,

Resyr(y1 1271 = 1.
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Lemmal[2.6allows us to extend ¥ by defining ¥(x) as in (2.23). Then we can check directly
that

Y(x) o ¥(x) = <_I<Z,r<yq11"”’ AR P RNl ) Lo, =¥y '2).
This coincides with x? 4+ qy7~'z = 0 in Jac(WT). We notice that the multiplication ¥(x) e
Y(z) can be computed via

(¥(x), ¥(x), ¥(z'72))05 = (¥(x) @« ¥(x), ¥(z'7%)) = —q.

For r = 4, we use the WDVV equation once to get ¥(x) e W(z). The preimages of the
broad sectors are in the form of cxz/, j=1,---,r—2,where the constant c is fixed by the
constant in (2.24) and the normalized residue pairing.

We have ¥(x) e W(y) = 0 by simply checking the formula (2.11). This coincides with
xy = 0inJac(WT).

The rest of the proof are the same as that in Lemma 4.5, Lemma 4.6, and Lemma 4.7 in
[28]. For the reader’s convenience, we sketch a proof here for W = x2 + x> + yz3. The
other case can be treated similarly. By (2.20), we get

Y(y) =1ps, ¥(z)=1ps.
According to (2.11)), the nonzero (- - '>KY3 with narrow insertions only is one of following;:
(2.25) (15,15, 1ps-)03, jisodd
or
226)  (1ps,1ps,17)05,  (Ips, 1ps, 1p)ts,  (Lps, 1ps, Apn)oa,  (Lpis, Tpn, 1),

All the correlators listed above are concave. Furthermore, we apply (2.7) to get the line
bundle degrees. Except for the last correlator in (2.26), we have

deg(p%)=—-1, i=1,2,3

This implies all the bundles R!7,( ! %) have rank zero. Applying (2.16) for D = 0,
the values of those correlators all equal to 1. We use those correlators to get, for example,

W(y) OW(y) = <1]15,1]15,1]7>g\,]3 T]1]7'1]” 1]11 = 1]11.
Here 7~ is defined in (2.13). Similarly, we obtain
Y(yz) = 1p, Y(z?) = 17, Y(y?z) = 15, Y(yz?) = 1p, Y(y?z?) = 1.

The correlators in (2.25) match the normalized residue pairing. For the last correlator
<1]15, 1]15, 1]11 >16\,[3’ we have

deg(p+&1) = —1, deg(p«2) = —2, deg(p«%s) =0.
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Thus for each fiber (isomorphic to CP') of the universal curve € over Wos(J°, T, 1),
we have

H(CP', P %) =0a0aC, H'(CP',PL) =0aCao.

According to the Index Zero axiom in Theorem 4.1.8 [14], this corrlelator equals to the

IW JIW BW)

degree of the so-called Witten map form H° to H!, which sends (x, y,z) to (%, Sy 52 )

In this case, we get
(1ps, 1y, 1ju)gls = —3.
From this, we check that
Y(y) e W(y?) = —3¥(2%).
This coincides with the last relation in Jac(WT), i.e., y> + 322 = 0.

Finally, we list the table for each vector space isomorphism.

If W = x2 + xy® + yz3, the vector space isomorphism ¥ : Jac(WT) = Hy is

HW 1] 1]15 1]13 *%yzlpz 1]11 1]9 1]7 \/*33K3,3]/21]6 1f5 1]3 1]17
Jac (WD) || 1| y | z X v | yz | 22 xz y2z | yz? | y?2?

If W = x% + xy? + yz*, then the vector space isomorphism is given by

Hyy 1 1]13 \/—ﬁyllu 1]11 1]9 yljs 1]7 1]5 \/—23K2,4y1]4 1]3 1]15

3 Y72 yz2 | y2®

Jac(WT) || 1| z x y | 22| xz |yz |z

O

We will give explicit formulas of the isomorphism V¥ of all other cases in the appendix.
Those isomorphisms ¥ turn out to identify the ancestor total potential of the FJRW theory
of (W, Gw) with that of Saito-Givental theory of W' up to a rescaling.

Next we compute the FJRW invariants in Proposition[1.2] We introduce a new notation
(2.27) 1y :=VY(¢), ¢ €Jac(WT).
Due to the above conventions, the second part of Proposition[I.2]is simplified as follows.
Proposition 2.8. Let M be the i-th monomial of WT with the ordering in Table We have

(228) <1xi/ ]-xi/ 1M1T/x12/ 1d)u>gv - qi, VZ = ]., R (B
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Proof. We classify all the correlators in into concave correlators and nonconcave
correlators. For the concave correlators, we use to compute. For the nonconcave
correlators, we use WDVV to reconstruct them from concave correlators and again use
([2.17). We will freely interchange the notation

(2.29) (x1,%2,%3) = (x,y,2).

Let us start with concave correlators. As an example, we compute <lx, 1,12, 1%)8\/
for W = x? + y1. The computation of all the other concave corrlators in (2.28) follows
§1m11ar1y For W = xF + 7, we recall that for y;; € Gw = u, X y,;, we have @Y” =
é, @;” = ﬁ' All the sectors are narrow and 1,,; = 1,;-1,j-1 with our notation conventions.
According to the line bundle criterion (2.7), we know for (14, 1y,1,,-2, 14,“>‘6V,

degp.#1 = —2,degp.r = —

Thus 7.4 = m..% = 0 and the correlator is concave. Moreover, R17,.% = 0 and the
nonzero contribution of the virtual cycle only comes from R!7,.#;. Now we can apply
(2.17). There are three decorated dual graphs in T'cut, where we simply denote 1; := 1,, ,

1,1 1,-11 1z 121 1y 1z
YFl le VFZ ‘)/I"z

2,1 p—1,49-1 p—1,1 p—14g9-1

The decorations of the boundary classes are @Trf = ’%3, 0,0 fori =1,2,3. We obtain

%
(121,121, 1p-1,1,1p-19-1)0

= /7 /\gt]4(12,1,12,1,1p71,1,1p71,q71)

Mo,

= 5 (B ~28C) — 25T 28000+ Ba D) )
1
-

All the nonconcave correlators in (2.28) are listed as follows:

(1,,1,,12,14,)¢ for 3-Chain W = x? + xy? + yz*.

(1x, 1,1y, 14, )8 for 3-Chain W = x? + xy9 + yz’, (q,7) = (3,3) or (2, 4).
(12,15, 1y, 1, )0 and <1y,1y, 12,1(1, >W for 3-Loop W = x%z + xy? + yz°.
(L Yo'
( o'

lx,lx,ly,1¢ forW—xy+xy + z3.

n
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o (1,1y,1y,1g,)y for W =22y + 1> + 2%

For the nonconcave correlators, we will use the WDVV equations and the ring re-
lations to reconstruct them from concave correlators. Let us start with the value of
<1y,1y,1yquz,1¢u)gv in a 3-Chain W = x% + xy? + yz*. Since ¢, = yz® € Jac(W') and
1,e1,, =0, we get

1 1

<1z/ 1y/ 1yz ol,, 1y>g\] = <lz/ ly/ 1yz/ 1, .1y>gv - <1z/ 1y L 1y/ 1yz/ 122>gv =0— (_4) -

16 4
The first equality follows from the WDVV equation(2.14). We also use 1, e1,, = 0.
Both (1,1y,1y;,1,2 1y>g" and (1,1, 1,1, 122)8\7 are concave correlators and can be
computed by (2.17). For other nonconcave correlators, we will list the WDVV equations.
The concavity computation is checked easily. For 3-Chain W = x? + xy1 + yz’, (q,7) =
(3,3) or (2,4), 1y, = 1yq—1zrfl.

1
(1,15, 1, 12)¢" = —(1y, T @ 1, 1y, yg2m1)g) = {1y, Tygory, 1y, Lz ) = 5

For 3-Loop W = ¥z + xy* + y2°, 1g, = 1,,,2. We get

<1y’ ]'x’ 1Xy i ]‘Z2/1x>(‘)/v = <1yl ]-X/ 1xy/ 122 L4 1x>w - <1y, 1x [ ] 1x, 1xy/ 1Z2>g\7 = 1% — (—2)% =
1
13

0
(12, 1y, 1z @ Ly, 1) = (12, 1y @ 1z, Lz, 1y)g — (12, 1y @ 1y, 1z, L)y = 13 — (=3)

For W = x2 + xy4 + 23,1, is broad. However,

(1,10, 1, 1)g = —(1y, e @1, 1y, T2, )0 = 4(1y, 15,1, 1,0,)0" = %
For W = x?y + x1° + 2%, we get
(1y, 1y, 1oy @ 1y, 1)) + (1, 1y @ 1y, 1y, 1)V = (1, 1, 1y, 1y @ 1) Y
= _%<1yf Ty, 1y 01,2, L)y = _%<1y/ Ty, Tay, 1y22>gv = _%<1w Ley, 1y @ 1z, Ly )

- — <1y, 1xy, 1yz, 1xy2>gv.
The first, third and last equalities are WDVV equations. Finally, we get

<1x/ 1x/ 1y/ lxy22>gv = _<1y/ 1x.1x/ 1xy/ 1yz>gv_ <1y/ 1xy/ 1yz/ 1xy2>gv = _(_*) - (_*) = =-

For W = x2y + y? + z*, we get

<1x, 1y, lxy L] 122, 1y>g)/v - <1x, 1y, 1xy, 122 L] 1y>g)/v - <1x, 1y [ ] 1]/, lxy, 1Z2>gv
= (1101 1y 0 1)l — (1, e o Ly, T L)Y ) = (L 1y 0 1y, Ty, 1)

Combining this equation and y? = —2x, we get

3
(Lo, 1y, L2, 1y )0 = — (1, L, L, L2 ) + (Lo, L, Ly, 12)g = —(—5) + 7 = g

Sl o
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O

2.3. Nonvanishing invariants. In this subsection, we will prove Lemma Our tool is
the Getzler’s relation [17], which is a linear relation between codimension two cycles in
H.(M3i4,Q). Let us briefly introduce this relation here. Consider the dual graph,

Ag - Apzgy 1= 2
3
4

This graph represents a codimension-two stratum in M 4: A vertex represents a genus-0
component. An edge connecting two vertices (including a circle connecting the same ver-
tex) represents a node, a tail (or half-edge) represents a marked point on the component
of the corresponding vertex. Let Ag 3 be the Ss-invariant of the codimension-two stratum

in M]A,
Aoz = Ao - Aq1pzy + Ao - Agrpgy + Ao - Aprzgy + Ao - Agpzgy-

We denote 83 = [Aos] the corresponding cycle in Hy (M4, Q). We list the correspond-
ing unordered dual graph for other strata below. A filled circle (as a vertex) represents a
genus-1 component. See [17] for more details.

: & : 823 Oy
53/4 . 50,4 . 5[3 .
In [17], Getzler found the following identity:

(2.30) 12870 + 4823 — 2824 + 6834 + 803 + S04 — 285 = 0 € Hy(Mi,4,Q).

Proof of Lemma We start with W = x2 + xy2 + yz4. We normalize
u::= y1]12, U= —2y1]8, w = —2y1]4.

The nonvanishing pairings between these broad elements are (1, w) = 1, (v,v) = 1.
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We integrate /\ﬁ(l 79,19, 150, 1 ]9) over the Getzler’s relation (2.30). The Composition
law [14, Theorem 4.1.8 (6)] in FJRW theory implies

/ A¥v4<1]9,119,1j9,1]9)
b3

= 4<1]9,1]9,1]9, 1]7>gv (Z n“rﬁ<1]9, 1]9/ X, ﬁ>(1)/v>
o,

210, 1o, s, 1)ty +2(1po, 1o, Tpur, 15 )¢V +

:4<1]9,1]9,1]9,1]7>gv W W W
2(1]9,1]9,1]9,1]7>0 +2<1]9,1]9,M,w>0 +<1]9,1]9,U,'Z)>0

The factor 4 comes from that there are 4 strata in Ags which contribute. We have the
factor 2 for (15,19, 1713, 1 p)KV since both & = 113 and a = 1 give the same correlator.
Finally, 1; is the identity, and the string equation implies (15, 1;5,1j15,1 Ny = 0. There
are two correlators contain broad sectors, we simply denote

C] = <1]9,1]9,U,Z)>gv, C2 = <1]9,1]9,u,w>gv.

We can calculate the concave correlators using orbifold-GRR formula in (2.17) and get

1 . :
(159,19, 113, 1p3)p) = e (19,159, 1pn, 1p5)) = —5 (1, 19,155, 1) = 5
This implies
G 1
/ Alu(Lp, 1,1, 1pp) = Co -+ 7.
50,3 2 4

Similarly, we get

9 165
AV (10,140,110, 1;0) = 6C3 24 - / AV (110,100,170, 10) = ——.
/5,3 1,4( Jor Lo pe ]9) 6C2+3C1+ 16’ S0 1,4( Jor Lo ye ]9) 128

The last equality requires the computation for a genus-0 correlator with 5 marked points.
It is reconstructed from some known 4-point correlators by WDVV equations. On the oth-
er hand, using the homological degree (2.8), we conclude the vanishing of the integration
of /\11",]4 (1 9,19, 150, 1 ]9) over those strata which contain genus-1 component. Thus

/ /\¥v4<119,119,1]9,1]9> = 0.
1252,2 +452,3—252,4 +653,4 !

Now apply Getzler’s relation (2.30), we get

C 53
. 2 g2 1 IO
(2.31) 12C5 + C, — 6CT + > + 128 = 0
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On the other hand, since 1jy = 115 ® 1513, we apply WDVV equations and get

2
w1l = (10,00,
1]9,1]9 0, U> + <1]13,1]13,1]9,1]15>g\] :2<1]9,1]13,v,w>g"<1]13,u,v)‘év,
1]9,1]9 u, w> —+ <1]13,1]13,1]9,1]15>gv = <1I9,1]13,v,w>'6v(1]13,u,v)gv.

(
(
(
Yo'

If (u,u, 1]9 = 0, then (1]13, u, v)gv = 0 and the rest two equations above implies
3
= = W _
C] - CZ — _<1]13,1]13,1]9,1]15>0 = _E’

where the last equality follows from (2.17). However, this contradicts with formula (2.3T).
Next we consider W = x? 4 xy° + yz3. We denote
U= yzlllz, w = —3y21]6,
Ci:= (1, 1, ww)y, Cp:={1p,1ps,u,w)ly, Cs:= (1]7,1]7,u,u>g‘/
We integrate A, (113,113,157, 1y7) over the Getzler’s relation (2.30) and get

2C, 8
2.32 — - -2 — =
(2.32) 8C2 3 CiCs + 31 0

On the other hand, since 1;7 = 115 ® 1513, the WDVV equations imply
<1]7, 1]13, u, w)‘év + <1]13, 1]13, 1]13, 1]17>16V = <1]13, 1]13, w, w)K"(lps, u, u>g",
(g, 1, u,u)y = (L, Lps, u,w) (Lps, u, u)g).

Now (1 s, U, u>‘6v = 0 implies C; = —% and C3 = 0. This contradicts with (2.32). O

3. B-MODEL: SAITO’S THEORY OF PRIMITIVE FORM

Throughout this section, we consider the Landau-Ginzburg B-model defined by
f:X=C"=C,
where f is a weighted homogeneous polynomial with isolated singularity at the origin:
f(}\qlxll . ’/\qnxn) = Af(xl/ - /xn)~

Recall that g; are called the weights of x;, and the central charge of f is defined by
& = Y.(1-2g)).
1
Associated to f, the third author has introduced the concept of a primitive form [41],
which, in particular, induces a Frobenius manifold structure (sometimes called a flat
structure) on the local universal deformation space of f. This gives rise to the genus
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zero correlation functions in the Landau-Ginzburg B-model, which are conjectured to be
equivalent to the FJRW-invariants on the mirror singularities.

The general existence of primitive forms for local isolated singularities is proved by
M.Saito [46] via Deligne’s mixed Hodge theory. In the case for f being a weighted
homogeneous polynomial, the existence problem is greatly simplified due to the semi-
simplicity of the monodromy [41}46]. However, explicit formulas of primitive forms
were only known for ADE and simple elliptic singularities [41] (i.e., for ¢ < 1). This
led to the difficulty of computing correlation functions in the Landau-Ginzburg B-model,
and has become one of the main obstacles toward proving mirror symmetry between
Landau-Ginzburg models.

Based on the recent idea of perturbative approach to primitive forms [32], in this sec-
tion we will develop a general perturbative method to compute the Frobenius manifolds
in the Landau-Ginzburg B-model. This is applied to the 14 exceptional unimodular sin-
gularities. With the help of certain reconstruction type theorem from the WDVV equa-
tion (see e.g. Lemma[4.2), it completely solves the computation problem in the Landau-
Ginzburg B-model at genus zero.

3.1. Higher residue and good basis. Let 0 € X = C" be the origin. Let QI){(,O be the germ
of holomorphic k-forms at 0. In this paper we will work with the following space [42]

Y = O gl[2])/(df + 2) 0%

which is a formally completed version of the Brieskorn lattice associated to f. Given a
differential form ¢ € Q% ;, we will use [p] to represent its class in 7—[}0).
There is a natural semi-infinite Hodge filtration on HJ((O) given by ”Hj(f_k) = zkHJ([O), with
graded pieces
”Hj(f_k)/Hj(;_k_l) =~ Qf, where Qf := QY% o/df A QY.

(0)

In particular, # ;" is a free Cl[z]]-module of rank p = dim¢ Jac(f),, the Milnor number

of f. We will also denote the extension to Laurent series by

Hp:= /Hj(co) Qc[[2]] C((z)).

There is a natural Q-grading on H'9 defined by assigning the degrees
& & f y assigning &

deg(x;) =¢q;, deg(dx;) =gq;, deg(z)=1.
Then for a homogeneous element of the form ¢ = zk g(xj)dxy A -+ - ANdx,, we have

deg(¢) = deg(g) +k+}_qi-
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In [42], the third author constructed a higher residue pairing

Ke: 1Y @ HY — 2'C[2])

which satisfies the following properties
(1) Ky is equivariant with respect to the Q-grading, i.e.,

deg(Ks(a, B)) = deg(a) + deg(B)
for homogeneous elements «, 3 € ’H;O).
(2) Kf(er, B) = (—=1)"K¢ (3, ), where the — operator takes z — —z.
(3) Kf(v(z)ex, B) = K(et, v(—2z)B) = v(z)Kf(ex, B) for v(z) € C[[z]].
(4) The leading z-order of Ky defines a pairing

HY 1 0 1Y 1D = €, a® B limz Ky (o B)
which coincides with the usual residue pairing
nf: Qf & _Qf — C.

We remark that the classical residue pairing 7y is intrinsically defined up to a nonzero
constant. In the case of weighted homogeneous singularities (for instance for the excep-
tional unimodular singularities), we will always specify a top degree element ¢, in a
weighted homogeneous basis of Jac(f), and will fix the constant such that

(3.1) ny(dxy - - - dxy, udxy - - - dxy) = 1.
We will call it the normalized residue pairing.

The last property implies that Ky defines a semi-infinite extension of the residue pair-
ing, which explains the name “higher residue”. It is naturally extended to

Ke:Hf@Hp— C((z))
which we denote by the same symbol. This defines a symplectic pairing w; on H by
wy(e, B) := Res,—gz” "K¢(«, B)dz,
with ’Hj(fo) being a maximal isotropic subspace. Following [41],

Definition 3.1. A good section o is defined by a splitting of the quotient 'H}O) — Qy,

o Qf — HJ(;O),

such that: (1) o preserves the Q-grading; (2) K¢(Im (o), Im(o)) C z"C.

A basis of the image Im (o) of a good section o will be referred to as a good basis of ”H}O).
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Definition 3.2. A good opposite filtration L is defined by a splitting
— 72/(0)
Hf=H; S L
such that: (1) L preserves the Q-grading; (2) L is an isotropic subspace; (3) z71 : L — L.

Remark 3.3. Here for f being weighted homogeneous, (1) is a convenient and equivalent state-
ment to the conventional condition that Vgai/[ preserves L (see e.g. [32] for an exposition).

The above two definitions are equivalent. In fact, a good opposite filtration £ defines
the splitting o : Qyf 5 ’H}O) NzL. Conversely, a good section o gives rise to the good
opposite filtration £ = z7! Im(0)[z7!]. As shown in [41,46], the primitive forms associ-
ated to the weighted homogeneous singularities are in one-to-one correspondence with
good sections (up to a nonzero scalar). Therefore, we only introduce the notion of good
sections, and refer our readers to loc. cite for precise notion of the primitive forms. We
remark that for general isolated singularities, we need the notion of very good sections
[46,47] in order to incorporate with the monodromy.

3.2. The perturbative equation. We start with a good basis {[¢pd"x]|}._; of Hj(fo), where
d"x := dxp - - - dx,. In this subsection, we will formulate the perturbative method of [32]
for computing its associated primitive form, flat coordinates and the potential function.
The construction works for general f after the replacement of a good basis by a very good
one (see also [47]). We will focus on f being weighted homogeneous since in such case it

leads to a very effective computation algorithm in practice. In the following discussion

n
a=1

represent a basis of the Jacobi algebra Jac(f) and ¢1 = 1.

we will then assume {¢4}"_; to be weighted homogeneous polynomials in C[x] that

3.2.1. The exponential map. Let F be a local universal unfolding of f(x) around 0 € CH:
u
F:C"xC*—=C, F(x,8):=f(x)+ ) sapa(x), s=(s1,-,5u).
a=1

The polynomial F becomes weighted homogeneous of total degree 1 after the assignment
deg(sy) :=1— deg(dq).

The higher residue pairing is also defined for F as the family version, but we will not use
it explicitly in our discussion (although implicitly used essentially).

Let B := Span{[¢ad"x|} C 7—[}0) be spanned by the chosen good basis. Then

HY = Bll2]l, My = B((2)).

f
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Let Br := Spang{¢.d"x} be another copy of the vector space spanned by the forms
P.d"x. We use a different notation to distinguish it with B, since Br should be viewed as
a subspace of the Brieskorn lattice for the unfolding F. See [32] for more details.

Consider the following exponential operator [32]
e D12 B — B((2))[[s]]

defined as a C-linear map on the basis of Br as follows. Let C[s]; := Symk(Span(C{sl, S, 5u))
denote the space of k-homogeneous polynomial in s (not to be confused with the weight-
ed homogeneous polynomials). As elements in H ; ® C|s];, we can decompose

[ _k(F f) (P(an = Z Zha[g’m (pﬁdn ]

m>—k f3

where hl(xkﬁ),m € C[s]k. Then we define
F —f) /z d) dn Z Z
k=0'p
Proposition 3.4. The exponential map extends to a C((z))[[s]]-linear isomorphism
e"=1/%: Br((2))[[s]] = B((2))[[s]]-

Proof. Clearly, eF=f)/Z extends to a C((z))[[s]]-linear map on Br((z))[[s]]. The statement
follows by noticing e("~f)/?2 = 1 mod (s) under the manifest identification between B
and Bg. O

WY 2 [bpd"] € B((2))[[s]

X

m>—k

We will use the same symbol

Ky = B((2))[[s]] x B((2))[[s]] = C((2))][s]]

to denote the C[[s]]-linear extension of the higher residue pairing to H¢[[s]] = B((z))][s]].

Lemma 3.5. For any @1, 2 € B, we have
Kf(e(F_f)/Z(pl,E(F_f)/z(pz) € 2"C|[z, s]]

In particular, eF~1)/* maps Br[[z]] to an isotropic subspace of H fls]]-

Proof. Let Kr denote the higher residue pairing for the unfolding F [42]. The exponential
operator e(F~f)/Z gives an isometry (with respect to the higher residue pairing) between
the Brieskorn lattice for the unfolding F and the trivial unfolding f [32,47]. That is,
Kf(e(F_f)/Z(m,e(F_f)/Zq)z) = Ke(@1, p2) € 2"C|[z,s]], where @1, @, are treated as ele-
ments of Brieskorn lattice for the unfolding F. O]
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Remark 3.6. The above lemma can also be proved directly via an explicit formula of Ky de-
scribed in [32]. By such a formula, there exists a compactly supported differential operator

P(%, z%, 10y, NdX;) on smooth differential forms composed of %, z%, 10y, NdX; and some
1 1 1 1

cut-off function such that

d
Kf(e(F_f)/an,e(F_f)/sz) =z /XE(F_f)/Z(pl NE(

7 2 ) (e~ (F=f)/z
IR Zaxi' 10y, Nd%;) (e ©2).

Since P will not introduce negative powers of z when passing through e\f =)/, the lemma follows.

Theorem 3.7. Given a good basis {[¢pd"x|},_; C HJ(IO), there exists a unique pair (¢, J)
satisfying the following: (1) ¢ € Br[[z]][[s]], (2) T € [d"x] +z 'Blz"][[s]] C H[[s]], and

(%) e(F*f)/ZC = 7.

Moreover, both ( and J are weighted homogeneous.

Proof. We will solve ((s) recursively with respect to the order in s. Let
(=Y o= X Y CPad"x, (€ Clz]] ®c C[s]x
k=0 k=0 «

Since eF=/)/Z =1 mod (s), the leading order of (x) is
C(O) € [d"'x] + Z_lB[Z_l]

which is uniquely solved by () = ¢1d"x. Suppose we have solved (x) up to order N,
i.,e, C(SN) = Z,I(VZO C(k) such that

eF Ny € [d'x] + 27 Bz Y][[s]] mod (sMT1).
Let Ry+1 € B((z)) ®c C[s](n41) be the (N + 1)-th order component of e(F*f)/ZC(SN). Let
Ry = RJI\FIH + Ry

where R}, ; € B[[z]] ®c Cls](n+1), Ry 1 € 2 'Blz" ] ®¢ Cls](n11)- Let Ry, € Br[[z]] @c
C[s](n+1) correspond to Ry ; under the manifest identification between B and Br. Then

Cenn) = Can) — R

gives the unique solution of (x) up to order N + 1. This algorithm allows us to solve ¢, J
perturbatively to arbitrary order. The weighted homogeneity follows from the fact that
respects the weighted degree. O

Remark 3.8. In [32], it is shown that the volume form

k—zb Z C&)qb“d”x
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gives the power series expansion of a representative of the primitive form associated to the good
basis {[pad"x]},_,. In particular, this is a perturbative way to compute the primitive form via a
formal solution of the Riemann-Hilbert-Birkhoff problem.

3.2.2. Flat coordinates and potential function. Let (¢, J) be the unique solution of (x). As
shown in [32],  represents the power series expansion of a primitive form. However for
the purpose of mirror symmetry, it is more convenient to work with 7, which plays the
role of Givental’s J-function (see [21]] for an introduction). This allows us to read off the
flat coordinates and the potential function of the associated Frobenius manifold structure.

With the natural embedding z~'C[z][[s]] < z~!C][[z7!]][[s]], we decompose
J=[d"x]+ Y, 2"Tn, where T =Y Tildad"x], T € C[[s]].
m=—1 24
We denote the z~!-term by
ta(s) == T (s).
It is easy to see that t, is weighted homogeneous of the same degree as s, such that

to = So + O(sz). Therefore t, defines a set of new homogeneous local coordinates on the
(formal) deformation space of f.

Proposition 3.9. The function J = J (s(t)) in coordinates t, satisfies

ataatﬁj = Z_1 ZAZﬁ (t)atyj
Y

for some homogeneous A} 5(t) € C[[t]] of weighted degree deg do + deg ¢ — deg ¢,. More-
over, for any «, 3,7, 95,

O Apy = I Any, Y AGoAfy = X, ApeAly
o o

Proof. Consider the splitting
Hylls]] = B((2))[[s]] = H+ ©H-,
where
Hy = e FDEB)[[s])) € B((2))[[s]],  H- == z"Blz""][[s]].

Let Br := H, NzH_. Equation implies that zd;,J € B, with z-leading term of
constant coefficient

z&taj € [(;bad”x] +H-_.
In particular, {zd;, J } form a C[[s]]-basis of Br.
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Similarly, ZZat“atﬁj = zzataatﬁ(e(F*f)/ZC) € Hy, and ZZat“atﬁj € zH_ by the above
property of leading constant coefficient. Therefore z2at“atﬁj € Br. This implies the
existence of functions A} ; = A} 5(s(t)) such that

Zzaf“atﬁj = Z ZAZﬁ(t)atyj
Y

The homogeneous degree follows from the fact that 7 is weighted homogeneous.

Let Ay denote the linear transformation on Br by

Ay :20pT — Y Alpz0r,J.
Y

We can rewrite the above equation as (¢, — zflAa)atﬁj = 0. We notice that
[0r, —z T Ay, Oty — z ' Agl =0onBr ,Va, B
Therefore the last equations in the proposition hold. O
Lemma 3.10. In terms of the coordinates t,, we have
K¢ (201, 7,201, T ) = 2" gap-

Here gup is the constant equal to the residue pairing n¢(Pad"x, Ppd"x).

Proof. We adopt the same notations as in the above proof. Since zd;, J € H,
Ky (20,7, 204, 7) € 2" C[[2]][[s]
by Lemma Since also z0;, J = [¢pad"x] + H_ € zH_, we have
Kf(201,T,201,T) € 2"gap + 2" 1C[z1][[s]].
The lemma follows from the above two properties. O]

Corollary 3.11. Let Anpy(t) := Y5 Aiﬁg&,. Then Ayg, is symmetricin o, 3,.

Proof. By the previous lemma, atny(zata J, zatﬁ J) = 0. The corollary now follows from
Proposition O

The properties in the propositions of this subsection can be summarized as follows.
The triple (0, Azﬁ, gap) defines a (formal) Frobenius manifold structure on a neighbor-
hood S of the origin with {t,} being the flat coordinates, together with the potential
function Fy(t) satisfying

Ay (1) = 1,9,01, Fo(1).
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Itis not hard to see that F(t) is homogeneous of degree 3 — ¢;. As in the next proposition,
the potential function Fy(t) can also be computed perturbatively. Let

Fo(t) = Fo<n(t) + OV,
Proposition 3.12. The potential function Fy associated to the unique pair (¢, J') satisfies
9 Fo(t) = ¥ gap T 3(s(1).
B

Moreover, ]-'éSN) (t) is determined by ((<n_3)(s).

Proof. The first statement follows directly from Proposition 3.9}

Recall {(s) = {(<n)(s) + O(sN*1). Let Ji(s) = jn‘f’(SN)(s) + O(sN*1). Tt is easy to

see that FSSN)(t) only depends on jfl,(gN—z)(s)' jfz,(stl)(s)' and Jn‘;‘/(SN)(s) only

depends on {(<nm)(s). Hence, the second statement follows. O

Remark 3.13. By Remark ¢ is in fact an analytic primitive form. Therefore, both t, and
Fo(t) are in fact analytic functions of s at the germ s = 0.

3.3. Computation for exceptional unimodular singularities. We start with the next propo-
sition, which follows from a related statement for Brieskorn lattices [23]. An explicit
calculation of the moduli space of good sections for general weighted homogenous poly-
nomials is also given in [32,47]. For exposition, we include a proof here.

Proposition 3.14. If f is one of the 14 exceptional unimodular singularities, then there exists a

uw
a=1’

representatives of a basis of the Jacobi algebra Jac(f).

unique good section {[¢pqd"x] where {¢ps} C C[x] are (arbitrary) weighted homogeneous
Proof. We give the details for Eqy-singularity. The other 13 types are established similarly.
The Ejp-singularity is given by f = x> + y” with degx = },degy = 1, and central
charge ¢f = 2 We consider the weighted homogeneous monomials
{o1, - o} ={Ly v’ x5y xy v x2, v, xy®, xyt, xy°} € Clx, ]

which represent a basis of Jac(f). The normalized residue pairing g, between ¢y, ¢ is
equal to 1 if « + 3 = 13, and 0 otherwise. Since Ky preserves the Q-grading,

deg K¢ ([dadxdyl, [Pppdxdy]) = deg Ppo + deg dpp +2 — ¢f,

which has to be an integer for a non-zero pairing. A simple degree counting implies that

Ky ([9adxdy], [ppdxdy]) = z"gap
and therefore {[¢pdxdy|} constitutes a good basis.
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Let {¢),} be another set of weighted homogeneous polynomials such that {[¢)dxdy]}
gives a good basis. We can assume ¢}, = ¢, as elements in Jac(f) and deg ¢}, = deg ¢q.
Since [¢padxdy| forms a C[[z]]-basis of ’H}O), we can decompose

[dedxdy) =) REldpdxdy], RE € C[[z]].
E

By the weighted homogeneity, RE is homogeneous of degree deg ¢, — deg ¢, which is
not an integer unless &« = 3. Thus [¢p,dxdy] = [Ppadxdy], and hence the uniqueness. [J

Let Fy be the potential function of the associated Frobenius manifold structure. Then
Jois an analytic function, as an immediate consequence of the above uniqueness together
with the existence of the (analytic) primitive form. As will be shown in Lemma we
only need to compute Fo,(<4) to prove mirror symmetry.

We illustrate the perturbative calculation for the Ejp-singularity f = x> + y’. The
full result is summarized in the appendix by similar calculations. We adopt the same
notations as in the proof of Proposition By Proposition we only need (<) to
compute F (<4), which is

C(Sl) = dxdy
Using the equivalence relation in Hy, we can expand
(F=f)/z v (F=F & 4
e (C<1y) = kzb a2 G=ny+O(sY)

in terms of the good basis {¢«}. We find the flat coordinates up to order 2

tlisl—ﬁ—ﬁ, t2i32_§_25;59/ t3i53—35559,
t4IS4—¥—@—@_@, tSis_él t6i56_2597510_2577511—25575]2,
t7 = s7, tg =5 — 2P 3R gy =g,

to = 510 — *F2, t11 =s11, t1p = s12.

This allows us to solve the inverse function s, = s4(t) up to order 2. An straight-
forward but tedious computation of the z~?-term shows that in terms of flat coordinates

Foizn = 74 7
where .Fé3) is the third order term representing the algebraic structure of Jac(f)
91,91,9r, Fy) = nf([bahpdydxdy), [dxdy]).

The fourth order term .7-"(54) , which we call the 4-point function, is computed by

W M Yep v e e Yn o L 2t + Lhstetot
0 14567 1868 7578 7378 6468 14569 73679
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1 1 1 5 1 1 2 1
—Iatstgt —trtvtgt —trtgt 3t tit2t tatstst tot2t
+73589+72789+14269+14510+64610+735710+142710
1 1 1 1,
+8tﬁf8t10+14f3f9t10+ —tatstotip + 5 t3t5f11+6t4f6f11+ t3t7t11+ t2f5t7f11
+1tttt+1tt+1ttt+1ttt —|—1tttt —i—ittt
hatstobin + Totatiy + 7 15ts5ta + Jpbatstn + Shatstzhiy + 4tk

In particular, for our later use, we can read off

1

at4at4at4at12f0|t:0 = _gl atzatzai’gatlzf()h:o = -

1
7
4. MIRROR SYMMETRY FOR EXCEPTIONAL UNIMODULAR SINGULARITIES

In this section, we use two reconstruction results to prove the mirror symmetry conjec-
ture between the 14 exceptional unimodular singularities and their FJRW mirrors both at
genus 0 and higher genera.

4.1. Mirror symmetry at genus zero. Throughout this subsection, we assume W' to be
one of the 14 exceptional unimodular singularities in Table 1, We will consider the ring
isomorphism ¥ : Jac(WT) — (Hy, ®) defined in Proposition We will also denote the
specified basis of Jac(WT) therein by {¢1, -, ¢} such that deg p; < deg¢pp, < --- <
deg ¢,. As have mentioned, there is a formal Frobenius manifold structure on the FJRW
ring (Hyw, @) with a prepotential ]:g, ]Vléw. We have also shown in the previous section that
there is a Frobenius manifold structure with flat coordinates (¢4, --- ,t,) associated to
(the primitive form) ¢ therein, whose prepotential will be denoted as F55 ; from now on.

o,WT
>WT SG

We introduce the primary correlators (- -- )" associated to the Frobenius manifold

structure on B-side. The primary correlators, up to linear combinations, are given by
k 75G
I (0)
Coth ..otk
As from the specified ring isomorphism ¥ and (2.10), we have
T
(19, 1, 1905 = (i, D), <IJk>W 56,

As from Proposition 2.8land the computation in section[3.3]and in the appendix, we have

4.1) (Dir - i) S =

<1xi’1xi’1MiT/xi2’1¢u>g\,/4 = _<x1/xl/MT/xz I¢H>W SG‘

To deal with the sign, we will do the following modifications, as in [14} section 6.5]. We
simply denote (—1)" := e™ 1 Let F5S denote the potential function of the Frobe-
nius manifold structure { := (—1)"w’(. Set §; := (—1)*d9g¢’fqu and define a map
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¥ Jac(WT) — Hw by ¥(;) := ¥(¢h;). Let T denote the flat coordinate of 75, namely

(4.2) F = (—1)t-deslip;,

As a consequence, we have }"é v)vic = ]:é I/)VT nd F, é V)\/T = —F é V)\/T

V(P ;). Then ¥ defines a pairing-preserving ring isomorphism, which is read off from the
. ey = = ~ ~ ~ ~ T 7
identities (15,15, 15,005 = (i, ), dr)gs <>, Moreover,

Denote 1(13/_ =

(4.3) (13,15, iMT/xZ i )04 = (x;,x;, M /xl,cf)“>w <SG

From now on, we will simplify the notations by ignoring the symbol~and the superscript
. In addition, we will simply denote both Hy and Jac(W?) as H, and simply denote the
correlators on both sides as (¢, - - - , @i, )ox (or (¢i,, - -, @i, )), whenever there is no risk
of confusion. We have the following ”Selection rule” for primary correlators.

Lemma 4.1. A primary correlator (¢;,, - - - , $i )ox on either A-side or B-side is nonzero only if

k
(4.4) Y deg i, = éyr — 3 +k.
j=1

Proof. The A-side case follows from formula (2.11) and ¢ = ¢yr. The primary correlator
on B-side is given by at -+ 0 ]:g’%T( ), where deg $i; = 1 —degt;,. Then the statement

follows, by noticing that ]-'OS%T( ) is weighted homogenous of degree 3 — ¢yyr. O

A homogeneous o« € H is called a primitive class with respect to the specified basis
{®,}, if it cannot be written as & = a; ® & for 0 < dega; < dega. A primary correlator
(biy, -+, di)ok is called basic if at least k — 2 insertions ¢i; are primitive classes. Now
Theorem [1.3is a direct consequence of the equalities and the following statement:

Lemma 4.2 (Reconstruction Lemma). If WT is one of the 14 exceptional singularities, then all
the following hold.

(1) The prepotential Fy is uniquely determined from basic correlators .. .)q y with k < 5.
(2) All basic correlators (¢pj,, - - - , $i; )o,5 vanish.
(3) All the 4-point basic correlators are uniquely determined from the formula (1.1)).

Proof of (1): The potential function F satisfies the WDVV equation (hence the
formula (2.14)). We can assume that (- - -) x is not of type (1,---)ox, k > 4, (otherwise
it vanishes according to string equation, or the invariance of the primitive form along
the ¢;-direction where we notice ¢; = 1). Consider a correlator (- - -, &, oty ® otc, )0k,
with last three insertions non-primitive. By formula (2.14), such correlator is the sum of
Sk together with three terms whose insertion replaces «;, ® @, with lower degree ones «,
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or «, at the same position. Repeating this will turn «;, ® o, into a primitive class, up to
product of correlators with less number of insertions. By induction both on the degree of
non-primitive classes and k, we can reduce any correlator to a linear combination of basic
correlators.

Now we assume that (¢;,, - - - , ¢; )o is @ nonzero basic correlator. Then we can write
pi -0 = x”ybzc . It follows from the degree constriant (4.4) that

k
4.5) Cwr —3+k= Zi deg $i; = aqx + bgy +cqz,
]:

Let us denote by P the maximal numbers among the degree of a generator x, y and z (or x
and y if WT = WT(x, y) is in two variables x, y only). By direct calculations, we conclude

2 <6.
_1_P+<

Proof of @): For WI' = xP + 7, x, y are generators for the ring structure H. The multi-
plications for all the insertions will be in a form of x* @ y¥. By the degree constraint, a
nonzero basic correlator (¢;,, - - -, d;, )« satisfies

(4.6) aq +bp = (k—1)pg —2p — 2g,

On the other hand, we assume the first k — 2 insertions to be primitive classes, so that

they are either x or y. The top degree class ¢, = xP~2 o 47172 is of degree 2 — % - %

Therefore we have the following inequalities required for non-vanishing correlator:
(47) a<k—-24+2(p-2), b<k—-2+2(g-2), a+b<k—-24+2(p—2+q-2).

It is easy to see that there is no (a,b) satisfying both and if k = 5. Hence
(i, -+, ¢is)os = 0. The arguments for the remaining W' on B-side and all the W on
A-side are all similar and elementary, details of which are left to the readers.

Proof of (B): Let us start with W! = xP + 7, where we notice that p, g are coprime. The
degree constraint with k = 4 implies that (a,b) = 2p —2,9—2) or (p — 2,29 — 2).
Thus the possibly nonzero basic correlators are (x, x, xP—2 yi, xP—2 y”/_Z_i>0,4, i=0,...,9—
2. On the other hands, if formula holds, then by WDVV equation (2.14), we have

(x,x,xP~2 @y, xP~2y1-271)
—_ <x, xp—2, yz’ Xe xp—qu—2—1> 4 <x, Xe xp—ZI ]/l/ xp—qu—2—1> + <X, X, xp—zl yz ° xp—qu—2—1>

-2 i -2 g-2—i
= <x, x’ xp ’yl .xp yq l> =

< |-
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For 2-Chain WT = xPy + 1, the degree constraint (£.5) tells us

aq_l

+b61]:éw—3-|-k.

For k = 4, this implies that (a,b) = (2p —2,9) or (p — 2,2q — 1). The basic correlators
are (x,x, xP7 2y xP=2y17 171 with0 <i < g—1, (y, v, X'y 2, 2P~ 27y 1) with 0 < i <
p—2and (x,y, x'y1~1, xP=371y471) with 0 < i < p — 3. The first two types are uniquely
determined from the correlators which are listed in Proposition[I.2] For example, if 0 <
i<q—1,since px’~ly = 9,WT = 0inJac(WT), we have

(x,x,xP 2y ey, xP 2y 17170 = (x, x, xP 2y, xP 2y 171 e y)f).
The last type is determined by
<X, Y, xiyqfll xpf3fiyq71>

= —l(x, y, xX'y171 kP2 e xP 1)
q

= —37 ((x, y, XL, aP 217 4 (x, e x”_l,x”‘z_i,xiyq‘1>>
— —1<x y x.xp_z xp_zyq_l> — _1<x X xp_z .y xp_zyq_l> — _i
g ' g pq

Here we use the relation x” + qy1~! = 9, WT = 0 in Jac(WT) in the first equality.
For 2-Loop WT = x%y + xy*, the degree constraint with k = 4 implies that (a,b) =
(5,4) or (3,7). If the formula holds, namely if

2.3, _ 3 2 2.3\ _ 2
<x,x,xy,xy>—11, <y/]/;x]/ /xy>_11’

then we conclude (x, y, xz,xzy?’) = %, (x,y, yz,x2y3> = 12—1 and (x, x, xzyz,xy2> = %

from a single WDVV equation for each correlator. For the rest, we conclude (x, x, xy3, x2y> =
& and (x,y, xy%, xy®) = — 7 by solving the following linear equations which come from
the WDVV equation,

=3(x,x, 3%y, xy°) + (x, x o xy®, y%, y) = (x, x 0 v, y, 1),

—4(x, y, 2y, xy°) = (x,y, 2%, x 0 xy®) + (x, y 0 X%, x, xy°).
Here the coefficient —3 (resp. —4) comes from 3x?y + y* = 0 (resp. x* + 4xy> = 0) in
Jac(WT). Similarly, we conclude (x, y, x2y?, x*y) = — & and (y, y, X*y?, xy°) = ;.

For WT' = x2y + y* + 23 € Qq, the number of 4-point basic correlators is 10. Three
of them are the initial correlators in (T.1), (x, x, v, y>2), (v, v, v*, v3z), (z, z, z, y3z), the rest
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are (v, v, v°z,y°), (v, 2. ¥, ¥°), (2,2, ¥z, y°2), (x, %, yz, 1°), (x, %, ¥*, ¥*2), (x, y, x2,°), and
(z,z,xz,xz). We have 7 WDVV equations to reconstruct them from the initial correlators,

v v’z ) = (x5 uv2), v,z v, ) = (v, v’z v°) — (v v, v vz),
(z,2,92,9°2) = (2,2,2,°2), (x, %, yz,°) = (x,x, y,v’z), (x, x, v*, y*2) = (x, %, 4, °z),

(x,y,xz, y3) =(x,x,Y, y3z>, (z,2z,xz,xz) = —4(z,2,2, y3z>.

For other singularities of 3-variables, all the basic 4-point correlators are uniquely de-
termined from the initial correlators in formula (I.1), by the same technique. However,
the discussion is more tedius. For example, there are 21 of 4-point basic correlators for
type Sip singularity WI' = x2y + y?z + z%x. We can write down 18 WDVV equations
carefully to determine all the 21 basic correlators from 3 correlators in the formula (1.1).
The details are skipped here. O

4.2. Mirror symmetry at higher genus. In Section[2} we already constructed the total an-
cestor FJRW potential MVI\:,]RW for a pair (W, Gw ). Now we give the B-model total ancestor
Saito-Givental potential ﬂﬁﬁ; Let S be the universal unfolding of the isolated singularity
WT. For a semisimple point s € S, Givental [19] constructed the following formula con-
taining higher genus information of the Landau-Ginzburg B-model of f, (see [12,18,/19]
for more details)

%fSG(S) = exp <_48 E{ log A (s)) YR (T).

Here T is the product of p-copies of Witten-Kontsevich T-function. Al(s), s and Ry are
data coming from the Frobenius manifold. The operators - are the so-called quantiza-
tion operators. We call dfsc(s) the Saito-Givental potential for f at point s. Teleman
[49] proved that JZ{fSG(S) is uniquely determined by the genus 0 data on the Frobenius
manifold. By definition, the coefficients in each genus-g generating function of JZ{fSG (s)is
just meromorphic near the non-semisimple point s = 0. Recently, using Eynard-Orantin
recursion, Milanov [34] proved ,va%ﬁ(t) extends holomorphically at t = 0. We denote
such an extension by ,Q/ﬁ/? and the Corollary follows from Theorem and Teleman’s
theorem.

4.3. Alternative representatives and the other direction. Although the theory of prim-
itive forms depends only on the stable equivalence class of the singularity, the FJRW
theory definitely depends on the choice of the polynomial together with the group. For
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the exceptional unimodular singularities, in the following we list all the additional in-
vertible weighted homogeneous polynomial representatives without quadratic terms x?
in additional variables x; as follows (up to permutation symmetry among variables):

E14 : x3 —+ yS, le : x2y + y2 + 25, W13 : x4y + y4/'
(4.8) Qu:%y+y°+2%, Ziz:xPy+1°, Upp : X2y +y° + 2%
U : xzy + xy2 + z4

It is quite natural to investigate Conjecture(l.1/for all the weighted homogeneous poly-
nomial representatives on the B-side.

Theorem 4.3. Conjecture|1.1|is true if W' is given by any weighted homogenous polynomial
representative of the exceptional unimodular singularities that W' is not x>y + xy? + z*. That
is, there exists a mirror map, such that

Sketch of the proof. Thanks to Corollary it remains to show the case when W is given
by (4.8). By Proposition there is a unique good section. Let us specify a weighted
homogeneous basis {¢1, -+ , ¢, } of Jac(WT) as in Table 2| for each atomic type and take
product of such bases for mixed types. Then we could obtain the four-point function
by direct calculations (see the link in the appendix for precise output). An isomorphism
Y : Jac(WT) — Hy is chosen similarly as in Section 2l We compute the corresponding
four-point FJRW correlators as in Proposition by the same proof therein. If W is not
x?y + xy? + z*, then the four-point FJRW correlators turn out to be the same as the B-side
four-point correlator up to a sign. These invariants completely determine the full data
of the generating function at all genera on both sides, by exactly the same reconstruction
technique as in the previous two subsections. Therefore, we conclude the statement. [J

Remark 44. If W' = x?y + xy® + z*, Hy has broad ring generators x1s and yljs. Our
method does not apply to compute

(x1ys, X155, ylys, 1ps)o’ s (yys, ylys, x1ps, ps),  1g, = 1ps.

IfWT = x2y + y? + z°, we may need a further rescaling on ¥ (x) since we only know

(w0, (), (), WD) = 209(0), W(y), W), W), WD = 5

The first equality is a consequence of the WDV'V equation and the second equality is a consequence
of the orbifold GRR calculation with codimension D = 2 (i.e., formula (2.16)).
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The other direction. Among all the representatives W on the A-side, there are in total three
cases for which WT is no longer exceptional unimodular. The corresponding W is given
by x3 + xy®, x? + xy° + 23, or x2 + xy® + z*. Let us end this section by the following
remark, which gives a positive answer to Conjecture|1.1|for those representatives.

Remark 4.5. (1) For the remaining three cases, W' is no longer given by any one of the

exceptional unimodular singularities.

(2) A similar calculation as Proposition [3.14 shows that there exists a unique primitive form
(up to a constant) for x> + xy° + z3. However, for the other two cases x° + xy°® and
x% + xy® + z*, there is a whole one-dimensional family of choices of primitive forms.

(3) Let us specify a basis {¢1, -, du} of Jac(WT) following Table 2} 1t is easy to check
that {[p1d"x], - - -, [pud"x]} form a good basis and specifies a choice of primitive form.
A similar calculation shows that the B-side four-point function coincides with the A-side
one (up to a sign as before), and they completely determine the full data of the generating
functions at all genera by the same reconstruction technique again.

5. APPENDIX A

5.1. The vector space isomorphisms. Here we list the vector space isomorphism V¥ :
Jac(WT) — (Hyw) for the remaining cases of W in Table

(1) 3-Fermat type. W = W' = x>+ y® +z* € Uj;. We denote 1;j; := 1 € H, for

v = (exp(ZHTm), exp(zn‘gj, exp(Zﬂ\Fk )) € Gy. The isomorphism V is given by

Wy ) =1, 1<i<3,1<j<3,1<k<4.

(2) Chain type. Let W = x> + x°. The mirror W is of type Z11. Note Gy = 5.

Hyy 17 | 1ps | 1 | Tjo0 | Ips :|:5]/41]0 1 | 1p | 1p | 1p | 1p1s
2 y3 xyz y4 3 Xy

JacoOWD) | 1 | vy | x | v* | xy X

Let W = x3y + y5. The mirror WT is of type E13. Note Gy = pys.

HW 1] 1]13 1]12 1]11 1]9 1]8 :F3y21]0 1]7 1]6 1]5 1]4 1]2 1]14
]aC(WT) 1 y yz x y3 xy y4 xyZ 2 xy?) 2.,2 2.3

x x2y | X2y | x%y

Let W = x2y + y3z + z%. The mirror WT is of type Z13. Note Gy = 3.
Let W = xzy + yzz + z* The mirror W7 is of type Wis. Note Gy = 6.
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HW 1] 1]16 1]14 1]13 1]11 1]10 :F3y21]9 1]8 1]7 1]5 1]4 1]2 1]17
JacaOWH) | 1|y | z | ¥* | yz | «x z? v2z | xy | xz | xy? | xyz | xy?z

HW 1] 1]14 1]13 1]11 1]10 1]9 :F2y1]8 1]7 1]6 1]5 1]3 1]2 1]15
JacOWD) |1 | z | y | 22 | yz | x z2 |y | xz | xy | xz% | xyz | xyz?

3) Loop type. There is one 2-Loop of type Z12: W = WT = x3y + xy* with Gy = 1.
p typ p o1 typ yTxy

Hw 1 1]8 1]6 1]4 1]2 x21]0 ]/31]0 1]9 117 1]5 1]3 1]10
JaoWH) |1 |y | x [ y* |xy | 2 |y x| ¥y ay’ | 22y | X%y
There is one 3-Loop with WT of type S1o: W = x2z + xy? + yz° with Gy = 3.

HW 1] 1]11 1]10 1]9 1]8 1]7 1]6 1]5 1]4 1]3 1]2 1]12
JacOWD) [l 1| z | x | vy | 2% | xz | yz | xy | x2% | yz? | xyz | xyZ?

(4) Mixed type. Let W = x2 + xy* + z3. The mirror W is of type Q1. Note Gy = 4.

Hyy 1 1]19 1]17 :F4:y31]16 1]13 1]11 q:4:y31]8 1]7 1]5 1]23
JacOWH) || 1| vy | z x y? | yz Xz v | 2z | Pz
Let W = x?y + y* + z3. The mirror W7 is of type E14. Note Gy = 4.
Hy 1 1]22 1]19 1]17 ¢2y1]16 1]14 1]13 1]11 1]10 :FZyl]s 1]7 1]5 1]z 1123
JacoWT) [ 1| z | 22 | «x y? xz | x |yz2? | yz | vz |yz*|xy|xyz|xyz?

5.2. Four-point functions for exceptional unimodular singularities. In the following,
we provide the four-point functions .Fé4) (t) of the Frobenius manifold structure associ-
ated to the primitive form ¢ for all the remaining 13 cases in Table |l We mark the terms
that give the B-side four-point invariants corresponding to by using boxes. We also
provide the expression of ¢ up to order 3. We remind our readers of .7-"(§4) (t) = —}"(g4) (t)
as discussed in section 4.1. We obtain the list with the help of a computer. The codes are

written in mathematica 8, availableat  http://member.ipmu.jp/changzheng.li/index.htm
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e Type Eiz: f = x* +xy°. {di}i = {Ly, v% %, v% xy, v*, v2x, 2, y3x, yx?, 22, 327 }

4 1
6—1—7—5512513—2535513—1—0()

3 3 1 1 1 3 2 1
—FW = 3 Dty + —tstel? b3t Bto + Ztstetot + Ztyt3to + - F2tgt
0 Totet7 5578+1056s+1538+9069+55679+5479+5589

+ — ! —tatetgto + 2t3t7f8t9 — it4t5t% — il‘3t6t% - itztst% + it5f%l‘10

15 5 10 15 30 10

3, 3 1 1 1,

— —tztot ttt tstgtat ttt titot —t3tstot

Tof5t7to — 103710+536810+102810+304910+535910

1 1. ., 3 1 3 2

—trtvtgt —Irtgt t2tct tit2t tatstot —tatgtt

+527910+102610+105611+154611+545711+536711

1 2 1

—ttt t3tstat ftttt— tztatot trtgtot ttt

+154811+535811+527811 15 atatotin = 1526911+1031011

1 1 ’ 1 1, 2 2

—trtstiot1] — =—=1trtat —tatet —titgt —tatstet —tatytrt

+5251011 302411+54512+104612+535612+534712

1 1, 1 1 1 2.3
+ §f2t6t7l‘12 + gtg)fgtlz + gt2t5t8t12 - Et2t4t9t12 + gtztg,twt]z +istit13

1
+ —t3tatsti3 +

1
5 10t3f6f13 + *t2t5t6t13 + *tzt4t7t13 + gt2t3t8t13 +%f5f10f13

5 5

e TypeEqs: f = x>+ xy4 +25. {$i}i={1, y, x, 2, xy, y°, xyz, z, Yz, X2, Y2, xyz, Yz, xy*z } .

1
C - 1 + 64512514 + 6 510514 + 48y512514 + 192y 514 + O( )

—./_"0 = 16t3t5t9 + 8t5t6t9 + Zt4t5t7t9 + Zt3t6t7t9 + §t2t7t9 — §t3t4t10 — §t2t3t5t10

1 3 1

+ §t4t5t6t10 + 8f3t6f10 + 8t4t7f10 + t2f6f7f10 + 6f8f9t10 Y t3t11 + - f4t5f11
1 1 1 1 1 1

+ §t3t5t6t11 + 1t3t4t7t11 + 1t2t5f7t11 — Et%tﬂu + gtétlotll — gt%t%l —1/9tst3,
1 1 1 1 1 1 1
16l‘2t3t12 + 4f421t5f12 + §t3t4t6t12 + Zf2f5f6t12 - gtétu + Zt2f4t7l‘12 + 8t§f9f12

—+ 1tg,lf4t5t13 + = t2t5t13 + 3t§t6t13 — 1t5lf%l‘13 —+ 1tzlf?,t7t13 — ll‘gtw — ltét% —|—lt3t14
2 8 8 2 4 9 6 1878

2 1, 1 T 1
— §t8t9t11t13 + §f3t4t14 + Zf2t4t5t14 + 1t2t3t6t14 — Zf4t6t14 +3totrtia | — §t4t6t7t13

e Type Z11: f =Xy +y°. {diti = {1y x, v xy,x%, %, xy2, v*, xy, xy*}.

17 2
=1+ ﬁslos%1 + 8—1ys%1 + O(sh).
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5 1 1 1 1 2 1
T = 2B 4 Sty —tytstE — 3t 4 —£3 Piote + = tatetst
0 18’5te +3467+15457 903 18 8+15478+33678
1 1 , 1 1
ttt t3tst —ttt Iatstgt ytrt tatatot —brtstrt
+10278+635g+30459+33569+3269 l53479+152579
1 1 1 1
Etzt;;tgtg 3Ot2t3t%+ 18t4t10+ 6t3t§t10+§t3t4t6t10—|—gtzt4t7t10
1 1 1 1
+ 6t§t8f10 + %t%fﬂlo + 15f2t4t11 +%f§f5t11 + §t2t3t6t11 +%t%t7f11

o Type Z1o: f = Py +xyt. {¢i}i = {1, v, x, v% xy, 22, v, xy?, X2y, xy?, x2y?, x%y° }.
6 5 , 29
¢ = 1= oqsus2 = 7Y ¥ 3333

4 _ 10,5 5 ) s 3., 4
- tst tst2t tstet tst tatPts + — tatetst
Fo' = ~33tsh 22567+22567 2257+11468+114678

x512+O( )

9
2
510812 T 7337

-1 —tytatg + 5 t4t5t8 + ﬁt3t6t§ 212 tatst3 +5 t2t3 + 616 t2tg
2 , 6 1 4 ., 2

— ﬁt4t5t6t9 — ﬁt3t6t9 + ﬁt4t5t7t9 + ﬁt3t6t7t9 + ﬁt3t7t9 + 11 t4t8t9
1 1., 1.,

+ ﬁt3t5t8t9 — 11t2t6t8t9 + ﬁtztﬁgtg — ﬁt3t4t9 — Zt2t5t9 + —= 2 t4t5t10
1 4 7 ) 1

+ 22 —~t3tetio + tatsteflo + 22 —~tatitip — o7 S5 tatztio — ﬁt3f5f7t1o + ﬁt2t6t7t10
3 1 1 1 5
~ 5 —~tathtp — 11 —t3tatgtio + t2t5t8f10 + t3f9f10 + t2f4t9f10 o7 5 batat]y
5 2 1 5 3

+ 7 f4f5t11 + t3t5f11 + t3f4f6t11 — ﬁfztsfefn —I— f3f4t7f11 + tzf5f7t11

1 1 1
f2f3t9f11+ t2f10f11+ t3f4l‘12

1 3
+ f3f8t11 + t2t4f8f11 11

11

3 12¢ct 2tttt 3tttt ztttt L2404
—1—235124-1124512—1— 2t3tet1n + ——tatztytin) +17t5t8t12

o Type Z13: f = x> + xy3 +yz. A{di}ti={L v,z 9% yz,x,2%, y*z, xy, xz, xy*, XYz, xYy*2 }.
7 20 2 2 o3 4
(=1 486812513 T 48610513 T 5g3¥e1251 + 7pg ¥ s1a +O(87).

1 1

5 1
1242
1297 6

108t6t8 6

1 1 1 4
~FY = by I3 — el — ggtstate + Stathlo + g talststs

3
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—_

42t — —tatett
64(,10 636710

2
l‘3t5t7t11 + 9tzt4t6t13

Lz Lopez o Loppy L o
tatsty + ——t3tety + 6t2t8t9+ 18t5t10

9 36

1 1
+ S tststgtip — gt2t6t9t10 + §t4t5t6t11 +

+ —tstytgtg +

— W

1
—tatgtn +

36 3

—_ W

1 1 1
+ Statatgtin — §fit8t11 + §t2t6f8t11 - §t3f4t9t11 + §t2t5t9f11 + §t2t4t10t11

—_ W

1
t2t6f12 +

2
t t

1 5 1 1,
t3t5t12 + 18t4 Statatytin + 6t3t8t12

6 3

2 1 1 120 |
27t4f13 +zi3tst13 |+ 3t2t3t7t13 +35t5tot1s

1
— 155, +

12t
+ S tot7t1] — 24

3

1
t
+ 18t2f11 12 —

1 > 2,
Et2t3tll + §t4t9t10

o Type Wip: f =x*+ 2. {¢i}i = {1, y,x, 9% xy, 22, %, xy?, 2%y, xy®, 2y, x2y3 .

1
(=1- SpS1s12 — Oys%z + O(s%).

1 1,
t2t7t8 + <tstely

10 8

1tttt+1ttt2+1ttt +1tt2t
43689 8359 104510 83610

1 2 2
Ststgts + t4t5t7t8 + t4t +

8 5 10

1
10t2t7t9 -

1
— 1212+

5y = 20

L1
+ 15 —t2ttg +

1 1 1,, 1 1
—trtstyt —trtstat 2t 3¢ Iatstet
+525710+524810+20210+15411+435611

1
+ —totatyt + l‘3t9f11 + —

5 3 t2f4f12 +%t§f6f12 +%t%t7f12

10

e Type Wis: f = x? +xy? +yzt. {¢i}i = {1,2,y, 2% yz,x, 2%, yz?, xz, xy, x2%, xyz, xyz*}.

1557 13, 3s10s7; |, 1lzsipsty | 32
521_2511513+ 512513 YS13 | 9510513 2512873 | 3751 +O(sY).

64 1024 128 256 512 512
@_ _B3pp 1, 5 15 1 5 1,5 3 1 1
— tt tst — 1t tytotg — —tzt tst2t tatgtot —tytstgt
Fy a5 tel7 — glsty — ggtets — ylatyts — otsts — 325(,9 44679+44589
+ 1t2t§t9 — itﬁté — 1t3t6t§ — itzmg + L — 2tetyo + t4t6t10 + 1t4t5t7t10
8 16 8 16 16 16
3, 2, 1o 1 1 1 1
+ 8t3t7t10 + 8t4t8t10 + 8t3t6t8t10 + 4t2t7t8t10 + 8t3t5t9t10 + 16t2t6t9t10

1ttt2 1ttt2+1tt2t 1t2tt 1tt2t 1tttt
83410 162510 84511 164611 83611 826711

1 1 1 1,
+ —trtstgtin — Statatot1n + t10t11 — ﬁfét%l + 4t4t5t12 + - f3t5f6f12

t
4 8 163

+1tt2t +1tttt +1tttt +1tttt—|—1t2tt 1tttt
37 2t6h12 234712 g 2tst7h g halatshin 7 glslolin = gialshiolin

1 1
+ §f3t4f13 + t2t4t5f13 +%t§f6f13 + Zfzf3f7t13 +%f%f8t13
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{o:}i ={L vz x v yzxz, %, vz, y°z}.

3, 11
1+m59510+384y510+0( )

e Type Quo: f = X?y + y* + 25

¢

1 1
—tristet —trtygtt
82568+22478

—I—%tgtlo -I—%tzfﬁtlo

1 2
—titets +

1
— 3t
6+ 1

24 °

1,
4t4t5t9 + -

1 1 1
—F = ]8g£+1m%h—§é£+

1,
+ u%m+6g%w+ iﬂﬁ9 +1¢t3tst10

8 16

{di}i = {1y, z,x, v yz, 2%, xz, y°z, y2%, y*z*}.
25
1944

e Type Qu1: f = x*y + v’z + 2°.

3 2
595711 +

1 1
ﬁys%l + 648 ——zs3; + O(s%).

5
p— 1 _— — —
4 108510511

1 1, 1
=3 Btety +

_r@ _
o 4 36

—tst3 +

1 1,, 1
£t
12

1
~tatatgto +

— —tatytytg —
g 3tat7ts

1
6

1
— —trtatyti0 +

138

bytstot
2579+2

—t3tity —

1

1,

— 13t
9+4

4

1
21t —

t4t6t9 +

1 2
*t4t5t10 —+

9
12

4

tatsts —
1
t2t6t9 +

1
t3t5t10 —I—

5 43
+10sf3tnn

+ 1ttt

€
18

36

t3 tet10 +

tatets +

2

1
t3t7t9

frtstet
3t2tstetio

1
—tatstets

1
+ —trtstst1n

+ 5 t3tet1n

l%%t
9 1229710 6

o Type Quo: f =x*y+xy> +2°. {di}i = {1, x, v, xy, ¥* xv?, 2, x2, yz, xyz, y*z, xy*z }.

1 1 1 1
=1+ 75585%2 + %yslos%z + Eslls%z +O(s%).

75510512 +

3
10

1
ttt
ottty

3 1
t4t5t8 + t2t3t6t8 + §f3t5t6t8

10

1 1
tatytet —trtstetg —
53469+52569

1
trtatst
52458+

5%@+

1
10 f3t4t8 +

1,
5 t4t5t9 +

—FY = — Bt —

+11*0t§t4f12

5

1 4

1t2t to + 1t tot2 t
5t6t9 789 369

5 5 6

+—1tt tst 1tt tat1o + 1 t2tt +—2tt tstio + 3 tot2t 1t3t + 1t2tt
523512 523410 102510 534510 102510 5510 103610

1 3 3 2

10fzf10 + 10t2f4t11 + 5t3f4t11 + 5t2t4f5f11 — 5f4l‘5t11 + 5fzf3t6f11 - gt3t5t6tll

1, PR I 15 1,3 1, 1,5,
-+ 6t7t8t11 3t7t9t11 6t7t11 —|—5t2t3t12 5t3t5t12 +18t7t12 + 6t7t9t10 4t7t8

{di}i = {1,z,x,y,2% xz,yz, 2%, x2%, y2%, yz2° }.

7 9 , 5
28511 T 5755851 T g5z ¥t + O(s%).

e Type S11: f = X2y + y?z + z*%

3S S
64 10°11 —

(=1~
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1

16
1 1
totstotg — 32t§t§ - 16

1tttt
83568

totyt —

1
t3t6t7

242
5te + 1

> 1t3t+1ttt+
32 48 57 Ty e

1tt2t—i— ttt—i—l
162 8 4t718 16

—FY = g3t —

— t3t2to

8 16

= “totatgty — 1t%té + 1tﬁﬁ;tlo + 1tztgtw
2 8 8 8 8

1 Lo 1.2 1 42 3.0
+ 2t3f4f6t10+ l‘3t7t10+ 32t2t8t10 +3t3tatiy | +gtatitn | +356505t

— —tritsteto +

tatatztg —
5 3t4l7lg

3

e Type S1p: f = x>y + v’z +xz>. {¢:i}i = {1,2,x,v,2% xz, yz, xy, x2%, yz2, xyz, xyz*}.

12510512 303%1512_2xs%2 20sgs?,  93zsy18%,  9z%s3,

—1—
d 169 2197 169 2197 4394 2197

+ O(s%).

(4) 4 1. - 2,2 2 1 3 5
- L Al .7 S 3 oY tat tet
Fo 15676 T 13i5tel7 — 315ty — ggtately — 5 tsly + 5 t5tels

+1t4tt+2tttt+itttt+1tt2t 3t2t2—£ttt2

26 6Ll8 134578 133678 262 8 — 5248 13358
—itztétz——tB’t—gtttt—ittt—i— ttt+1tttt

13 8 3959 134569 13369 13479 133579
it2t6t7t9 + 1 —tatatgty + itztstgtg 1 22 1 totgt2 — it t2t
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+it2t4t8t10+it2t3t9t10 1tt +5t2tt +7ttt +3tttt
13 13 26 2710 T pg 4TSI 5 g RIS T 13 R3RT6N
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e Type Uiy f =23+ 2 + 2% {di}i = {1,2,x,y,2%, x2, yz, xy, x2%, yz°, xyz, xyz° }.

1 1
(=1 + 511512 + 58512 +

1
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1tt215+
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1
tot2t
82511—|—

1 1
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1 2
—+ §t2t9t10 —+

1 1,
—totstetio + 6t4t8t10

1tttt +1t2tt+
2L5t719 6389 4

4
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Loty +igh3ha | +igtitia [ +gtitsti
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