FUNCTORIAL RELATIONSHIPS
BETWEEN QH*(G/B) AND QH*(G/P), (II)

CHANGZHENG LI

ABSTRACT. We show a canonical injective morphism from the quantum co-
homology ring QH*(G/P) to the associated graded algebra of QH*(G/B),
which is with respect to a nice filtration on QH*(G/B) introduced by Leung
and the author. This tells us the vanishing of a lot of genus zero, three-pointed
Gromov-Witten invariants of flag varieties G/P.

1. INTRODUCTION

The (small) quantum cohomology ring QH*(G/P) of a flag variety G/P is a
deformation of the ring structure on the classical cohomology H*(G/P) by in-
corporating three-pointed, genus zero Gromov-Witten invariants of G/P. Here G
denotes a simply-connected complex simple Lie group, and P denotes a parabolic
subgroup of G. There has been a lot of intense studies on QH*(G/P) (see e.g. the
survey [8] and references therein). In particular, there was an insight on QH*(G/P)
in the unpublished work [20] of D. Peterson, which, for instance, describes a surpris-
ing connection between QH*(G/P) and the so-called Peterson subvariety. When
P = B is the Borel subgroup of G, Lam and Shimozono [15] proved that QH*(G/B)
is isomorphic to the homology of the group of the based loops in a maximal com-
pact Lie subgroup of G with the ring structure given by the Pontryagin product,
after equivariant extension and localization (see also [20], [18]). Woodward proved
a comparison formula [21] of Peterson that all genus zero, three-pointed Gromov-
Witten invariants of G/P are contained in those of G/B. As a consequence, we
can define a canonical (injective) map QH*(G/P) — QH*(G/B) as vector spaces.
In [16], Leung and the author constructed a natural filtration F on QH*(G/B)
which comes from a quantum analog of the Leray-Serre spectral sequence for the
natural fibration P/B — G/B — G/P. The next theorem is our main result in
the present paper, precise descriptions of which will be given in Theorem 2.4.

Main Theorem. There is a canonical injective morphism of algebras from the
quantum cohomology ring QH*(G/ P) to the associated graded algebra of QH*(G/B)
with respect to the filtration F.

The above statement was proved by Leung and the author under an additional
assumption on P/B. Here we do not require any constraint on P/B. That is, we
prove Conjecture 5.3 of [16]. Combining the main results therein with the above
theorem, we can tell a complete story as follows.

Theorem 1.1. Let r denote the semisimple rank of the Levi subgroup of P con-
taining a mazximal torus T C B.
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(1) There exists a Z™-filtration F on QH*(G/B), respecting the quantum
product structure.
(2) There exist an ideal T of QH*(G/B) and a canonical algebra isomorphism

QH*(G/B)/T = QH*(P/B).

(3) There exists a subalgebra A of QH*(G/B) together with an ideal J of A,
such that QH*(G/P) is canonically isomorphic to A/J as algebras.
(4) There exists a canonical injective morphism of graded algebras

Up1: QHY(G/P) = Gri,y C Gr’ (QH*(G/B))

together with an isomorphism of graded algebras after localization
T
GrF(QH™(G/B)) = (QQH"(P;/Pj-1)) Q) Griy 1),
j=1

where P;’s are parabolic subgroups constructed in a canonical way, forming
a chain B .= Ph C P C - C Py C P. =P C G. Furthermore,
V.11 is an isomorphism if and only if the next hypothesis (Hypol) holds:
P;/P;_1 is a projective space for any 1 < j <r.

All the relevant ideals, subalgebras and morphisms above will be described precisely
in Theorem 4.6. To get a clearer idea of them here, we use the same toy example
of the variety of complete flags in C? as in [16].

Example 1.2. Let G = SL(3,C) and B C P C G. Then we have G/B = {V} <
Vo < C? | dime Vi = 1,dimc Vo = 2}, and the natural projection 7 : G/B—G /P
is given by forgetting the vector subspace Vi in the complete flag Vi < Vo < C3. In
particular, P/B = P!, G/P = P2, and the semisimple rank v of the Levi subgroup
of P containing a mazimal torus T C B equals 1. In this case, the quantum
cohomology ring QH*(G/B) = (H*(G/B) ® Q[q1,q2),*) has a Q-basis c¥q}q5,
indexed by (w,(a,b)) € W x Z%,, and we define a grading map gr(c*q¢iqs) =
(2a — b,3b) + gr(c®) € Z%. Here W := {1, 51, 82, 5152, $251, 515281} is the Weyl
group (isomorphic to the permutation group Ss). The grading gr(c™) is the usual
one from the Leray-Serre spectral sequence, respectively given by (0,0), (1,0), (0,1),
(0,2), (1,1), (1,2). Using the above gradings together with the lexicographical order
on Z? (ie., (x1,72) < (y1,y2) if and only if either x1 < y; or (x1 = y1 and
x2 < Y2)), we have the following conclusions.

(1) There is a Z*-filtration F = {Fy}xezz on QH*(G/B), defined by Fyx =

&b Qovqiqs C QH*(G/B). Furthermore, F respects the quantum

gr(ovqfql)<x
produét 25tructure. That is, Fx x Fy, C Fxiy.

(2) Z:= &b Qo qdh is an ideal of QH*(G/B). We take the standard

gr(ocwqiql)€LxZ

ring presentation QH*(P') = Q[z,q]/(z* — q). Note P/B = P'. Then
0 +7Z — x and q1 + Z — q define an isomorphism of algebras from
QH*(G/B)/T to QH*(P/B).

(3) A:= > ez For is a subalgebra of QH*(G/B), and J := F(o,—1 is an
ideal of A. Write QH*(P?) = Q|z,t]/(23 — t). Note G/P = P2. Then
z2 02+ J,22 = 0152 + J and t — 0%1qy + J define an isomorphism of
algebras from QH*(G/P) to A/ J.
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(4) Gré) = @®rez Flom/ > x<(0.k) Fx 15 a graded subalgebra of Gr* (QH*(G/B)),
and it is canonically isomorphic to A/ J as algebras. Combining it with (3),
we have an isomorphism of (graded) algebras 75 : QH*(G/P) = Gr(];)
(which, in general, is an injective morphism only).

In addition, by taking the classical limit, F|q=o gives the usual Z2-filtration on
H*(G/B) from the Leray-Serre spectral sequence. The classical limit of 7y also

coincides with the induced morphism ©* : H*(G/P) — H*(G/B) of algebras.

In the present paper, we will prove Theorem 1.1 in a combinatorial way. It will
be very interesting to explore a conceptual explanation of the theorem. Such an
explanation may involve the notion of vertical quantum cohomology in [1]. As an
evidence, part (2) of Theorem 1.1 turns out to coincide with equation (2.17) of [1] in
the special case when G = SL(n+1,C). In a future project, we plan to investigate
the relation between our results and those from [1]. We would like to remind that
a sufficient condition (Hypo2) for ¥,.;1 to be an isomorphism was provided in [16],
which says that P/B is isomorphic to a product of complete flag varieties of type A.
It is not a strong constraint, satisfied for all flag varieties G/ P of type A, G as well
as for most of flag varieties G/P of each remaining Lie type. The necessary and
sufficient condition in the above theorem is slightly more general. For instance for
G of type Fy, there are 16 flag varieties G/P in total (up to isomorphism together
with the two extremal cases G/B, {pt} being counted). Among them, there are 13
flag varieties satisfying both hypotheses (Hypol) and (Hypo2), while one more flag
variety satisfies (Hypol). Precisely, for G of type Fy, (Hypol) holds for all G/P
except for the two (co)adjoint Grassmannians that respectively correspond to (the
complement of) the two ending nodes of the Dynkin diagram of type Fj.

The notion of quantum cohomology was introduced by the physicists in 1990s,
and it can be defined over a smooth projective variety X. It is a quite challenging
problem to study the quantum cohomology ring QH*(X), partially because of the
lack of functorial property. Namely, in general, a reasonable morphism between two
smooth projective varieties does not induce a morphism on the level of quantum
cohomogy. However, Theorem 1.1 tells us a beautiful story on the “functoriality”
among the special case of the quantum cohomology of flag varieties. We may even
expect nice applications of it in future research. Despite lots of interesting studies
of QH*(G/P), they are mostly for the varieties of partial flags of subspaces of C"*1,
i.e., when G = SL(n + 1,C). For G of general Lie type, ring presentations of the
quantum cohomology are better understood for either complete flag varieties G/B
[14] or most of Grassmannians, i.e., when P is maximal (cf. [5], [6] and references
therein). The special case of the functorial property [16] when P/B =2 P! has
led to nice applications on the “quantum to classical” principle [17], as further
applications of which Leung and the author obtained certain quantum Pieri rules
[19] as well as alternative proofs of the main results of [4]. On the other hand,
our main result could also be treated as a kind of application of the “quantum
to classical” principle. As we can see later, the proof requires knowledge on the
vanishing of a lot of Gromov-Witten invariants as well as explicit calculations of
certain non-vanishing Gromov-Witten invariants that all turn out to be equal to 1.
Although Leung and the author have showed an explicit combinatorial formula for
those Gromov-Witten invariants (with sign cancelation involved) in [18], it would
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exceed the capacity of a computer in some cases if we use the formula directly.
Instead, we will apply the “quantum to classical” principle developed in [17].

The paper is organized as follows. In section 2, we introduce a (non-recursively
defined) grading map gr and state the main results of the present paper. The whole
of section 3 is devoted to a proof of Main Theorem when the Dynkin diagram of
the Levi subgroup of P containing a maximal torus 7" C B is connected, the outline
of which is given at the beginning the section. The proofs of some propositions in
section 3 require arguments case by case. Details for all those cases not covered in
the section are given in section 5. In section 4, we describe Theorem 1.1 in details
and provide a sketch proof of it therein, in which there is no constraint on P/B.
We also greatly clarify the grading map defined recursively in [16], by showing the
coincidence between it and the map gr defined in section 2. Both the definition of
gr and the conjecture of the coincidence between the two grading maps were due to
the anonymous referee of [16]. It is quite worth to prove the coincidence, because
the grading map was used to establish a nice filtration on QH*(G/B), which is the
heart of the whole story of the functoriality.

2. MAIN RESULTS

2.1. Notations. We will follow most of the notations used in [16], which are re-
peated here for the sake of completeness. Our readers can refer to [12] and [9] for
more details.

Let G be a simply-connected complex simple Lie group of rank n, B be a Borel
subgroup, T' C B be a maximal complex torus with Lie algebra h = Lie(T"), and P 2
B be a proper parabolic subgroup of G. Let A = {ay, -+ ,a,} C h* be a basis of
simple roots and {ay, -+, Y} C b be the simple coroots. Each parabolic subgroup
P > B is in one-to-one correspondence with a subset A 5 C A. Conversely, by Px
we mean the parabolic subgroup containing B that corresponds to a given subset
A c A. Here B contains the one-parameter unipotent subgroups U,, a € A.
Clearly, P = G, Ap = 0 and Ap C A. Let {wy, - ,wn} (resp. {wy, -+, w’})
denote the fundamental (co)weights, and (-,-) : h* x h — C denote the natural
pairing. Let p:=" | w;.

The Weyl group W is generated by {sa, | a; € A}, where each simple reflection
i 1= Sq, maps A € h and B € b* to 5;(A) = A — (v, Aoy and s;(8) = 8— (B, ) )i
respectively. Let ¢ : W — Z>o denote the standard length function. Given a
parabolic subgroup P > B, we denote by Wz the subgroup of W generated by
{sa | @ € Ap}, in which there is a unique element of maximum length, say wp.
Given another parabolic subgroup P with B ¢ P C P, we have A p C Ap. Each
coset in W5 /Wp has a unique minimal length representative. The set of all these
minimal length representatives is denoted by W}; (C Wp C W). Note that Wp =
{id}, Wg = Wp and Wg = W. We simply denote wy := wg and WF := WZ.

The root system is given by R = W - A = Rt U (—R"), where R = RN
@D, Z>oq; is the set of positive roots. It is a well-known fact that £(w) = [Inv(w)|
where Inv(w) is the inversion set of w € W given by

Inv(w) := {8 € Rt | w(B) € —R'}.

Given v = w(a;) € R, we have the coroot 7" := w(a}) in the coroot lattice

QY = @;_, Za) and the reflection s, := ws;w™! € W, which are independent of
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the expressions of 7. For the given P, we denote by Rp = Rf L (—R}) the root
subsystem, where Rf, = R* N @, Ze, and denote Q) := @, ca, Zey .

The (co)homology of the flag variety G/P has an additive basis of Schubert
(co)homology classes o, (resp. o*) indexed by W, In particular, we can identify

Hy(G/P,Z) = @ ca\n, L0, with Q"/Q} canonically, by mapping ZajeA\Ap a;os,
to Ap =3, cavap @0 +Qp. For each a; € A\ Ap, we introduce a formal vari-
able qqviqy. For such Ap, we denote gy, = HajeA\AP qZ§+Q;. The (small)
quantum cohomology ring QH*(G/P) = (H*(G/P) ® Q[q],*p) of G/P also
has a natural Q[q]-basis of Schubert classes o = ¢* ® 1, for which
o xp ol = Z Nw )\quP
WEWP ApEQV/QY,

The quantum product xp is associative and commutative. The quantum Schubert
structure constants NY;M are all non-negative, given by genus zero, 3-pointed

Gromov-Witten 1nvar1ants of G/P. When P = B, we have QY =0, Wp = {1} and
WP =W. In this case, we simply denote x = xp, A = Ap and ¢; = Gay

2.2. Main results. We will assume the Dynkin diagram Dyn(Ap) to be connected
throughout the paper except in section 4. Denote r := |Ap|. Note 1 <71 < n.
Recall that a natural Q-basis of QH*(G/B)[q; %, -+ ,q; '] is given by gro® la-
belled by (w,\) € W x QV. Note that qxo® € QH*(G/B) if and only if ¢ € Q|q]
is a polynomial. In [16], Leung and the author introduced a grading map
. \ r+1 __ r+l .

gr-WxQ' —7Z —@ileel.
Due to Lemma 2.12 of [16], the following subset

S:={gr(w,)) | o™ € QH"(G/B)}!

is a totally-ordered sub-semigroup of Z"+!. Here we are using the lexicographical
order on elements a = (a1, "+, ar41) = Z:Ll a;e; in Z''. Namely a < b if and
only if there exists 1 < j < r + 1 such that a; < b; and a; = b; for all 1 <17 < j.
We can define a family F = {F,}acs of subspaces of QH*(G/B), in which

Far= €P Qqo® C QH*(G/B).
gr(w,\)<a
It is one of the main theorems in [16] that

Proposition 2.1 (Theorem 1.2 of [16]). QH*(G/B) is an S-filtered algebra with
filtration F. Furthermore, this S-filtered algebra structure is naturally extended to
a Z™ 1 filtered algebra structure on QH*(G/B).

As a consequence, we obtain the associated Z"T1-graded algebra
r" (QH*(G/B)) @ Grl, where Grl —F/ZFb
acZrt1 b<a
In particular, we have a graded subalgebra
Gr(fr+1) = @ Grij;ﬂ.
i€Z
Recall the next Peterson-Woodward comparison formula [21] (see also [15]).

L(w, A) is simply denoted as wqy in [16].
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Proposition 2.2. For any \p € QV/Q}, there exists a unique \g € Q" such
that \p = A + Q% and (o, A\g) € {0,—1} for all « € Rf. Furthermore for every
w,v,w € WP, we have
Nw’)\P _ N’wwpwP/,kB
u,v w,v 3

where Apr = {a € Ap | (a, Ag) = 0}.

The above formula, comparing Gromov-Witten invariants for G/P and for G/B,
induces an injective map

aap i QHY(G/P) — QH'(G/B);
Z Aw, pdrp oV Z aw)AquBwapwP, 7

and we call Ag the Peterson-Woodward lifting of Ap. The next proposition is
another one of the main theorems in [16] (see Proposition 3.24 and Theorem 1.4
therein).

Proposition 2.3. Suppose that Ap is of A-type. Then the following map
Uop1: QHY(G/P) = Gri,yy;
Dp0” = VA AR (@rpo®)
is well-defined, and it is an isomorphism of (graded) algebras.

Conjecture 5.3 of [16] tells us the counterpart of the above proposition, and it is
the main result of the present paper that such a conjecture does hold. Namely

Theorem 2.4. Suppose that Ap is not of A-type. Then the map V,1 given in
Proposition 2.3 is well-defined, and it is an injective morphism of (graded) algebras.
Furthermore, ¥,.;1 becomes an isomorphism if and only if r = 2 together with either
case C1B) or case C9) of Table 1 occurring.

Remark 2.5. The algebra QH*(G/P) is equipped with a natural Z-grading: a
Schubert class o is of grading £(w), and a quantum variable dav+Qy, s of grading
(0s,,c1(G/P)). Once we show that V.1 is an morphism of algebras, the way of
defining V.11 automatically tells us that it preserves the Z-grading as well.

We will provide the proof in the next section, one point of which is to compute
certain Gromov-Witten invariants explicitly.

In order to define the grading map gr in [16], Leung and the author introduced
an ordering on the subset Ap first. In our case when Ap is not of type A, such
an ordering is equivalent to the assumption that Ap = {ay, - ,a,} with all the
possible Dynkin diagrams Dyn(A) being listed in Table 1. These are precisely
the cases for which Theorem 2.4 is not covered in [16]. In addition, Table 1 has
exhausted all the possible cases of fiberations G/B — G/P such that Dyn(Ap) is
connected but not of type A. Therein the cases are basically numbered according
to those for Dyn({oy, -+ ,ar_1}) in Table 2 of [16].

Remark 2.6. In Table 1, we have treated bases of type Eg and E7 as subsets of a
base of type Eg canonically. Dyn(Ap) is always given by a unique case in Table
1 except when A is of Eg-type together with r = 5. In this exceptional case, both
C5) and C7) occur and we can choose either of them. Note 2 < r <n. The case of
Go-type does not occur there.
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TABLE 1.
’ |  Dynkin diagram of A H | Dynkin diagram of A |
as
C1B) . .-6——0-:0—C=0 - o o O i oo
Qpr41 O Qp—1 Qp ag a1 Qs a4 Qs

C10) e -0 --0—0=D0

Qg1 Q1 ar_1
ar a1 a2 az as ag

C2) .._._OD_I; 0 "

r4+1 1 r—2 Qr—1 ag o1 Qi a3 a4 g Qo
——0—0 Ia6c © o—o—o—o—ifo—o
Q7 a1 2 a3 Q4 Q5 a1 s a3 a4 oy a7 Qs
C4) o
*—C—=0—0
g Qg 3
as a1 oz az as a5 o C9)
oO—C0==0—8

[N D) a3 Qg

Qg Q5 Q3 Q2 Q1 ] 2 Q3 Q4

In [16], the grading map gr was defined recursively by using the Peterson-

Woodward comparison formula together with the given ordering on Ap. Here
we will define gr as below, following the suggestion of the referee of [16] (see also
Remark 2.10 therein).
Definition 2.7. Let us choose the ordering of Ap as given in Table 1. For each
1 <j <r, wedenote Aj := {ay, - ,a;}. Set Ag :=0 and Apyq1 := A. Denote
by P, := Pa, the parabolic subgroup corresponding to A; for all 0 < i < r 4 1.
Recall that we have denoted by {ey,--- ,e,41} the standard basis of Z™1. Define a
grading map gr by

gr: WxQV — 7z

r+1
(w,A) = gr(w,\) =Y (yxnv(w) NERENRL DI+ Y (ﬁ,A))ei.

=t 6ERR\RE—1

Say gr(u,n) = Z:Ll a;e;. Let 1 <j<k<r+1. As usual, we define

r+1

k
|g7"(u, 77)| = Z G, 975,k (uv 7)) = Z @;€;.
i=1 i=j

As a known fact, we have (see also the proof of Proposition 4.3 for detailed expla-

nations)
r+1

gr(w,0) =Y Lw;)e;,

Jj=1

P .
where w; € WP; ! are the unique elements such that w = w, 1w, -+ w1 .
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We will show the next conjecture of the referee of [16].

Theorem 2.8. The two grading maps by Definition 2.7 above and by Definition
2.8 of [16] coincide with each other.

Because of the coincidence, Proposition 2.1 holds with respect to the grading
map gr. Namely for any Schubert classes 0%, 0" of QH*(G/B), if ¢xo™ occurs in
the quantum multiplication o % ¢V, then

gr(w,\) < gr(u,0) + gr(v,0).

The proof of Theorem 2.8 will be given in section 4, which is completely independent
of section 3. Due to the coincidence, the proofs of several main results in [16] may
be simplified substantially. We can describe the explicit gradings of all the simple
coroots as follows, which were obtained by direct calculations using Definition 4.2
of the grading map gr’. (See section 3.5 of [16] for more details on the calculations.)

Proposition 2.9. Let o € A. We simply denote gr(a") := gr(id, ).

(1) gr(aY) = 2er41,if Dyn({a} U Ap) is disconnected.
(2) gr(a¥)=(1+j)e;+(1—jej_1, if « = aj with j < r—1 where 0-¢eg := 0.
(3) gr(aY) is given in Table 2, if @ = i or Qpyq.

TABLE 2.
! \ gr(a) \ gr(oyyy) |
r—1
C1B) 2re, — (2r — 2)e,_1 2r+1e41 —re, — Y €
j=1
r—1
C10) (r+1e, — (r—1)e,_1 2r+2)e,p1—(r+ e, — > e
j=1
r—1
C2) |2(r—1e,+ (2—7r)(e,—1 +€._2) 2re,p1 +(1—r)e, — > €
j=1
5
r—1 (for r =6) 18e7 —1leg — > e,
C4) Br—Te.+B-71) > e =
J=r=s (for r = 7) 29eg — 2ler — Zl e
j=
C5 T —r A
073 2r — ey + (2 — r)(er_1 + &r_s) (27 4 e, — PoTe,
C9) 2re, — (2r — 2)e,_1 (r* +2)e,11 — e,
ClO) 463 - 262 884 — 683

(4) The remaining cases happen when there are two nodes adjacent to Dyn(Ap),
namely the node a,+1 and the other node, say a,4o. Then we have either
of the followings.

(a) gr(oyis) = 2repy1 + (1 —r)e, — Z;;i e;, which holds if C7) occurs
and r <6;
(b) gr(a,,,) = bes — 2e; — ey, which holds if C9) occurs and r = 2.

In particular, we have |gr(a)| =2 for any o € A.



FUNCTORIAL RELATIONSHIPS BETWEEN QH*(G/B) AND QH*(G/P), (II) 9

3. PROOF OF THEOREM 2.4

Recall that we have defined a grading map gr : Wx@QV — Z™+!. For convenience,
for any gxo® € QH*(G/B)[q; ", -+ ,¢; "], we will also use the following notation

gr(gra®) := gr(w, A).
The injective map Yaa, : QH*(G/P) — QH*(G/B) induces a natural map
QH*(G/P) — Gr¥(QH*(G/B)). That is, gr,0® = Uan,(@rpo?) € GrZ C
Gr* (QH*(G/B)), where a = gr(¥a.ap(qr,0%)). We state the next proposition,

which extends Proposition 3.24 of [16] in the case of parabolic subgroups P such
that Ap is not of type A.

Proposition 3.1. For any qx,0" € QH*(G/P), we have
gT(1,r] (¢A,AP (QAPUU))) =0.

Hence, a € Ze, ;1. That is, the map ¥,.;; as in Proposition 2.3 is well-defined. We
can further show

Proposition 3.2. VU, is an injective map of vector spaces. Furthermore, W, 1
is surjective if and only if r = 2 and either case C1B) or case C9) occurs.

We shall also show

’ "

Proposition 3.3. ¥, is a morphism of algebras. That is, for any qrp, qup,0° ,0°
in QH*(G/P), we have

(1) Ura (0" xp 0”") = Uppa(0”) x Urpa (0V);
(2) Wrpi(gnp xp 0") = Wrp1(gap) *x Urpa(0");
(3) Wrri1(grp *p qup) =VU,p1(qr,) * \I'T'-i-l(qltp)'

To achieve the above proposition, we will need to show the vanishing of a lot of
Gromov-Witten invariants occurring in certain quantum products in QH*(G/B),
and will need to calculate certain Gromov-Witten invariants, which turn out to be
equal to 1.

Clearly, Theorem 2.4 follows immediately from the combination of the above
propositions. The rest of this section is devoted to the proofs of these propositions.
Here we would like to remind our readers of the following notation conventions:

(a) Whenever referring to an element A\p in QY /Q%, by A\p we always mean
the unique Peterson-Woodward lifting in QV defined in Proposition 2.2.
Namely, A € QY is the unique element that satisfies \p = A + Q} and
(o, Ag) € {0,—1} for all « € R}.

(b) We simply denote P:=P_,. Namely, we have Ap := {a, - ,ap_1}.

(c) Whenever an element in A € QV is given first, we always denote Ap :=
A+ QF € QV/Q% Emd Ap = A+ QF € QV/Q}. Note that th~e three
elements A\, A\p and Ap (which is the Peterson-Woodward lifting of Az) are
all in QV, and they may be distinct with each other in general.

3.1. Proofs of Proposition 3.1 and Proposition 3.2. In analogy with [16], we
introduce the following notion with respect to the given pair (A, Ap).

Definition 3.4. An element A € QV is called a virtual null coroot, if (o, \) =0
for all « € Ap. An element up in Q¥ /QY¥ is called a virtual null coroot, if its
Peterson- Woodward lifting pp € Q' is a virtual null coroot.
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By the definition of gr, every virtual null coroot A satisfies
gri(qn) = 0.

Example 3.5. Suppose a € A satisfies that Dyn({a}UAp) is disconnected. Then
a € A\ Ap, and ¥ is a virtual null coroot. Furthermore, for Ap := o¥ + QY €
QY/QY%, we have \g = . Therefore Ap is also a virtual null coroot.

Lemma 3.6. Given Ap, up € QV/Qﬁ, we denote kp := Ap+pup. If up is a virtual
null coroot, then we have kg = Ap + up. Consequently,

L:={np € QV/Q} | np is a virtual null coroot}
is a sublattice of QV/QY.

Proof. Clearly, kp = kp + Q%, and we have (a,rkp) = (a,Ag) € {0,—1} for all
a € R}C. Thus the statement follows from the uniqueness of the lifting. O

We will let £p denote the set of virtual null coroots in QV:
Lp:={A€eQ" | {x\) =0,YaeAp}.

Denote by AY the set of coweights of G and by AY, the set of coweights of the
derived subgroup (L, L) of the Levi factor L of P. Denote by {wY p,--- ,w, p} the
fundament coweights in A}, dual to {aq,- -, @, }. Denote by A p the simple roots

in A\ Ap which are adjacent to Ap. The next uniform description of the quotient
(QV/QY,)/L is provided by the referee.

Proposition 3.7. The quotient (QV/Qﬁ)/E is isomorphic to the subgroup of
A} /QY, generated by

{w/p | oi is adjacent to DAp}.

Proof. Recall that AY, is the set of integral valued linear form on QY. In particular,
there is a natural morphism R : QY — A}, obtained by restriction: R(A) = Aqy,.
We have R(Q}) = QY.

Furthermore, this map factors through the quotient QV/Lp and the induced
map is injective. In particular, the quotient (QY/Q})/L is isomorphic to the
image R(QY/QY). Since for o € A with Ap U{a} disconnected we have " € Lp,
it follows that R(QY/QY) is the subgroup of A}/Q} generated by R(a") for a €
OAp. But R(a") = —wp for a; adjacent to o and the result follows. O

Remark 3.8. The group A}/QY is a finite abelian group. It is the center of
simply-connected cover of (L,L), and is generated by the cominuscule coweights.
One recovers this way the groups (QV/QY)/L in Table 3.

Recall that each monomial gy = ¢{* - - - ¢%» corresponds to a coroot A\ = Z?:l a; a]V.
Given a sequence I = [i1,42, -+ ,%m], we simply denote by $;,4,...;,, or sy the product
SiySiy ** Si,,, and define |I] := m.

Proposition 3.9. The virtual coroot lattice Lp is generated by the wvirtual null
roots ug € QV given in Table 3.
For each case in Table J, the corresponding coroot \ satisfies {a, ) = —1 for
the given number k in the table, and (a;,\) =0 for all j € {1,--- ,r}\ {k}.
Furthermore, we have Ya ap(qrp) = @ro® with gn and u being shown in Table 4
as well (which implies X = A ). In particular, each u is of the form s;8,_18,—2 -+ 81,
sysy or s; where I (resp. J) is a sequence of integers ending with v (resp. v — 1)
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TABLE 3.
| I s [ (@7/Qp)/L ]
C1B) 2ar+1+(o¢ JrQZ] 1oz ) 7)2Z
c10) oY+ (D)) i)
C2) 20,1 + (of o)l +2377 ;oY) 7./27.
an 7= 6 3ay + (4o + 5oy + 60y + day + 20 + 3a) Z/3Z
) =7 20 + (3ay + 4oy + 5oy + 60y + 4oy + 2a + 3a¥) 7./27,
C5) day + (5ay + 60y + 4o + 20y + 3ay) 7./AT.
20 + (o + 203 + ay + 20))
=4 y Z)27 x 1|27
" 200 + (20 + 20 + o + ) 222/
20 + ¥ + (20 + 30y + 4oy + 2] + 3a)
r=5 v v v v v v LJAZL
2007 + (2a1 + 205 + 203 +of + a5)
CT7)
6 200 + (o) + 20y + 30y + 4oy + 20 + 30y)) 7197 x 7./27
"= 20 + (20 + 20 + 20 + 20 + af + o) /22 xZf
r="7| 4oy + (20 + 4oy + 6a§ + 8ay + 10ay + 5o + T ) 7./]A7
20 + (20 + ay)
e V+ (af +ay)
09) \ Vv Vv Vv Z/QZ
r=3 20 +(2oz1 + 4oy —|—3a3)
C10) 20 + (o) + 203 + 3ay)

in the table. The grading gr(c") is then given by |I|e, + > ;_ 1 ei, |Iler + |J|er—1
and | J|e, respectively.

Proof. Assume that case C1B) occurs, then we have a unique pup = 20,7, + (o) +

22] p @) and a unique A = «/;; in the tables. Clearly, (o, up) = 0 for all
a € Ap. Thus g is a virtual null coroot, and it is the expected Peterson-Woodward
lifting of up == pup + QY = 2o/, + Qp. Hence, up is a virtual null coroot in
QY/Q} by definition. It follows from Example 3.5 that all the elements in the
sublattice £’ generated by {up} U {a € A | Dyn({a} U Ap) is disconnected} are
virtual null coroots. Clearly, (QV/QY})/L' = Z/2Z. Since L' C L C QV/Q}, we
have a surjective morphism (QY/QY)/L" — (QV/QY)/L = Z/2Z. Hence, this is
an isomorphism, and £ = L’.

It is clear that for k& = 1, we have (ay,A\) = —1 and (a;,\) = 0 for all j €
{1,---,r}\ {k}. Note that Ap is of B,-type, and that any positive root v € R}, is
of the from eay 4+ 377_, cja; where € € {0, 1} (see e.g. [3]). Thus (v, ) € {0, —1}.
Hence, A = Ap is the Peterson-Woodward lifting of Ap. Consequently, Ap is not a
virtual null coroot, as Ap is not. That is, our claim holds.

By definition, ¥a ap(grp) = @ro¥P¥P" where Apr = Ap \ {ax} in this case.
Note that wpwps is the unique element of maximal length in W£ ", whose length
is equal to \R}C\ —|RE,|. In order to show u = 8182+ 8, - §,_18,_2- - 51 coincides
with wpwps, it suffices to show: (1) the above expression of u is reduced of expected
length; (2) u € WE', ie., u(a) € RT for all @ € Ap,. Indeed, in the case of C1B),
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TABLE 4.
| H 0 u [k
C1B) Qr+1 812...p8pr—18p—2 " 81 1
C2) Qr+1 812 (r—2)rSr—18r—2* " 81 1
_6 qr 5543621324365554 - S1 1
C4) " Q$Q%Q§Q§Q4QG 512346325436512345 5
r="7 qs 5123475436547234512347 565554535251 | 1
6 54352132435 5
C5) 4243439402 5123554835251 1
WBBUBN 853243551234 4
qs $423124 4
r=4 6 5124835251 1
4596919294 53245123 3
6 84352134235 5
r=35 q7 5123554535251 1
) 469791929395 853423551234 4
q7 5645342132643546 6
r=206 qs 5123465554535251 1
q7489142493449e6 55463243546 512345 5
qs S657456345723456123457 7
r=T7\| GedddaGdd 5123457565554535251 1
q§q1 q%q%’qiiqé’q%q% S$756457345623457 5123456 6
Cg T = 2 qa 51281 1
) r=3 449243 51235251 1
C10) g4 8323123 3
Apr ={ag, -+ ,ar}isof Br_q-type. For 1 < j <r,s1---s;_1(a;) =1+ -+ €

RT.Forr—12>i>1,81 " 8:8-1 - 8i+1(q;) =1+ -+a;+20;41+-+2a, €
RT. Thus the expression of u is reduced, and f(u) =r+r—1=1r2 - (r — 1) =
|RE| = |R}/|. Forall 2 < j < r, we note u(a;) = aj € R. Therefore both (1) and

(2) hold.

The expression © = $78,_18y—2+--S1, where I = [1,2,--- 7], is reduced. Thus
the subexpression s; = s1--- s, is also reduced. Clearly, s; € W;;j’l, and sy(a;) €
RT for all a; € Ap. , = {a1,--+ ,a,_1}, which implies s; € W}f“l. Hence,
gr(o®) = U(sr)e, + 3121 U(si)ei = |Ile, + S| e

The arguments for the remaining cases are all the same. O

Remark 3.10. We obtain both tables using case by case analysis, which gives an
alternative proof of Proposition 3.7 by studying the quotient (QV/QY%)/L first.
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Lemma 3.11. Let Ap,up € QV/Q%. Write Yanp(@rp) = @rgo®. If pup is a
virtual null coroot, then we have

/l/)A,AP (qup) = Aqugp and wA7AP (q)\P+HP) = q>\B+/LBUu'

Consequently, we have

91 (Waar(@up)) =0 and  grp(Vaap(@prup)) = 970,00 0a a0 (@0p))-

Proof. For kp € QV/Q}%, by definition we have Ya Ap(Grp) = Gupo PP with
Ap = {a € Ap | (a,kp) = 0}. If kp = pp, then Ap, = Ap since pp is a
virtual null coroot. Thus wpwp = id and consequently Ya aAp(qup) = qug- If
kp = Ap + up, then kg = Ap + pup. Write Ap: = {a € Ap | (a,kp) =0} ={a €
Ap | (o, Ag) = 0}. That is, we have u = wpwps and Ya ap(Gep) = Guzo®. The
two identities on the gradings are then a direct consequence. (|

Proof of Proposition 3.1. The initial proof used case by case analysis with Table 4.
Here we provide a uniform proof from the referee.
To prove the statement using Lemma 3.11, we only need to prove that

9711, (Vaar(@aviqy)) =0
for a € 0Ap.
Let o € 0Ap and let o; be the unique element in Ap adjacent to a. We have
(aj, ) # 0. By definition we have gr1 ,1(¥a,ap (daviqy)) = 97 (wh', ) and
gl o) = 3 (Iv@E) AV BIVEE )+ Y (B.a%))e;

i=1 +\ pt
j BERI\RY_,

We first remark that the above grading does only depend on the restriction of aV
to Ap soon R(aY) = —w;fp as defined in the proof of Proposition 3.7. For w € Wp
and X € A}, we define

T

g ) = Y (Iv@E) N (RIARLD+ Y (B.0)es:

=1 +\ pt
j BERT\RI_,

Fora=>Y"

j—10;j€;, define

T

lall = 3 oyl

j=1
Next remak (see Corollary 3.13 of [7]) that for w € Wp and A € A}, we have

E(wtk) = ||gr[1,r] (w7 A)H

where ¢ denotes the length function on Waff the extended affine Weyl group and
where we consider the element wty as an element of the extended affine Weyl group
Wag (see Definition 3.9 of [7]).

Now for P’ defined by Apr = {8 € Ap | (B,wp) = 0}, the element

N o
T = wp t_yy,
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is the element 7; defined on page 9 of [7]. In particular this element satisfies £(7;) = 0
(since this element is in the stabiliser of the fundamental alcove, see also page 5 of
[15]). As a consequence we get

9711, (Va,ap(@avi@u)ll =0 and  grp . (¥a,ar(@aviqy)) = 0.

To prove Proposition 3.2, we need the next lemma.

Lemma 3.12 (Lemma 4.1 (1) of [16]). For anyd = Y1 d;e; € Z"~' x {(0,0)} C
7'+, there exists a unique (w,n) € W x Q" such that gr(g,o") = d.

Proof of Proposition 3.2. Since A A, is injective, so is W, y;.
For a nonzero element ¢,0" € GT(J;H), we write w = vu where v € WF and u €
Wp, and write p = p/'+p”, where i/ € @ | Z>oa; and p”" € @;_, Z>oc;. Note
9771.1(g ") € Bjzy Zoei and 0 = gy 11(4,0™) = 971101 (@pr ™) + 971121 (@ 0”)-
Thus we have gry (g 0") € @;_; Z>oe;. Setting A\p := p + Q}, we have
Vaap(@rp0”) = qr,o?P P with Ag = p/ + N for some N\’ € @)_, Z>oa. Note
g (apo?rr) = grp (g o) + grp ) (gueo?), and it is equal to O by
Proposition 3.1. Hence, d := grp (g 0“?"r") = gru . (quo®) € @i_, Z>oe;.
Thus the map W, is surjective as soon as there is a unique element g,~c" of
grading d.

Suppose r = 2 and either case C1B) or case C9) occurs. Note gr(q1) = 2eq,
gr(q2) = 4es — 2e1, and u = usuy for a unique u; € Wp, = {1,s1} and us € W}fl =
{1, s2, 8152, 828152 }. Note for given dy,ds > 0, the next equalities
dier + daes = gr(1 1 (Gayay tazay o) = a1 - gr(q1) + az - gr(ge) + £(ur)er + £(uz)es
determine a unique (a1, ag, £(u1),€(u2)) € Z>o X Z>o x {0,1} x {0,1,2,3}. The
pair (£(u1),£(uz)) further determines a unique (uy,us) € Wp, x W5'. Hence,
quro" = qro®PP’ follows from the uniqueness.

In order to show W,,; is not surjective for the remaining cases, it suffices to
consider the virtual null roots pp in Proposition 3.7, for which we note ¥, 1(q,,) =
Gup- The point is to show grp,.,1(¢r) < £(wpwp,_,)e,. Once this is done, we show
the existence of gir~'o"r satisfying gri,,1(¢e"~1o"r) = griy,(qrz 0P’ ), where
Uy € Wlf"’l, and a, denotes the power of ¢, in the monomial ¢5,. Then we
apply Lemma 3.12 to construct an element in Wp__, X @:;11 Z>oa with grading
=11 (@ 0P ) =g 1) (q¢~1o%r). In this way, we obtain an element of the
same grading as gr(gx,0"?"?") that is not in the image of ¥,.; 1. Precise arguments
are given as follows.

For case C1C), we have up = o/, + Qp and pup = af +--- + a),;. Note
97w (@r) = (r + 1)e,, and wpwp,_, is the longest element in Wgr’l, which is of
length {(wpwp, ) = |R5| — |R1tr_1| =72 - @ = TZ% > r+ 1. Hence, there
exists u, € Wlfr’l of length r + 1. Note foreach 1 < j <r—1,u;:=s; € Wg’l.
Thus gr(gr410""*%1) = (2r +2)e,41 = gr(q1 - - - ¢r41). However, gpyqotr 2" &
Va,ap(QH*(G/P)).

For case C1B) with r > 3, we have up = 2, + Q) and pup = 20, +
) + 22;: o). Note gri.,(¢-) = 2re,, and {(wpwp,_,) = w > 2r. Hence,
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there exists u, € W}I}’l of length 2r. Set u; = s;_15; for 2 < j < r — L
Then grp ,q(qi, 1qro™"r=1""2) = 0 so that ¢2,  giotrir-17v2 € GT(T_H) How-

ever, q7, 1o Eha A (QHT(G/P)).
The arguments for the remaining cases are also easy and similar. (I

3.2. Proof of Proposition 3.3 (1). For v',v" € WP we note

\Ilr+1(ovl) * \IJT+1(U””) — \Pr+1(avl *p o’ Z ot ,,q)\ow
the summation over those g™ € QH*(G/B) satisfying grp; ,j(gxo®) = 0 and
0" & Ya.n,(QH*(G/P)). It suffices to show the vanishing of all the coefficients
N, :2‘,, (if any). In particular, it is already done, if ¥,.;; is an isomorphism of vector
spaces. Therefore, if r = 2, then both C1B) and C9) could be excluded in the rest
of this subsection.

To do this, we will use the same idea occurring in section 3.5 of [16]. Namely,
we consider the fibration G/B — G/P where As = {ay, - ,a,_1}. Set ¢ :=r—1,
and note that A is of A-type satisfying the assumption on the ordering as in [16].
Using Definition 2.7 with respect to (A, Az), we have a grading map

-
Gr:Wx Q¥ — 75t = @H Ze; — 7'
which satisfies the next obvious property
Sfr[l,r—l] = 9T ,r-1)

Consequently, we obtain a filtration Fon QH*(G/B) and a (well-defined) induced
map Vi1 : QH*(G/P) —» Gr{,,) C Gr"(QH*(G/B)) as well. Furthermore, all
the results of [16] hold with respect to the fibration G/B — G/P. In particular, we
have the next proposition (which follows immediately from Theorem 1.6 of [16]).

Proposition 3.13. Let @, 5 € WP and @ € Wps. In GrF (QH*(G/B)), we have

(1) ﬁ*ﬁzd)A,Aﬁ(aﬂ*p o?) (2) 0Uxg® = gid,
Lemma 3.14. For any u,v € W, we have in QH*(G/B) that

o' xo" Z w Ao + ZN,;},;’)\/(],\/O‘ ZN“’ A Qo ”,
where the first summation is over those gxo™ € Ya ap(QH*(G/P)), the second
summation is over those gy 0" € a a,(QH*(G/P))\ ¥an,(QH*(G/P)), and
the third summation is over those qxno"" satisfying grp r—1(gxro™ ) < 0.

Proof. Since Ap C Ap, we have u,v € wP. By Proposition 3.13(1), we have

u

o xo? = Z N;UU Q)\O' + Z Ngjg,)\//qxlo_wu'
QAU“’EwA,Af,(QH*(G/p)) gri,e—1y (@ o™’ )<0
If gro™ € Yaa,QH*(G/P), then A = Ap is the Peterson-Woodward lifting of
Ap = A+ QIVJ and w = wywpwp with w; being the minimal length representative
of the coset wWp. Since R}; C Rj%, Ap = Ap is also the lifting of Ap := A + Q%.
Note that Az, = {a € Ap | (a,Ag) = 0} C {a € Ap | (a,Ap) = 0} = Apr.
Thus Inv(wpwp) = RS\ R = (R;f, \RE )L ((RE\ R;) \ (Rpr \ R%,)). Hence,
we have wpwp: = wowpwp, where wo is the minimal length representative of the
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coset wpwp'Wp (for which we have Inv(ws) = (Rf \ R;g) \ (Rp' \ RE))). Note
wiwe € WP, Thus we have gyo¥ = Q/JA,AP((];\}SU“”W) € wA,AP(QH*(G/ﬁ)).
Therefore the statement follows by noting grp ,_1] = g7(1,r—1]- O

Due to the above lemma, it remains to show that for any element q)\/ow/ in
Yaa,(QH*(G/Pr—1)) \ Ya ap (QH*(G/P)), either N}ﬁ;;x =0or gr(gvo®) <0
holds. The latter claim could be further simplified as gr,.,j(gx o w,) < 0, by noting
9T[1,r—1] (q,\/awl) = 0. For this purpose, we need the next main result of [17], which
is in fact an application of [16] in the special case of P/B = P!. For each a € A,
we define a map sgn, : W — {0,1} by sgn, (w) := 1 if {(w) — £(wsy) > 0, and 0
otherwise.

Proposition 3.15 (Theorem 1.1 of [17]). Given u,v,w € W and A € Q", we have
(1) N2 =0 unless sgn, (w) + (o, A) < sgn, (u) 4 sgn, (v) for all o € A.
(2) Suppose sgn,,(w) + (a, ) = sgn, (u) + sgn, (v) = 2 for some a € A, then

— v .
w,A w A—a N:ﬁi?&k “ ’ Zf Sgna(w) =0
Nu,%; = Nus’a,vsa = wse A .
Npsar, if sgn,(w) =1,

Corollary 3.16. Let u,v € WF. Suppose N}fj‘ # 0 for somew € W and X\ € QV.
Then we have
(1) (a,A) <0 for all @ € Ap;
(2) Set Ap := A+QY and denote by wy the minimal length representative of the
coset wWp. If A = Ap and grpy ,j(gro™) = 0, then gxo™ = Ya ap(@rpo™).

Proof. Assume (o, A) > 0 for some o € Ap, then we have sgn, (u) +sgn,(v) =0 <
(a,A) < sgn,(w)+ (a,A). Thus NY;» = 0 by Proposition 3.15 (1), contradicting
with the hypothesis.

Since NY;* # 0, we have sgn, (w) = 0 for any a« € Ap: = {8 € Ap | (8, Ap) = 0},
following from Proposition 3.15 (1) again; that is, w(a) € R*. Thus w € W'
and consequently w = wiwsy for a unique wsy € WII;/. Since grp ,(gro™rve) =
97 (Waap(@np)) =0 = gry i (gno™™?) = grp . (gao™?), we have gryy . (wpwp:)
= grp ) (w2). Since wy, wpwpr € Wp, gripq1r41)(wpwpr) = 0 = griqq 41y (w2).

Therefore £(ws) = |gr(ws)| = |gr(wpwp/)| = ((wpwp:). Hence, wy = wpwp:
by the uniqueness of elements of maximal length in WE ". Thus the statement
follows. 0

Lemma 3.17. Let u,v € WF. Suppose N;’f;,’\ # 0 for somew € W and A € QV.
Assume grpy ,1(qgao®) = 0 and X # Ag where A\p := X+ Q}. Then we have

e (a) < (1R U RE| = [RE e,

where Ap == {a € Ap | (o, \) = 0}.
Proof. Write \ = Z?:1 ajajv, 971 (ar) = xe, and gri.,1(¢r41) = ye,. Whenever
r+2 < n, we denote 9T r,r] (QT+2) = ze,. Note 9T r,r] (Q)\) = (xar +yari1 +Zar+2)e7’
(where z = 0 unless case C7) occurs with 7 < 6). Let ¢; = —(a;,A),7=1,---,71.

Note that Proposition 3.3 holds with respect to QH*(G/P) and gryy g(qao®) =
gr11,r—1)(gr0™) = 0. Hence, A is the unique Peterson-Woodward lifting of )\Jrles €
QV/QIV5 to QY. Thus (v, ) € {0,—1} for all v € R;. Consequently, £; = 0 for all j
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in {1, -+ ,r — 1} with at most one exception, and if there exists such an exception,
say k, then €, = 1. Furthermore, we have ¢, > 0, by noting N{;‘jﬁ # 0 and using
Corollary 3.16.

Assume case C1B) (resp. case C1C)) occurs, then we have —2y = x = 2r
(resp. —y = x =r+1) and z = 0. In this case, we note a,1 + Tar = E;:1j€,j
(resp. Ser + Z;: jej where e, = 2a,_1 — 2a, is even). If &, > 0, then we have

r(r+1 r—1)r

~(yars1 +aar) > —yr > Mg =0 - LS00 = |RE| - |RE| > |RE|-|REURE] 1f
g, = 0, then there exists such an exception k with 2 < k <r—1 (resp. 1 <k <r-—1).
(For case C1B), each positive root in R; is of the form v = e + Z;ZQ bja; where
e =0or 1. If £k =1, it would imply that A = Ap is the Peterson-Woodward lifting of
Ap, contradicting with the hypothesis.) Consequently, we have |R}| — |R; U R;| =

+ + + + _ .2 _ (r=1) (k—1)k 2
e |RPAP\{(’I¢}| + |RPAF~>\{%}| ==t - (P A -k +
(B b DOk — g - B ke = —(yayy + 2a,).

Assume case C2) occurs, then we have —2y = x = 2(r — 1) and z = 0. Note

r

ars1 + gar = ger + 21 + Z;;fjej, and &, — &,_1 = 2a,_1 — 2a, = 0(
mod 2). If &, > 0, then —(ya, 1 +za,) > (r—1)(5e, + 526,21+ 0) > (r—1)2 >
2l — |Rf| - |RE| > |Rp| — [R5 URE| If e = 0, then there exists such
an exception k with 2 < k < r — 2 (since A # Ag). Consequently, we have
|RE| — |R}; U R;| =kr — @ <k(r—-1)=—(yar4+1 + za,).

For the remaining cases, the arguments are all similar, and the details will be
given in section 5.1. (|

Proof of Proposition 3.3 (1). Since QH*(G/B) is an S-filtered algebra, we have
g (aae®) < g (c¥') + 9T[1,r] (c¥") = 0 if N;’f:i,/ # 0. Due to Lemma 3.14,
it is sufficient to show grp,j(gac™) < O whenever both N;'f:i,/ # 0 and gyo¥ €
Ya,a,(QH*(G/P))\ Ya,a,(QH*(G/P)) hold. For the latter hypothesis, we only
need to check that either of the following holds: (a) grpi,(gac™) = 0, A # Ap;
(b) gripm(arc®) = 0, A = A, w # wiywpwps where w; is the minimal length
representative of the coset wWp. If (b) holds, then it is done by Corollary 3.16
(2). Write w = wyws where w; € W and wy € Wp. By Proposition 3.15 (1), we
conclude wa(a) € RT whenever a« € Ap = {f € Ap | (8,\) = 0}. Thus w; € ngs.
Hence, gri,j(0?) = [Inv(wz) N (Rp \ Rf)le, < [(Rp \ Rf) N (Rp\ Rp)le, =

(|RS| — \R;g U R;\)er. Thus if (a) holds, then the statement follows as well, by
noting gry.,1(gao") = grier(@x) + g7 (0*?) and using Lemma 3.17. O

3.3. Proof of Proposition 3.3 (2). The statement to prove is a direct conse-
quence of the next proposition.

Proposition 3.18. Let u € Wp and v € WF. In QH*(G/B), we have
o’ xo" =" + Z buw Agro "
w,A

with gr(gao™) < gr(c”) whenever by, » # 0.

Remark 3.19. Proposition 3.18 here extends Proposition 3.23 of [16] in the case
of parabolic subgroups P such that Ap is not of type A. In Proposition 3.23 of
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[16], the same property for oV x o% was discussed, under the assumptions that Ap
is of type A, s; € Wp and v € WF. By modifying the proof therein slightly, the
assumption “v € W7 could be generalized to “v € W with griz.g(v) < je;”.

Proof of Proposition 3.3 (2). This follows immediately from Proposition 3.18:

U1 (qap %P 07) = qrp 0P Wr =g+ 0% % 0P = W (qay) * Upgr (0).
(]

To show Proposition 3.18, we prove some lemmas first.

Lemma 3.20. Let v € WP and w € Wp. Take any w € W and X\ € Q" satisfying
gr(gro™) = gr(c®) 4+ gr(c®). If X is a virtual null coroot, then we have

N {1, if (w,3) = (v, 0)

v 0, otherwise
Proof. Write w = wjws where wy € WP and wy € Wp. Take a reduced ex-
pression wy = s;, ---s;, (i.e., f(wg) = m). Since v € WF and A is a virtual
null coroot, we have sgn,(v) = 0 = (a, ) for all « € Ap. Note a;; € Ap and
sgn,, (wisi, ---s;;) = 1 for all 1 < j < m. Applying the tuple (u,v,w,\,a) of

J
Proposition 3.15 (2) to the case (us;,, -5, ,,V8i,, W1Si, - 8i;, A+ ozivj,ozij), we

W1SiqSip A WIS tSip_ A _
haVe N'U7usim"'3ij+1 = U7usirm,"'3'ij+15ij lf E(uslm e sij+18ij) = é(uslm . sij+1) — ]_7
. A . _
or 0 otherwise. Hence, we have N*:* = N""™ _if f(u-wy ) = £(u) — £(ws), or 0
’ v,u [IRTRTN 2 ’

otherwise. Note £(u) = |gr(u)| = |grp . (u) + gri (V)] = |grpyg(w)| = |gr(ws)] =
{(ws). When £(u - wy ') = 0, we have u - w, * =id, and consequently qu”?il(f‘ =1if
(w1, A) = (v,0), or 0 otherwise. Thus the statement follows. O

Recall Ag = {ay, -+, r—1}, whose Dynkin diagram is of type A,_;. It is easy
to see the next combinatorial fact (see e.g. Lemma 2.8 and Remark 2.9 of [17]).

Lemma 3.21. Let A € QY be a nonzero effective coroot, i.e., A=Y 1  a;a¥ #0
satisfies a; > 0 for all i. Then there exists & € A such that {a, \) > 0. Furthermore
ifa; =0 fori=r,r+1,--- n, and if there exists only one such «, then {a, ) > 1.

Lemma 3.22. Let A € QV, and Ag be the Peterson-Woodward lifting of X\ + Q}.
If \ is the Peterson- Woodward lifting of A\ + QVP, then either A — Ap or Ap — A\ is

effective. Furthermore if A — Ap = Z;Zl cjoz}’ £ 0, then the coefficient ¢, # 0.

Proof. If follows from the definition of a Peterson-Woodward lifting that (o, A\g) = 0
(resp. (o, A) = 0) for all @« € Ap (resp. Ap) with at most one exception, and if such
exception ay, (resp. ay) exists, then (a, A\g) = —1 (resp. (ay, \) = 1). When there
does not exist such exception, we denote k = k' = n + 1 for notation conventions.

We may assume (., A\—Ag) > 0 (otherwise we consider A\g —\). Then A—\p €
Q) is given by the difference between a dominate coweights and a fundamental
coweight in AY,. Therefore it is well known that A — A\p is either a nonpositive
combination or a nonnegative combination of oy, --,«ay. (For instance, we can
prove this by direct calculations using Table 1 of [11]).

Now we assume ¢; > 0 for all j (otherwise we consider Ag—\). Since (a;, A—Ag),
i = 1,---,r — 1, are all nonpositive with at most an exception of value 1, we
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conclude ¢, > 0. Otherwise, it would make a contradiction with the second half of
the statement of Lemma 3.21. ([l

Recall that 9Ap denotes the set of simple roots in A \ Ap which are adjacent
to AP.

Lemma 3.23. Let v € WP u € Wp and w € W. Let A € QV be effective, and
Ap be the Peterson-Woodward lifting of X+ QY. If X\ — Ap = 22:1 cjaf satisfies
cr <0 and ¢; <0 for all j, then N¥;» =0.

Proof. Let a € A\ (Ap UAAp). Then sgn,(u) =0 and vs, € WP, If (o, \) > 0,
then the coefficient of ¥ in A must be positive. By Proposition (1), we have NZ;"’;[\ =
0 unless sgn,, (v) = (a, A\) = 1 —sgn, (w) = 1. Furthermore when this holds, we have
Ny = N&i@jﬁ‘"v by Proposition 3.15 (2). Clearly, \—Ap = (A—a¥)—(A—a")p.
Therefore by induction, we can assume (a, A\) <0 for all « € A\ (Ap UJAp).

The boundary OAp consists one or two nodes. We assume 0Ap = {a;41} first.
Then by Lemma 3.21, we have (a1, Ag) > 1.

Assume that «, is adjacent to 11, which happens in cases C5), C7) with r = 7,
C9) with r = 3, and C10). Then (a,41,\) = (@41, AB) + ¢ {11, @) > 2. Since
sgn,, ., (u) =0, we have N¥:} = 0 by Proposition 3.15 (1).

Assume that «; is adjacent to a,+1. This happens in cases C1B), C1C), C2)
and C4). If Ap is of the form app + o,y + 377 5 a;a), then by the hypotheses
(aj, Ag) <0 for all j > r + 2, and the precise description of up in Table 3, we can
easily conclude that (o411, Ap — ;1) > 0. Hence, we obtain N]f,’;;\ = 0 again by
the same arguments above. If Ap is not of the aforementioned form, then Ag is the
combination of a virtual null coroot and a non-simple coroot in Table 3 (or zero
coroot). Such Ap satisfies (a;, Ag) = 0 for all 1 < ¢ < r,, where «,, is the simple
root adjacent to a,. Let m be the minimum of the set {i | 1 < i < 74, ¢,41 < 0}
if nonempty, or m := r, otherwise. Then (v, \) = (@, > ., c;aY) > 0. Since
sgn,, (v) =0, N2} = 0 unless sgn,, (u) = (am,\) =1 —sgn, (w) =1. When
this holds, we have N*;» = Nf,”)i;"j,jl)‘_am with us,, € Wp and A\ — ), = Ap+(—1)-
)+ Z;Zl cja, by Proposition 3.15. Hence, by reduction, we can assume ¢; < 0.
Consequently, we have (o,41,A) > 2, and then obtain N;* = 0.

Now we assume 0Ap = {a,41,ar42}. That is, case C7) with 4 < r < 6, or
case C9) with r = 2 occurs. If (a,11,Ag) > 0, then we are done by the same
arguments as above, since a,. is adjacent to a;/ﬂ and ¢, < 0. If {a,41,Ap) <0,
then (ay42,Ap) > 0. If Apg = 7 + o)/, with 7 a virtual null coroot, then we
conclude (a,42,7) > 0. (For instance when case 7) with »r = 6 occurs, we have
T = a,ug) + bu(BQ), where ug),ﬂg) denote the corresponding two coroots in Table
3, and a,b > 0. We have (a7, A\g) =a—b <0 and (as,Ag) =2b—a+2 > 0. This
implies 2b — a > 0. The arguments for the remaining cases are similar.) If A\p is
not of the aforementioned form, then by Table 4 we conclude that («;, Ag) = 0 for
all 1 < ¢ < r,, where ., is the simple root of Ap adjacent to a,. Therefore, we
are done by the same arguments as above. O

Proof of Proposition 3.18. Since QH*(G/B) is an S-filtered algebra, by Lemma
3.20, we have

’
O'U*Uu:Uvu+ E N,Z;f;j\Q)\Uw‘f' E bw/’/\/q)\/o'w.
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Here gr(gyo®’) < gr(c®) + gr(c™). The first summation is over those gxo® satis-
fying both

(i) A= Zn . ajor is not a virtual null coroot, where a; > 0 for all j,
J:
and (ii) gr(gxo™) = gr(o?) + gr(c™). The hypothesis (ii) is equivalent to
(i) grp,n(9r0®) = grpn (o),
following from the dimension constraint of Gromov-Witten invariants N{;f;f‘ (see
also Lemma 3.11 of [16]) and the assumption that v € W7,

By Proposition 3.13 (1), we conclude that elements in the first summation also
satisfy

(iii) o¥gx = Yan, (q;\ﬁ) where 5\15 =+ QIV5.

Therefore, it suffices to show N 1’;‘ = 0 whenever all (i), (ii)’ and (iii) hold.

Let A denote the Peterson-Woodward lifting of A + Q). By Lemma 3.22, the
coefficients ¢; of A — Ap = Z;:1 cja;-/ are all nonpositive or all nonnegative, and
¢r # 0 due to (i). If ¢, < 0, then we are done by Lemma 3.23. Therefore we assume
¢y > 0 in the following.

Since all ¢; > 0, we write A = Ap+>.'_, Y. Theset Apr = {a € Ap | (a,\g) =
0} coincides with either Ap or Ap\{«ax} for a unique ay, € Ap with (o, Ag) = —1.
Therefore we can further assume that 8; € Ap, i = 1,2,--- ,t, satisfy (3;, Ag) +
(Bj,>i—; BY) > 0 for all 1 < j < t. (This can be done: if (a, A — Ag) > 0 holds
for some « in Ap distinct from «y, then we simply choose 51 = «. If not, then
a = ay, and the coefficient of aj in the highest root of the root subsystem Rp is
equal to 1. Hence we conclude (a, A — Ag) > 2.)

Since v € WF, sgn,(v) = 0 for all @ € Ap. For each 1 < j < ¢, we

sg. L AB+ 27,5\/
have N:,)ii;l.fiijil BEis P 0 unless Uusg, -~ sp,) = Llusg, ---s3,_,) — 1,

E(wsﬁl to Sﬁ_;’) = f(Ungl T Sﬁj—l) +1 and <Bj’ /\B> + <Bj’ ZE:j 62\/> =1 all hold, by
Proposition 3.15 (1). Furthermore when all these hypotheses hold, we have
wsgy Sa,_ AB+ I BY wsgy 8p; 186, ABTimjiq B
Ny L B
by applying the tuple (u, v, w, \, ) of Proposition 3.15 (2) to the tuple
(Usp, ==+ 8p;_,,VSB;,WSB, *~Sp,_,58,, AB + Zgzj J\/, B;). Denote u' := usg, - - sg,.
Combining all these, we have

WSB, SB, »AB
Nw;>\ =N 1 t
v,u

v,u’

if all the hypotheses (1) hold:
— A t Vy S
g(wsli "'5,@1,) - E(w) +t7£(u ) = é(u) -, <Bj’)‘B> + <5j7 E :51 > =Lj=1--.,t
—

or 0 otherwise. In particular if Ag = 0, then we are done since the hypotheses on
the step j7 =t cannot hold.

It suffices to show N;ljil,almsﬁ“’\’g = 0 under the hypotheses (1) and Ap # 0. If

{(u') = 0, then v’ = id, and we are done. Assume £(u’) > 0 now. For any n € QY,
we have |gr1 .1(qy)| = lg7(g,)| = (2p,n), following from the definition. Due to (ii)’,

g7 (W) + g7 (@xs) ] + 28 = |grpm(aac™)| = [grp .y (w)] = £(u).
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By Proposition 3.1, —|gr1,1(qxz)| = |97, (wpwp:)| = L(wpwp:) = |RE| — |RE|.
Combining both, we have

lgrin (wsp, - sp,)] = lgri(w)| +t = 0(u') = |grum ()] = (') + [RE| = |RE .

Thus there is & € Aps such that sgn, (wsg, - - - sp,) = 1 (otherwise, wsg, - - - sg, () €

R for all @ € Ap/, which would imply |grp .(wsg, - sg,)| < |RE|— |RE|). Since
v € WP sgn,(v) = 0. By Proposition 3.15 (1), we have N:Zfﬁlmsﬂ“’\B =0 un-
less sgn,, (u') = 1, i.e., (u'sy) = £(u') — 1. Furthermore when this holds, we have
NEZ’,BIWS’}“)\B = N:Zéé;usﬁisa’)\}z (by applying the tuple (u,v,w,\, @) of Proposi-
tion 3.15 (2) to (vsa,u',wsp, -+ 88,54, A5 + ¥, a)). By induction, we conclude
Nwsgl---55t,AB

v,u’

u'™t) = L(wsg, -+~ sp,) —
¢(v') hold. Furthermore when both hypotheses hold, we have NS seoAn

v,u’

= 0 unless both v’ € Wps and l(wsg, - - - sg

t

NPz TS g gince A # 0. m
3.4. Proof of Proposition 3.3 (3). The statement tells us that the elements
U, 11(gxp) in Gr(};H) do behave like monomials. Due to Lemma 3.11, it suffices to
show those ¢yo" behave like the non-identity elements of the finite abelian group
(QY/Q})/L as in Table 4. For any one of the cases C1B), C1C), C2) and C9),
we use the first virtual null coroot pp in Table 3 and the unique element gy o in
Table 4. Namely for the only exceptional case when C9) with r = 2 occurs, there
are two virtual null coroots, and we will use the one pp = 2a +2ay + . For any
one of these cases, we only need to use check one quantum multiplication as in the
next proposition, which we assume first. The remaining cases require verifications
of more quantum multiplications, which will be discussed in section 5.3.

Proposition 3.24. Assume C1B), C2) or C9) occurs. In QH*(G/B), we have
I * AT = Gy + D by g™

with gr(qn o) < gr(qu,) whenever by x # 0.

Proof of Proposition 3.3 (3). Let qxp, qwr, € QH*(G/P). If case C1C') occurs, then
we note wA,Ap (QNP)*'(/)A,AP (QN;D) = Gxp*qrly = Qrp+rly = '(/)A,Ap (inp-i-n’P)- There-
fore, Wy 1(qip) * ¥rt1(qns,) = Vrt1(gupiny,). Assume that case C1B), C9) or C2)
occurs now. If either kp or x» is a virtual null coroot, then we are done, by
using Lemma 3.11. Otherwise, by Proposition 3.9 we have kp = 7p + Ap and
k> = Tp + Ap for some virtual null coroots 7p,7p, and consequently kp + kp =
p + 7p + (1B + Q%). Here pup and ¥a an(qr,) = gro" are given in Table 3
and Table 4 respectively. Hence, we have U, 11(¢up) = Uri1(grp) * Yrp1(gn,)
and W,11(qw;,) = Yrt1(gry,) * Yrr1(grp), by Lemma 3.11. Using Proposition
3.24, we have W, 11(qxnp) * Yrg1(qrp) = 0% x qx0% = G- Hence, we have
i1 (grp) * Yri1(Qey,) = Trg * G * Qup = Trptrptnn = Yrs1(Gepsry,) For
the remaining cases in Table 1, the statements follows from the arguments given in
section 5.2. Thus we are done. (]

Now we prepare some lemmas in order to prove Proposition 3.24. The reduced
expressions of the longest element wp in Wp are not unique. There is a conceptual
approach to construct wp of the form w? whenever h is even (see e.g. Chapter 3
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of [13]). Here h denotes the Coxeter number of Wp, and it is equal to 2r (resp.
2r — 2) for Ap of type B, (resp. D,). The next lemma provides a special choice of
the above w € Wp.

h
2

Lemma 3.25. For Ap of type B, or D,., (s1---8;)
longest element wp.

s a reduced expression of the

Proof. Tt is easy to check that the given element maps all simple roots in Ap
to negative roots, and note (wp) = r? (resp. r(r —1)). Thus the statement
follows. O

Recall that for u in Table 4, @ denotes the minimal length representative of ulW 5.

Lemma 3.26. Let v = sg, ---s3, € Wp be a reduced expression. Assume C1B),
C2) or C9) occurs, then = < v if and only if there exists a subsequence [iy, - - - ,i%}

Of[l, 7p] such that [67:17"' VBZ-E:I = [araa%_lf" ,042,041].
2

Proof. Note £(a1) = % It is a general fact that @~ ! < v if and only if there exists
a subsequence [iq, - - ,i%] of [1,---,p] such that a~! = sg, -+ 8g;, . Since the

2
1= Sp8n_q -+ - 5281 are distinct, we conclude that the two
2

simple reflections in 4~

sets {ar,a%_l, <o+ yag,01) and {5, -+, B;, } coincide with each other. Then the
2

coincidence of the corresponding two ordered sequences follows immediately from

the obvious observation that SrSh_ycrSjt18] (a;) € —RT for all j. 0

The next well-known fact works for arbitrary Ap (see e.g. Theorem 3.17 (iv) of
[2]%).
Lemma 3.27. Let w,v € Wp. Ifw™! L v=twp, then o Uc? =0 in H*(P/B).
Corollary 3.28. For case C1B), C2) or C9), we have % Uc% =0 in H*(P/B).

Proof. By Lemma 3.25, @ lwp is equal to (sysy---s,) ! if case C1B) or C9)
occurs, or equal to s,_1(s182 - 8,) 2 if case C2) occurs (since s,8,_1 = 8,_15).

Clearly, there does not exist a subsequence [iq, - - - ,i%] satisfying [y, - ,q;, ] =
2

[, an 4, ,a2,a1]. Thus @' € 4 'wp by Lemma 3.26. Hence, the statement

follows from Lemma 3.27. (Il

Proof of Proposition 3.24. Due to the filtered algebra structure of QH*(G/B), we
have gxo® x qro™ = 2, Nyilgniono™ + S b vgn o™, where gr(gyiono®) =
2¢gr(gro*) and g?”(qx(fw/) < 2gr(gro™). Since gryy1,41(c") = 0, we conclude
w € Wp and n = Y_; bja; where b; > 0. Note grp.,i(¢-) = he, by Table
2. Write w = wywse where wy € W}f and we € Wp. Using gTirr]; We conclude
{(wy) + boh = h. If b, = 0, then gr(g,0"?) = grp r—11(q0*"?) = 2g771,r—1)(u) =
22:;11 e, = gr(qio¥—1""?) where v; := s;_15; for each 2 < j < r —1. Thus we
have ¢,0"? = q1o"7~1"""> by Lemma 3.12. In Grﬁ(QH*(G/B)), we have g% * g% =
Nyilqrowivr—1v1 + other terms. On the other hand, by Proposition 3.13, we

have 0% x g% = (g% % gor—1751)% = (Ng‘jgoo—m + term 1)  (term 2). Here term 1

2The Schubert cohomology classes oV are denoted as P,—1 in [2].
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is a nonnegative combination of the form 1/’A,A,s(qn;50wi) with either 7% # 0 or

wy # wi € WP and term 2 is a combination of elements gvo” with (W' \") €
Wp x Q. Hence, Ny # 0 only if N}Z%’O # 0, the latter of which is the coefficient
of o™ in 0% Uc" € H*(G/B) C QH*(G/B). 1t is a general fact (following from
the surjection H*(G/B) — H*(P/B)) that Ngjgo coincides with the coefficient of
oWt in 0% Uo® € H*(P/B), and therefore it is equal to 0 by Corollary 3.28. Thus
N = 0 whenever b, = 0. It remains to deal with the case b, = 1. By Lemma
3.172, there is exactly one such term, which turns out to be ¢,0" = q,;—2x. Thus it
suffices to show NL‘?{L/LB—” = 1. Using Proposition 3.15 (2) repeatedly, we conclude
the followings.

(1) If case C1B) or C9) occurs, then n = ug — 2A = o,/ + 221 L o, and we

have
Nld M NS 181 e, @r—1Gr _ ATS1Sr—18178r—28r, Qo1 £yS1TSp—187818p—2,0
U, USy—1 - 81°°8r—1,81"""SrSr—1 - 81°+°8pr—2,581"""Sp .

(2) If C2) occurs, then n = pup — 2\ =« + o, 1—+—22:z L o, and we have

Nld M NSLTSr—281Sr—3,@r—2r—1qr _ £\JS1Sr—281 1 Sr—a8rSr—1,0r—2 _ N‘sl"'s'r'sl"'s'r—B;O
USp—1,USr—185r—2 T Vs 8p 0, USr_18r—2 — 4V¥8y1+8p_3,81"Sp

. _ 1,1 0 .
Namely, we always have Nid #5222 = NV % 0 with u" = s1-+-su_, € Wpr and
E ) 2

v =815, € V[/P”7 where Apr = {ay,- - ,a%_z}. Thus it is equal to 1 by
Lemma 3.20. g

4. CONCLUSIONS FOR GENERAL Ap

In this section, we allow P/B to be reducible, namely the Dynkin diagram
Dyn(Ap) could be disconnected. We will first show the coincidence between the
grading map gr defined in section 2.2 and the one introduced in [16]. Then we will
refine the statement of Theorem 5.2 of [16], and will sketch the proof of it.

Whenever referring to the subset Ap = {ay, -+, a,}, in fact, we have already
given an ordering on the r simple roots in Ap, in terms of a;’s. As we can see
in Definition 2.7, the grading map gr : W x QY — Z"*! depends only on such an
ordering of o;’s in A p, which has nothing to do with the connectedness of Dyn(Ap).
Therefore we can use the same definition even if Dyn(Ap) is disconnected. We want
to show gr coincides with the grading map given by Definition 2.8 (resp. 5.1) of
[16] when Dyn(Ap) is connected (resp. disconnected).

Recall Ag :=0,A,41 := A, Aj := {aq, -+ ,a;} for 1 < i < r, and Pj := Pa,
for all j. Denote p; := %ZBGR;% B where pg := 0. Then for any A € QV, we have

gr(id, \) = Y771 (2p; — 2p;j_1, A)e; by Definition 2.7.
Lemma 4.1. For any a € Aj, we have griji1,41)(id, @") = 0 and |gr(id, o¥)| = 2.

Proof. 1t is well-known that pj equals the sum of fundamental weights in the root
subsystem Rp,. That is, we have (pg,a¥) =1 for any a € Ay. Hence, for j < k <
7+ 1, we have |grp (1d av)| = Zf=1(2pl- —2p;i_1,aY) = (2pk, V) = 2. Thus if
i> 7, then |gr[z,l] (ld & )| - |gr[1,z] (id7av)| - |gT [1,0—1] (idvav)l =2-2=0. g

By abuse of notation, we still denote by (NI the injective map Q/JAJH,A
I/ij+1 X QP i QY p, — WX Q" induced from the Peterson-Woodward comparison
formula. We recall Definition 2.8 of [16] as follows.
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Definition 4.2. Define a grading map gr' : W x Q¥ — Z"! associated to Ap =
(a1, , ;) as follows.
(1) For w € W, we take its (unique) decomposition w = vyiq1---v1 where
v; € ngj_l. Then we define gr'(w,0) :Z:;l L(v;)e;.
(2) For a € A, we can define all gr'(id, o) recursively in the following way.
Define gr'(id, oy ) = 2e1; for any o € Aj11 \ Aj, we define

gr'(id, ") = (L(wp, wp, —|—2—|—Z 2a;)ej11—gr' (wp, wpr,0)— ZZZI a;gr' (id, o),

where wp;wp! and a;’s are deﬁned by the image Ya, ., A, (id, o + legj) =

J
(wp,wpr, @'+ 37 aior).
=1

(3) In general, we define gr'(w,> r_, b)) = gr'(w,0) + > p_; brgr’(id, o).
One of the main results of [16], i.e., Proposition 2.1, tells us that the grading gr’
respects the quantum multiplication. Precisely for any Schubert classes %, c? of
QH*(G/B), if gxo™ occurs in the quantum multiplication ¢* x ¥, then
gr’ (w,\) < gr'(u,0) + gr'(v,0).
Proposition 4.3. If Dyn(Ap) is connected, then gr = gr'.
Proof. While it is a general fact that gr|y 0y = 97'/|W><{0}, we illustrate a little bit
details here. For each j, v;---v1 € Wp, preserves Rp,, and vy y1v, -+ vj41 € WFi
maps R;j (resp. ij;j) to RT (resp. —RT). Thus for any 8 € R;j, w(B) €
—R™T if and only if v;---v1(B) € —R;j C —R™". That is, we have {(v;---v1) =
Inv(vj---v1)| = [Inv(w) N R;j|. Hence, {(vj) = L(vj---v1) — L(vj_1---v1) =
Tuv(w) (R}, | — |nv(w) 0 B, | = [Iav(w) 0 (RS \ B, )l

Pj_1

Note Ay = {a1} and gr(id, o)) = 2e; (by Lemma 4. 1). Assume the statement
follows for simple roots in Ay. For a € Apyy \ A, say Ya, ., 01d, oY + QX,}C) =

(wp,wpy, A) where \ = ozv—&—zz 1 aio . Then gri, 4 (id, o V)= =97y (WP, wpy, 0)—
k k
>iz1 azQT[Lk] (id, o) = _97‘[17@ (kang,O) = Dic1Gi Ej:1<2pj —2pj_1,0) )e; =
—grka] (wpkwpé,())—&—gr[l,k] (id, oev)—Zf:l(ij—ij_l, A)e;. Note (v, ) € {0,, -1}
for any v € R}, , and Ap; ={B € Ay | (B,A\) = 0}. Thus we have (y,)) = —1if
v € R}, \RP, ,orQif~y e RJ:;. Hence, for any 1 < i < k, we have —(2p;—2p;_1,\) =
S SRR > (A = - > -1 = |(BE, \
YERL\RL, | YERENRE, ) N(RE\RL,) vE(BREN\RE, ) N(Rp\RL,)
Rp, )N \RE)| = [(RE\RS, ) (iv(wp,ur,)
grie(d, o) = gy p(d,a V). Thus we have gr(id,a") = gr'(id, "), by noting

9T er2,r41)(1d, @) = O = 910,41 (d, @) and |gr(id,a”)| = 2 = [gr'(id, )]
Hence, the statement follows by induction on k. O

= |97, (wp,wpy, 0)]. Hence,

When Dyn(Ap) is not connected, we use the same ordering on Ap as in sec-
tion 5 of [16]. Namely, we write Ap = | [;"; A®) such that each Dyn(A)
is a connected component of Dyn(Ap). Clearly, A®)s are all of A-type with
at most one exception, say A(™) if it exists. We fix a canonical order on Ap.
Namely, we say Ap = (AM ... AM™) = (ay,---,q,) such that for each k,
AR = Lag 1, o, } satisfying (1) if A®) is of A-type, then Dyn(A®)) is
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given by ak:z' ' ar.,, together with the same way of denoting an ending point

(by agi or ag,,) as in section 2.4 of [16]; (2) if A% is not of A-type, then
Dyn(A®) is given in the way of Table 1. We also denote the standard basis
of Z't" as {e11, " ,€1.0y, " y€m1, * y€mr, s €m+1.1}. In order words, we have
ki = € s k1, and ag; = Qs kot in terms of our previous notations of e;’s
and «;’s respectively.

Using Definition 4.2 (resp. 2.7) with respect to A®*), we obtain a grading map

rr+1
gl W x Q¥ — 1z ="

(resp. grgy : W x Q¥ — Zm+H = D Zey.;). Note Wp = Wy X --- x Wy,
where each W}, is the Weyl subgroup generated by simple reflections from A®*). In
particular for any (w, \) € Wi x (B, cam Za¥) C W x QY, we have grzk)(w, NES
@:k: 1 Zey; — 771 which we treat as an element of Z"*! via the natural inclusion.
Now we recall Definition 5.1 of [16] for general Ap as follows.

Zey, ;
i=1 ki

Definition 4.4. We define a grading map as follows, say again gr' : W x QV —
Z™t1 by abuse of notation.
(1) Write w = U1V -+ - v1 (uniquely), in which (v, , Vm, Unmt1) € W1 X
X Wi x WP Then gr'(w,0) := £(vins1)@m+1,1 + 2=y 973 (v, 0).
(2) For each ay; € AW gr'(id, qavﬂv) = grzk)(id, Gay ). Fora € A\ Ap, we

m Tk
write Ya,ap(Gav+qy) = Wpwp gav |1 H q v and then define
k=11i=
m Tk m
gr'(id,a") = (ﬁ(wpwpf —&—2—}—222@“ emi11—gr (wpwpr, ZZak igr' (id, a,m)
k=11i=1 k=11:=1

(3) In general, gr'(w, > en ba) := gr'(w,0) + > ca bagr’ (id, V).

By abuse of notation, we denote 75 for both of the natural projections

m—+1 Tj

Zrtt = @Z—fl Zey,; — @::1 Zey; and Z't'= @ @Ze] i @Zek -

j=1 i=1
Lemma 4.5. For 1 <k < m, we have w0 gr = mpogry and mogr' = m, ogrzk).

Proof. Tt follows immediately from the definition that m o gr'(w,a") = 7 o
grig(w,a’) for (w,a¥) € W x A® . For B € AP where k # k, we note
(o, 8Y) = 0. Thus Y am (g8 +Qy X )) = qpv; furthermore if YA Ap(¢,v1Qy) =
m
WpWpr oy k]_[l ]:[ q _ Where v € A\Ap, then Pp A (¢yv1qy, (k)) = WpW Gy 1—[ qak ‘
with wpwp, given by the Wi-component of wpwp/, implying mj o gr (waP/) =
7k o gr' (wpwps). Thus we have grék)(id,ﬁv) = 2€g 1o 4+1, Tk 0 gr'(id, BY) = 7 0
r'%)(id, BY) =0 =m0 grék)(id,ﬁv), and consequently my o gr’'(id,vyY) = my o
g7y (id, ~V). Hence, 7 o gr’ = mj o 97 (k-
Due to our notation conventions, we have e; = ey, ; for j = i+Zf_1l r¢. Thus w0
gr = T o gry) follows immediately, by noting R;j = R;SA(M L] ( kol R;S (k)) (]
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Proof of Theorem 2.8. For each 1 < k < m, we have gr) = grzk) by Proposition
4.3. Thus 7y o gr = 7 o gr' by Lemma 4.5. That is, we have gr;,) = grfLT].
Note |gr(w,0)] = |gr'(w,0)] = £(w) and [gr(id,a")| = |gr'(id,a")| = 2 for any
a € A. Thus we have |gr(w, \)| = |gr’(w, \)| for any (w,\) € W x QY. Hence, the
statement follows. O

For general Ap, the subset {gr(w,\) | gxo¥ € QH*(G/B)} of Z"!, denoted
as S by abuse of notation, turns out again to be a totally-ordered sub-semigroup
of Z™1. (The proof is similar to the one for Lemma 2.12 of [16] in the case
when Dyn(Ap) is connected.) In the same way as in section 2.2, we obtain an
S-family of subspaces of QH*(G/B); it naturally extends to a Z"*!-family, and
induces graded vector subspaces. Namely, by abuse of notation, we have F = {F,}
with F, := @gr(w,A)ga Qqro®; GrP (QH*(G/B)) := Daczrit Gr], where Gr] =
Fa/ Y pcaFo; foreach 1 < j <r+1, G?“(];.) =Pz Grij. In addition, we denote

7:= b Qqro® € QH*(G/B)
grirt1,r1] (w,2) >0
and
A= Yan,(QH*(G/P))© J where J:=F .
For each 1 < j < r, X; := P;/P;_; is a Grassmannian (possibly of general type),
and the quantum cohomology QH*(X) is therefore isomorphic to H*(X,) ® Q[t;]
as vector spaces. Note X1 := P.4+1/P. = G/P.
Now we can restate Theorem 1.1 in the introduction more precisely as follows.
Theorem 4.6.

(1) QH*(G/B) has an S-filtered algebra structure with filtration F, which nat-
urally extends to a Z"'-filtered algebra structure on QH*(G/B).
(2) T is an ideal of QH*(G/B), and there is a canonical algebra isomorphism
QH*(G/B)/T = QH*(P/B).
(3) A is a subalgebra of QH*(G/B) and J is an ideal of A. Furthermore, there
is a canonical algebra isomorphism (induced by Ya ap)
QH*(G/P)= A/J.

(4) There is a canonical isomorphism of Z" X Z>o-graded algebras:
GrP(QH (G/B)ar - a. ') — (QQH(X))[t;']) @ Griy-
j=1

There is also an injective morphism of graded algebras:
Vi1 : QHY(G/P) = Griyy,
well defined by qrp 0™ — Ya ap(@rpo®). Furthermore, U,y is an isomor-
phism if and only if either (a) A®)’s are all of A-type or (b) the only
exception A is of By-type with o, being a short simple root.
Remark 4.7. Say a; € AR e, j= i—{—zlg;i rp for some 1 < i < ri. Whenever
(k,i) # (m, 7)), we have X; = P, If A = {a, 1,0,} is of type By and o is a

short simple root, then we have X,_1 = P! and X, =2 P3. In other words, ¥, 1 is
an isomorphism if and only if all X; (1 < j <r) are projective spaces.
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(Sketch) Proof of Theorem 4.6. The quantum cohomology ring QH*(G/B) is gen-
erated by the divisor Schubert classes {o®!, .- ,0°}. The well-known quantum
Chevalley formula (see [10]) tells us o%x0* =37 _(w;, 7)o" +3°_ (wi, 7 )gyv o>
where uw € W is arbitrary, and {wy,--- ,w,} denote the fundamental weights.

To show (1), it suffices to use induction on £(u) and the positivity of Gromov-
Witten invariants N;‘f;f‘, together with the Key Lemma of [16] for general Ap.
Namely, we need to show gr(us,,0) < gr(u,0) + gr(s;,0) (resp. gr(us,,v") <
gr(u,0)+gr(s;,0)) whenever the corresponding coefficient (w;,v") # 0. Under this
hypothesis, the expected inequality will hold if we replace “gr” by “gr()”, due to
the Key Lemma of [16] which works for any A®*). Therein the proof of the Key
Lemma is most complicated part of the paper. We used the notion of virtual null
coroot to do some reductions, but still had to do a big case by case analysis. Hence,
the expected inequality holds if we replace “gr” by “mg o gr” (for any 1 < k <m),
due to Lemma 4.5. That is, it holds when we replace “gr” by “gr(;,;”. Thus the
expected inequality holds by noting that |gr(us.,0)| (resp. |gr(us,,v)|) is equal
to |gr(u,0)| + |gr(s;, 0)].

The proof of (2) is exactly the same as the proof of Theorem 1.3 in [16]. The
quotient P/B is again a complete flag variety, and therefore teh quantum coho-
mology QH(P/B) is generated by the special Schubert classes o%, ¢ = 1,--- | r.
The prove is done by showing that QH*(G/B)/Z is generated by o5, i =1,--- ,r,
respecting the same quantum Chevalley formula.

Statement (3) is in fact a consequence of (4).

The proof of (4) is similar to the above one for (1). Namely we reduce gr to
Tk © gr = Tk © grr)- LThe expected statement will hold with respect to gry, by
using either the corresponding results of [16] for A®) of type A or Theorem 2.4
when A®) is not of type A. The proof of the former case is much simpler than
the latter one, although the ideas are similar. Here we also need to use the same
observation that |gr(w,\)| = |gr(u,0)| + |gr(v,0)| whenever the Gromov-Witten
invariant N;’f;f in the quantum product ¢* x ¢¥ is nonzero. O

5. APPENDIX

5.1. Proof of Lemma 3.17 (Continued). Recalle; = —(a;,A\) > 0,5 =1,---,r.
g7(r,r) (QT) = Z€r, gTrr| (qT+1) =Yer, gTrr (QT+2) = ze;. Define (Cla T 7Cr) by

Y B=—y)
i=1

BERP \RpP,_,

which are described in Table 5 by direct calculations. Therein we recall that the
case C9) with r = 2 has been excluded from the discussion. By definition, we have

T
I (@3) = (@ar +yar1 + 2a,10)e, = (YD cje))e,.
J=1

Therefore, if &, > 0, then we have

—(zartyari1+zaris) = (_y)z cjej = (—y)epl > |R;|_|R;g| > |R;|_‘R;UR;"
j=1
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TABLE 5.
| | (ve) | (2,9, 2) | —ver [ IRRI - IR
o L= (1,2,3,2,1,2) (11, —11,0) 22 21
) r=7| (1,2,3,4,3,3,%) (14, —21,0) 49 42
2 4 6 3
C5) (313737371)
r=4 (3,1,3,1)
07) r—5 (%7 %’ g’ %’ 1) (2’/" o 2) (1—27’)7"’ 1— T) r(r2—1) r(r2—1)
1 2 4 2
L
r=7 (7777?7777;7)1)
09) r=3 %a%al) (6’ _9?0)
C10) 2,30 (4,-6,0) 6 6

If case C9) with r = 3 occurs, we are done. If —gr(,.,1(qx) = (|RS| — |RI+5 U R;Der
held, then C5) or C7) occurs and all the above inequalities are equalities. This
implies that e, =l ande; =0, =1,--- ,r—1. Therefore we have (y,\) € {0,—1}
for any v € RE, by noting that v = ea, + Z::_ll ¢;a; (where € € {0,1}) for all these
three cases. That is, A = Ap is the Peterson-Woodward lifting of Ap, contradicting
with the hypothesis. Hence, the statement follows if ¢, > 0.

Assume now &, = 0. Since A # Ap, we have €; = 0 for all a; € Ap but exactly
one exception, say «aj. In addition, we have

—(xay + Yar41 + 2ary2) = —YCRER = —YCk,

together with the property that the coefficient 6y, in the highest root 6 = >~_, 6;c;
of RJIS is not equal to 1. (Otherwise, A would be the Peterson-Woodward lifting of
Ap, contradicting with the hypothesis.) Thus if ¢, > ¢, then we have

—(wa, +yar1 + 2ar42) = —ycp > —yc, > |R;| - ‘R;‘ > |R;| - ‘R; U R;|

Here the last inequality holds since «, € R; \ RE. If ¢, < ¢, then all possible k,

together with —ycy, and the number |R}|— |R;UR;| = |Rf|— |R;| — |R;AP\{%} |+

\R;A " }\, are precisely given in Table 6 by direct calculations. In particular, we
p Mok

also have —(za, +yar41 + zar42) = —yep > |Rp| — [REURY).

5.2. Proof of Proposition 3.3 (3) (Continued). For each case, we uniformly
denote those (g, u) in Table 4 in order as (gy,,u;)’s, and denote by 4; the minimal
length representative of u; Wy as before (i.e., 4; is given by a subexpression sz, of
u; with the sequence ending with r). We also denote those virtual null coroot(s)
up in Table 3 in order as up, uo. Namely if there is a unique pup, then we denote
11 = pe = pup for convenience.

Due to Lemma 3.11 again, it suffices to show all the equalities in Table 7 hold in
Gr7 (QH*(G/B)) for the corresponding cases. Note 0% x 0% = > Ny, g o
where gr(g,o") = gr(c™) + gr(c"). Consequently, we have w € Wp, n =
22:1 bka}c/ and g(ﬂi)—i—f(ﬁj) = brlgr[r,r} (QT)|+|9T[T.,T] (0*)|. Since 0 < |gr[r,r] ()] <
\R;\ — |R;|, we have ™8 > b, > b™» > ( for certain integers ™%, p™in Write



FUNCTORIAL RELATIONSHIPS BETWEEN QH*(G/B) AND QH*(G/P), (II) 29

TABLE 6.
| [ k] —yer [ IREI - IRZURE |
2] 42 32
COIr=716T 23 27
C5) 2] 8 7
r=52| 8 7
r=62| 10 9
) 2 12 11
=TT s 15
co)[r=32] 6
C10) 1] 4

w = vwy where v € W} and wy € Wp. Once b, is given, both £(v) and (ws,n)
are fixed by the above equalities on gradings together with Lemma 3.12. There is
a unique term, say qgo®, on the right hand side of each expected identity in Table
7, where W = id, up or usz. It is easy to check that gyo™ is of expected grading
with b,.(¢) = b™2*. Thus if b.(n) = b™**, then we have n = ¥ and w = vw, with
{(v) = £(D). Here © € WE and Wy € W are given by @ = @y. In particular, we
have w = id if & = id. Hence, in order to conclude the expected equality, it suffices
to show

(

1)

N’U’J)z ,’19 —

g, Uy

1if v = v, or 0 otherwise;

(2) N = 0 whenever b™** > b,.() > b™". Similar to the proof in section
3.4, this claim follows from the next two:
(a) % Uo% =0in H*(P/B);

(b) Nk, =0 whenever b™** > b,.(n) > max{1, pminy,
TABLE 7.
’ H Equalities ;’Z’:’Z;ﬂ n
2.2 2 2
4791929349495,
CH|r=17 2.2 2.2 3 2

T T = T u;t,0 479192939195 96

ag = —2)\ .

— A iz L2 2
C7)|r=4;6 12 u1id 445 95939595
C10) a2

—— u, 1,0
e Aus—2X, u:,id

C5), CT) e mm — oo | o0 0
Ol %072 = Qr3—A\1 =10 UL Sy 82 85281,51 " Sp_1

C5) _— — _— N’U’LD2 0 @

o'l x g1 = _o), 042

C7) r=17 qro—2) Sp—1°1"81,8r—1"""51 q$q4q52)q6
_ — u; 1,0

r = oUl % g3 = Tri—>1—2s uf’,id 459344

UL L AU — uy 0
O X0 = Qui—M—Xs ug,id 469192439495

C4)| r=6 U A 08 = Or oy 002 Vbg,0 0
o g - QA272)‘10- 554362345,554362345
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To show (1), we use Proposition 3.15 (2) repeatedly. As a consequence, we
can conclude that N;’:f’ﬁf coincides with a classical intersection number given in

Table 7 as well, which is of the form either N;id’o or N%%29  The formal one

u’ v’

is equal to 1 by checking u; = u;l easily. Denote Ap := Ap \ {ax}. For the

latter one, it is easy to check that both u’,v’ are in Wg, where s, denotes the
last simple reflection in the reduced expression of wy. Thus N, ;’,w 3/,0 = (0 unless vwq
is in W}j as well. In addition, it is easy to check that £(u') + £(v") = L(vig) =
dim P/P, and that u' is the minimal length representative of Wp = wpv'Wp.
Thus u’ is dual to v’ with respect to the canonical non-degenerated bilinear form
on H*(P/P). Hence, Ng,ﬁf,’o = 1. (See e.g. section 3 of [10] for these well-known
facts.) That is, (1) follows. To illustrate the above reduction more clearly, we give
a little bit more details for N{jﬁ;’lﬁ in case C4) with » = 6. In this case, we have
Ul = $543621324365554535251 and gy = qx,—2x, = 193q3qage. Proposition 3.15 (2)
U = 5543621324365554535251 and gy = qx,—2x, = Gi¢3¢3¢ags. Using Proposition
3.15 (2), we can first deduce NY%2-Y = Ny@zs12316321.0  Denote u/ := s54362345. Note

uy,U1 U1,554362345
Ap = {a1,as,a3,a4, 06}, and v/'(a) € RT for all @ € Ap. Thus we can further
vW2S12346321,0 __ pA7vW2,0 : Vg, ¥ __ ATVS12345,0
deduce that N, =/ = Ny sirsouser - Lhat is, we have NP2 = N, -5,

Note dim P/P =36—-20=16 = Z(u?) and w = S$12346325436512345 € W}j That iS,
w is the (unique) longest element in W5. Thus N;’,S 3/345’0 = 0 unless vy = w.
Note wp = Saze21324361234123121, L(W/wp(w) 1) < 20(u) + l(wp) = 36 = |R}],
and vw'wp(u')"1(a) € —R* for all @ € Ap. Thus wp = v'wp(u’)~t. That is,
wpu' = uw'wp. Tn other words, o* is dual to itself in H*(P/P). Hence, N;‘f:g, =1.

To show (a), we note @; € W5. Thus in H*(P/B), we have Ngi}?j = 0 unless
w' e W},,S. Consequently, we have ¢% U ¢% = 0 in H*(P/B) if {(a;) + ¢(a;) >
dim P/P = |R}| — |R1§|. Hence, (a) follows immediately from either the above

inequality or the combination of Lemma 3.27 and Corollary 3.28, except for the
case when C4) with r = 7 occurs. In this exceptional case, we note £(i;) = 21 =

1 dim P/P. Hence, we have 0™ U g™ = Ng}ll’g 0¥ in H*(P/B), where w' denotes
sU1

the longest element in WIE . Equivalently, the same equality holds in H*(P/P), once

we treat the Schubert classes 0%, 0% as elements H* (P/ 15) canonically. Then we
have N 'J o' = Jipyp o™ U UG = ¥ =1if @iy = u”, or 0 otherwise.
Here u” is the minimal length representative of the coset wpt;Wps. Note @; maps
R; to R}, and wp maps R} to —R}. Hence, we have wpii; = w'wp, ie., wp =
u"wp(a1)™. By direct calculation, we have dywp () Ha1) = a1 + -+ a5 &
—R*. Thus @1 # v” and (a) follows. Note 4; < wpty = v”wp if and only if
y < u”. Since L(u”) = L(u"wp) — l(wp) = L(wply) — Lwp) = (63 —21) —21 =
21 = £(@;) and @; # u”, we can further conclude @7 € wpiy.

It remains to show (b). All the coroots n satisfying the hypothesis of (b) are

given in terms of g, in the last column of Table 7 if it exists, or “0” otherwise.

1) For case C4) with » = 7, we note sgn,(u1) = 0. If ¢, = ¢?¢1d34343 42 gs»
then we have (a7,n) = 1, and consequently N = 0 by Proposition 3.15

Uul,u1

(1). Similarly, for C4) with r = 6 we have N7 = 0 by considering sgng.

Uy, u2
2) For case C4) with r = 7 and ¢, = 7793q3q3q3q5, we can first conclude

N = NWs1zsieris2t0 by yging Proposition 3.15 (2) repeatedly. Here

U1,U1 uy,u’
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- — —

u' = u1S123474321 = S12347543654723456. Denote Ap = Ap \ {ag}, and
8 0 .

note v’ € W{. Thus we can further conclude N7 = Nj . Since

20(u') = 34 > 63 — 30 = dim P/P, we have N'°, = 0. Similarly, (b)
follows if case C7) occurs. 7

3) For case C10), we can conclude N, = NSu;;?ﬁsm' Therefore it is equal
to 0, by noting (s321) " 'wp = s3218321 # (s321) ! and using Lemma 3.27.

Hence, (b) follows.
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