APPENDIX TO THE PAPER “FUNCTORIAL RELATIONSHIPS
BETWEEN QH*(G/B) AND QH*(G/P)”

NAICHUNG CONAN LEUNG AND CHANGZHENG LI

The present note is written as the appendix to [1]. That is, we want to show
Key Lemma. Letu € W and v € RT.
b) If £(usy) = L(u) + 1 — (2p,7"), then we have gr(g,vus,) < gr(u) + gr(s;)
whenever the fundamental weight x; satisfies (x;,v") # 0.
holds for v € RT \ A when Ap is not of A-type and A is of Fy-type or E-type,
together with v satisfying the following condition:
(i) whenever 3, € A satisfies (5,,7") > 0, we have p € {0,k + 1,k +2}. In
this case, we note the constrain £(s,) = (2p,7¥) — 1 on 7.
For completeness, we include the appendix in [1] and do more explanations. We

will also recall the order (Ap, T) for each case that we need to discuss.
Recall the following lemma in section 3.5 of [1]:

Lemma 1. Letuw € W and v € RT \ Rp. Write gr(g,v) = Z;g djej. Then Key
Lemma b) holds, if either of the followings holds.
a) D1 dj < —L(wpwp), where Ap = {a € Ap | (a,7") = 0}.
b) 371 dj < [Ei1| = [E2], where Ey == {a € R} | (a,7Y) >0} and Eg := {a €
R;\Rp |a—y € R, (a,vY) > 0} with Ap := ApU{a; € A| (x4,7") # 0}.

Comments:

i) By method “(M1)”, we mean Lemma 1 a) can be used. That is, given
v € RT, we compute Z;=1 d;, Ap and consequently ¢(wpwp). For such
root we do have 377, d; < —l(wpwp).

ii) By method “(M3)”, we mean Lemma 1 b) can be used. That is, given
v € R*, we compute Z;Zl d;, |21] and |Zs|. For such root we do have
S d; < B - [l

In order to describe method “(M2)” precisely, we repeat some arguments, in

which the induction hypothesis is involved.
Assume v ¢ A. Take any simple root «; satisfying («;,7") > 0, and write

B=s;(7), gr(gsv) = (A1, -+, Ar1), min{gr(s;) | (xi,3") # 0} = e. and
gr(q;) +gr(us;) = gr(u) + (a1, -, ar41),
gr(qsv) + gr(us;sp) = gr(us;) + ec+ (p1,- -+, prg1),
gr(usjsgs;) = gr(usjsg) + (b1, -+ brya).
In addition, we use the notations ¢, a;’s, Z)j’s and fi;’s, whenever replacing “gr”
with “gr” in the above three equalities. Write gr(u) = (i1, - ,%r41), gr(us;) =

(i/la co 7i;+1)agr(usjsﬁ) = (kl, to akT’+1) and gr(us’y) = gT’(USjSQSj) = (kllv to 7krlr+1
1
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Lemma 2. Assume we can take oj = .. That is, we have (a,,vY) > 0 and con-
sequently 5 := s,.(y). Assume the induction hypothesis (p1,- -+, pirg1) < (0,-+-,0).

Denote  my :=t{a € RE \ Rp,_, | (o, 3Y) > 0}.
Then Key Lemma b) holds for given v € RY \ Rp, if
me < A, forallp<t<r-—1,
in whichp € {1,--- ,r} satisfies (o, o) # 0 and (o, o)) =0 foralll <k <p—1.

Proof. From the assumptions, we note that min{gr(s;)|{x:,8Y) # 0} = e,+1 and
min{gr(s;)|{x:,3Y) # 0} = e,. Hence, we do not need to care about e. or
e;. That is, we have min{gr(s;)|(x:,7") # 0} = min{gr(s;)|(xi,8") # 0} and
min{gi (s:)| (xi,7") # 0} = min{gr(s:)|{xs» 37) # O},

From the table on gradings in section 3.2 of [1], we note that gr,(g.) = 0. Thus
we have a1 = --- =ap_1 =0=0b; =--- =by_; and a,41 = b41 = 0. Then we
have 37, a; =1 and >3;_ b, = —1, so that >3} (a; 4 b;) = 0. By the induction
hypothesis, we conclude Zf;ll wuie; < 0. Therefore if Zf;ll e < 0, then it is
already done.

We remain to assume Zf;ll pure; = 0. Then we have Z::p e, < 0 by the
induction hypothesis again. In particular p, < 0. Note that \,+k; = ¢, +p, for each
p <t < r. Furthermore we have the decomposition of us, (resp. us,sg) associated

(r—1) (1) } s _ (o) )
g (resp. us, = Vpy10puy, 0 --uy ).

to (Ap,T), given by us, = v,11v,u
In particular we note for each p <t <r —1, i, = |4A;| and k; = |B;| where A; :=
{a € RE\Rp,_, | us;(a) € —R*} and B, := {a € R}, \Rp,_, | usjsg(e) € =R}

Clearly, we can write A; as the following disjoint union

., —Rt T —R*
{a erp\Bn | S }|_| {a e R B | i) }

the sets in which we denote as C; and D; respectively. Obviously, |D:| < m;.
Furthermore we have us, () € —R* (since £(us,sg) < ¢(us,)). Thus C; C B; and
consequently we have |Cy| < |Bg| = kt. Hence, i} = |A¢| = |Ct| + | Dt| < Kt + my.
Then by the condition, we deduce that p; = Ay + ki — i) > my + k¢ — i} > 0 for each
p <t <r—1. Noting that p, <0, we have y, = 0 and consequently p,+1 < 0 by
the induction hypothesis. Therefore we conclude py = 0 for all p <t < r —1 by
induction. Consequently g, < 0.

On the other hand by considering gr, we conclude Z::_; (at+by)e=

r—1

t—p (@t +be+
pe)er =0 = Z:;; (&tJrlN)t +iir)er < 0. If “<” holds, then it is done. Otherwise, “="
will hold. In particular, we have Z:;; (at +b) = 0, by noting >i_ (a; +b;) = 0.
Consequently, we have a, + b, = 0 and then Y ;_;(a; + by + p)er = pre, < 0.
Hence, the statement follows. |

Comments:

iii) By mean “(M2)”, we mean Lemma 2 can be used for the given v € R*\ R}.
Note that {aq, -, ar_1} is always of A-type. Thus it is easy to compute
all my’s for t < r — 1. Furthermore, “p” can be easily determined; {c,., ")
and gr(ggv) = (A1, -, Ary1) can also be calculated easily. Hence, (M2)

can be easily carried out.
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iv) Since (M1) and (M3) does not use the induction hypothesis, we would like
to test the roots in the following order:

(M0) — (M1) — (M3) — (M?2),

where by “(MO0)” we mean we first test whether a given root can be reduced
to the cases that have been discussed (i.e. the case when condition (i) in
the proof of Key Lemma is satisfied). Since we use computer to do these
calculations, we would like to include some more roots for convenience so
that we need (MO0). Furthermore, when (M0) is used, we will point out
how we reduce it to the known cases.

Later we will give all the outputs, which we obtain by using the software Mathe-
matica. From the results we note that for all of the roots one of the methods (M0),
(M1), (M3) and (M2) can be used, except for two special cases. In the following,
we first give the tables case by case, in which the corresponding methods are listed
and in particular by “done” we mean (MO) is used. Then we point out the two
exceptional cases and show for them Key Lemma still hold. In fact, they are not
“exceptional”, in the sense we also using the induction hypothesis and part of the
proof of Lemma 2, which are the spirit of (M2). In the end, we will show the
outputs, produced by Mathematica.

Recall that «; = Bo4; for each 1 < i < r where 0 > 0, and that k = 0+ ¢ =
o+r—1.

When A is of Fy-type, case C9) or C10) will occur.
If case C9) occurs, then we have

o—c==0—e
B1 P2 Bz Pa

in which k = 2; that is, o, = (3, ap—1 = P2, -+ ,a1 = Boy1. In fact we have
r = 2orr = 3. In this case, ¥ must be either of the form ), _,, 3, or equal to one
of the following five coroots: BY +285 +5Y, BY +28y + 3y +3Y , BY +265 +28y +3Y
BY +38Y + 28 + BY,26Y +36Y +28Y + Y, by noting £(s-) = (2,7") — 1.

If case C10) occurs, then we have

o—Cc=xX0—1e
B1 B2 Bz Pa
in which we also have k = 2; that is, o, = 3, ap—1 = (2, ,a1 = foy1. 7 =2
or r = 3. (The roots are obtained from case C9) by reversing the order of f3;’s.)
Table for case C9) Table for case C10)
Coroots ‘7’:2‘7”:3 H Coroots ‘7’:2‘7“:3‘
By + By done (v € Rp) By + B{ (M3) | (M2)
By + B (M3) B + By + By (M1) | done
BY + B3 + 5y (M3) [ done || BY+05+By+pf [ (ML) ] done
By + By + B (M1) By +205 + BY (M3) | (M2)
BY + 85 + 065 +pY | (ML) [ done || BY + 05y +26f + 3y | (M2) | done
BY +285 + 2By + 5] (M2) By +265 + 3By + 5] (M2)
26y +36y +28f + By | (M1) [ dome || BY + 285 + 365 + 26 (M1)

In order to compare it with the concrete arguments in [1], we would like to take
the same example saying vV = 35 + 285 + 8) with r = 3 and case C10) occurring.
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In this case, we can take a; = fB3(= a3) so that Y = s3(vV) = 65 + 6y + Y.
Furthermore (using the notations in Lemma 2), we have r — 1 =2 = p, gr(qzy) =
(—1,1,-28) so that A2 = 1, and it is easy to see mo = #{« € R;Q \ Rp, | {a, ") >
0} = #{B2} = 1. Hence, my = A\y. Thus Key Lemma b) holds for such v by noting
p=r1r—1=2 and using Lemma 2.

Now we assume A is of E-type. Denote = := {3; | {8;,7") > 0}. Note that any
v € RT is of length (2p,7V) — 1. Tt suffices to assume n = 8. Then we remain to
discuss at most the roots in the tables as below.

When case C4) occurs, we have

Bs
B1 B2 Bs Ba Bs Bs Br

in which r € {6,7}, & = s, p—1 = B7, - ;1 = Bot1.
Table for case C4) withr =6 or r =7

y Roots with 2 C {81, B2, s} [r=6] r=17|
B+ Bo done | done
B2+ B3+ s+ Ps + B (M3) | done
Br+ P2+ B3+ Ps+ Bs + Bs done | (M3)
B1+ 202 + 283 + 284 + 205 + B + Ps (M1) | done
B3 + 284 + 3085 + 206 + 87 + 208 done (y € Rp)
B2+ B3 +2B4 + 305 + 206 + 7 + 205 (M3) | done

B1+ P2+ B3+ 204+ 305+ 205+ Br+20s | done | (M3)
B1+ 202+ 203 4+ 2084 + 305 + 206 + 7 +20s | (M2) | done
Br 4202+ 303 + 464+ 505+ 30 + 7 +30s | (M2) | (M3)
B1+ 3082 + 483 + 564+ 605 + 406 + 207 + 38s | (M1) | done

261 + 302 + 403 + 584 + 605 + 486 + 2067 + 305 | done | (M1)

When case C5) occurs, we have

Ba

Bs Br Bs Bs Bz B2 b1

in which r =5, a5 = 85,4 = B4, -+ , a1 = (1.
Table for case C5) with r =5
’ Roots with = C {fs, s} \ Method ‘
Bs + Bs (M3)
B2 + 203 + B4 + 2085 + B (M3)
B2 + 203 + Ba + 205 + 206 + 57 (M1)
B1+ 202 + 333 + B+ 305 + 206 + 07 (M3)
B1+ 202+ 3083 + Ba+ 305 + 306 + 267 + Os (M1)
B1+ 2082 + 483 + 284 + 485 + 386 + 267 + B3 (M2)
21 + 402 + 603 + 304 + 505 + 306 + 267 + 0s | (M2)
261 + 452+ 603+ 304 + 505 + 406 + 2087+ Gz | (M)

When case C7) occurs, we have
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Be

B1 B2 Bs Ba Bs Br Bs

in which 0 < o < 3 (correspondingly 7 > r > 4), «,. = Br,00—1 = Bs,0p—2 =
Bs, 03 = B, 01 = Poy1.
Table for case C7) with 0 <0 <3

Roots with { TE% Egﬁ:gﬁ:gﬁ’}fgﬁf} Constraint | Method

1) B3 + Ba+ Ps + Br 0=3

2) B2+ B3 + B4 + B5 + B7 0=2 (M3)
3) B1+ B2+ B3+ Bs+ Bs + Br o=1

4) B2 + 2083 + 284 + 2035 + B6 + Br 0=3 (M1)
5) B1+ 2082 + 2083+ 2084 + 205 + B + Br 0=2

6) B7 + (s 0>0 (M2,2,3,3)
7) B3 + Ba + B5 + Br + B 0=3

8) B + B3 + B4+ Bs + Br + Bs 0=2

9) B1+ B2+ P3+ 61+ 85+ Br+ B o=1 (M1)
10) B2 + 203 + 284 + 285 + Bs + Br + s 0=3

11) B1+ 202 + 2083 + 284 + 205 + B + b7 + s 0=2

12) Ba + 285 + B + 267 + Bs 0>0 | (M22323)
13) B3+ Ba+ 205 + Bs + 287 + Bs 0=3 (M3)
14) B2 + B3 + B4 + 205 + B + 2087 + B8 0=2

15) | P+ Pa+Bs+ Ba+ 205+ P+ 267 + Bs o=1 (M2)
16) B2 + 205 + 2084 + 205 + Bs + 207 + s 0=3

17) | B1 4262+ 205 + 204 + 2035 + 6 + 207 + B 0=2

18) | f1 4282 + 383 + 364 + 305 + s + 207 + B 0=3 (M1)
19) B2 + 205 + 384 + 485 + 286 + 367 + B 0>0

20) | Pi+ B2+ 2Ps + 3P4 + 485 + 25 + 357 + Ps o=1 (M2)
21) | P14+ 20242083 + 304 + 405 + 206 + 387 + Fs 0=2

22) | P14+ 202+ 383 + 364 + 465 + 206 + 3087 + Fs 0=3

23) B2 + 203 + 384 + 485 + 206 + 307 + 208 0>0

24) | B1 4 B2+ 203 + 304 + 405 + 206 + 307 + 205 o=1 (M1)
25) | B1+ 282 + 203 + 364 + 4835 + 286 + 367 + 26 0=2

26) | B1 + 282 + 383 + 304 + 485 + 286 + 387 + 2058 0=3

27) | 1+ 2082 + 303 + 484 + 505 + 285 + 467 + 205 0>0 [(M3222)
28) | B1 + 2082+ 483+ 504 + 605 + 386 + 457 + 2035 0=3

29) | B1 + 3832 + 485 + 504 + 605 + 3086 + 4837 + 2065 0=2 (M1)
30) | 261 + 302 + 483 + 504 + 605 + 30 + 4087 + 2[5 o=1

In the above table, by “(M2,2,3,3)” for the root 87 + Gs, we mean (M2) (resp.
(M2), (M3) and (M3)) is used when o = 0 (resp. 1, 2 and 3). Similar notations are
used for the case no. 12) and no. 27).

As we said right now (or will see in the outputs), we remain to discuss the
following two special cases.

(1) Case C4) occurs, r =6 and v = 51 + 2082 + 3083 + 484+ 505 + 356 + 57 + 30s.-
We use the same notations in the Lemma 2 as well as in the proof of
it. Take aj = Bs = ag. Then § = s¢(7y) and p = 3. Furthermore from
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the output, we note that that gr(¢g,v) = (0,0,0,0,—-5,11,38), gr(gsv) =
(0,0,3,3,—2,0,38) so that \3 = Ay = 3, m3 = my = 3 and ms = 0.
Thus from the proof of Lemma 2 we remain to assume p = po = pug =
s = 0 and Zle(at + b)) = 0. Consequently, we have us < 0 by the
induction hypothesis, and it suffices to show pus = 0. Indeed, we have
,U5+7;l5 = ks + X5 = ks — 2. Since ms = 0, we have A5 = C5 C Bs.
We note that grs(g,vus,) = grs(u) + grs(ss) + Zle(at + b + ) ey with
Zi’:l(at + bt 4+ p)er < 0. If “<” holds, it is already done. If “=” holds,
then we have s + ki = is, that is, —5 + kf = i5. Consequently, for
any o € R}, \ Rp, we have u(e) € RT and us,(a) € —RT. Note that
s¢(a) = a. In particular for a € {87,87 + s} C R;s \ Rp,, we have
usgsg(a) = usysg(@) = usy(a) € —R' and usg(a) = u(a) € RT, which
implies & € Bs \ As. Hence, if = |A5| = |Bs| — |Bs \ As| < k5 — 2. Hence,
us = ks —2 — it > 0 and consequently we do have us = 0.

(2) Case CT7) occurs, v = (1 + 202 + 303 + 4064 + 505 + 286 + 4087 + 285 and
1 < 0 < 3. (The remaining arguments are similar to case (1).)

From the output we see gr(g,v) = —ce. + € + Arr1€r41, A1 =6 — 1
and \; = —1 (where ¢ = r—1). Note that (a;,7") =0forall1 <t <g¢—1.
Hence, we conclude Z;;ll(at + by + pr)er = gro1(gyvusy) — gre—i(u) —
gre—1(sr) = 0. Furthermore we note that Y ;_,(a¢ + by + p;)e; < 0 (by
considering gr). Thus we have ac + b 4+ e < 0 and if “<” holds then it is
done. We remain to assume “=" holds. Then —¢ + k¢ = ic. Thus k. = ¢,
i = 0 and consequently for any a € Rlﬁg \ Rp,_, we have u(a) € R and
usy(a) € —R*. In particular, us,(3;) = u(B:) € R" and us,sg(f;) =
usS(B) = usy(B;) € —R*T. Hence, f; € B; \ Ac. On the other hand, we
note mg = 0 so that A C B. Hence, i, = |A¢| = |B| — [Bs \ A¢| < k¢ — 1.
Thus pig = ke + X\ —ic = ke —1—i. > 0.

Similarly, we note that (o, ) =0 forall 1 <t < ¢—2 and grc_s(q,) =
0. Hence, we conclude a; = b; = 0 for all t < ¢ — 2. Thus we have
uy = 0 for <t < ¢ — 2 and consequently pc_; < 0. However, uc_; =
A—1thke_1—i._; =¢—14+ke_1—i._; > 0. Thus pe—1; = 0 and consequently
we have puc < 0. Hence, pc = 0 and then ac + b = ac + bc + e = 0.
Consequently, we have Y (a; + by + pue)er = pre, < 0.

Hence, Key Lemma b) also holds for such 7.

In the following, we give the outputs.
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(1) case \P9) with r=2
(2) case \P9) with r=3
( 3) case \P10) with r=2
(4) case \P10) with r=3
( 5) case \P4) with r=6
(6) case \P4) with r=7
(7) case \P5) with r=5
( 8) case \P7) with o=3
(9) case \P7) with o=2
(10) case \P7) with o=1
(11) case \P7) with o0=0

We first list all the outputs with respect to the orders as above.
After that we provide the programs to the readers for references.
"mos" stands for the roots that we are condiersing.

For each case, we first list the grading for each dsy
which we denote by g, in our outputs. Then we listall the methods as well as relevant
outputs for the corresponding coroots. For all the outputs, we call see that there
are two exceptional cases for which we need to analyze the coroots more carefully.
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(» Consider case \P9) with r=2 «)

possible roots=
{{o, 1,1, 0}, {0, 0, 1, 1}, {1, 1, 1, O}, {0, 1, 1, 1}, {1, 1, 1, 1}, {1, 2, 2, 1}, {2, 3, 2, 1}}

gr( qﬁl ) = {_11 -2, 5}
gr ( SIEP) ) = {2, 0, 0}
gr ( dB3 ) = (-2, 4, 0}
gr( gs, ) = {0, -4, 6}
no. 1) {0, 1, 1, 0} : It is done sine yeA,
no. 2) {0, 0, 1, 1} : ©Use Method 3
( A(Y) gr(q,)  [B2| VS |Bs3] - lei]
{2, , 4}y {-2, 0, 6} 2 1 2
no. 3) {1, 1, 1, 0} : Use Method 3
( A(Y) gr (9,v) [B2| VS [Bs] - ledi]
{1, 3y (-1, 2,5} 1 2 -1
no. 4) {0, 1, 1, 1} : Use Method 1

Ap-A gr(qy) Ji,d; length(wpwé)]
{} {0, 0, 6} 0 0

no. 5) {1, 1,1, 1} : ©Use Method 1
(AP—AP gr(q,) Yiads length(wew,)
{0(1} {’11 -2, 11} -3 3
no. 6) {1, 2, 2, 1} : Use Method 2
gr (ggv) {IR"x-Ry-1lsever |Rxo1 = Reo}
take oy :63 {1, -2, 11} {1}
no. 7) {2, 3, 2, 1} : Use Method 1

(AP—AE gr (ayv) 2 dy lenqth(wpwi,)
{} {0, 0, 16} 0 0
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(» Consider case \P9) with r=3 x)

possible roots=
{¢, 1,1, 0}, {0, O, 1, 1}, {1, 1, 1, O}, {O, 2, 1, 2}, {1, 1, 1, 1}, {1, 2, 2, 1}, {2, 3, 2, 1}}

qr( dpq ) = {21 Or Or O}

qr( S1EP) ) = {’ll 3, 0, O}

gr( q/33 ) = {O! -4, 6! O}

gr( B4 ) = {O, 0, -9, 11}
no. 1) {0, 1, 1, 0} : It is done sine YeA,
no. 2) {0, 0, 1, 1} : Use Method 3

A(Y) gr (gyv) [B2| VS [Bs| -2

{1, ..., 4y {0, -4, -3, 11} 6 1 7
no. 3) {1, 1, 1, 0} : 1It's done by taking ajzﬁl
no. 4) {0, 1, 1, 1} : Use Method 1

Ap-D gr (qyv) i ds length (wpw_)
\ {o1} {-1, -1, -3, 11} -5 5
no. 5) {1, 1,1, 1} : 1It's done by taking oy=8
no. 6) {1, 2, 2, 1} : Use Method 2

gr (ggv) {IR"x-Rx_1lyeeer |[Rri1 = Reol}

take oy :63 {0, 2, -3, 11} {2}

no. 7) {2, 3, 2, 1} : 1It's done by taking otj:/B1

S e e e e e e e e e e e R R
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(» Consider case \P10) with r=2 )

possible roots=
{{6, 0, 1,1}, {1, 1,1, 0}, {1, 1, 1, 1}, {0, 1, 2, 1}, {1, 1, 2, 1}, {1, 2, 3, 1}, {1, 2, 3, 2}}

gr( gs ) = {-1, -3, 6}
qr( S1EP) ) = {27 0, O}
gr( gz ) = {-1, 3, 0}
gr( B4 ) = {O! -3, 5}
no. 1) {0, 0, 1, 1} : Use Method 3
( A(Y) gr(gy)  |B2| VS |Bs] - ildi]
{2, ., 4y {-1, 0, 5} 2 1 1
no. 2) {1, 1,1, 0} : ©Use Method 1

(AP’A[; gr(qy) i ,d; length(wpwé))
{1} {0, 0, 6} 0 0

no. 3) {1, 1, 1, 1} : Use Method 1
Ap-D gr (g,v) i1y length(wpa)k;) )
{as} {0, -3, 11} -3 3
no. 4) {0, 1, 2, 1} : Use Method 3
( A(Y) gr(g,) [|B2| VS [Bs] - ledi]
{2, , 4} {0, 3, 5} 0 3 -3
no. 5) {1, 1, 2, 1} : Use Method 2
gr (ggv) {IR"x-Ry1lseeer Rz = Reo]}
take oy :/33 {0, -3, 11} {0}

no. 6) {1, 2, 3, 1} : Use Method 2
gr (ggv) {IR"x-Rec1lyee s IR 201 = Reo |}
take oy =8, {1, 0, 11} {1}

no. 7) {1, 2, 3, 2} : Use Method 1

Ap-Ag gr (gyv) no1ds length(wpwé)
{} {0,0,16} O 0
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possible roots=
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{{o, 0, 1, 1}, {1, 1, 1, O}, {1, 1, 1, 1}, {0, 1, 2, 1}, {1, 1, 2, 1}, {1, 2, 3, 1}, {1, 2, 3, 2}}

gr ( Sl ) = {2! 0, 0, 0}
gr( dgs, ) = {-1, 3,0, 0}
gr( 953 ) = {O, 72! 4, O}
qr( A4 ) = {O, 0, -6, 8}
no. 1) {0, 0, 1, 1} : ©Use Method 2
gr<q5’) {‘RJrk*kall! BN ‘R+rfl - erZ‘}
take oy :53 {0, 0, -6, 8} {0}
no. 2) {1, 1, 1, 0} : 1It's done by taking O(j:/31
no. 3) {1, 1, 1, 1} : 1It's done by taking otjzﬁl
no. 4) {0, 1, 2, 1} : ©Use Method 2
gr (gg) {IR"x-Rxal,-c./|[R7p1 -
take oy :83 {-1,1, -2, 8} {1}
no. 5) {1, 1,2, 1} : 1It's done by taking oy=8
no. 6) {1, 2, 3, 1} : Use Method 2
gr<q/3\-’> {|R+k’kal‘r---r |R+r—l - Rr—2|}
take oy :63 {0, 2, 2, 8} {2}
no. 7) {1, 2, 3, 2} : Use Method 1
(AP—AE’ gr (q,v) Tod; length (wewy)
{y {0,0,0, 16} 0 0

S R e e R R e e e N e e e e e R R e R EE R R EEEEE R RN

|5
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(» Consider case \P4) with r=6 x)

possible roots= {{1, 1, o0, 0, 0, 0, O, O}, {O, 1,1, 1,1, 0,0, 1}, {1, 1,1, 1,1, 0,0, 1},
(1, 2,2,2,2,1,0,1}, {0,0,1,2,3,2,1,2},{0,1,1,2,3,2,1,2},{1,1,1,2,3,2,1, 2},
{1, 2,2,2,3,2,1, 2}, {1, 2,3, 4,5, 3,1, 3}, {1, 3, 4, 5,6, 4, 2, 3}, {2, 3, 4, 5, 6, 4, 2, 3}}

gr( qﬁl ) = {Ol 0, 0, 0, 0, O, 2}

gr( a4z, ) = {—l, -1, -1, -1, -1, -11, 18}

gr ( dB3 ) = {2, 0, 0, 0, 0, 0, 0}

gr( qﬁ4 ) = {_ll 3! Or OI Ol Ol O}

gr ( 955 ) = {0, -2, 4, 0, 0, 0, 0}

gr( qﬁg ) = {OI OI ’37 5, 0! Ol O}

gr ( 937 ) = {0, 0, 0, -4, 6, 0, 0}

gr ( dBg ) = {0, 0, -3, -3, -3, 11, 0}
no. 1) {1, 1,0, 0, 0, 0, O, 0} : TIt's done by taking ay :/3l
no. 2) {0, 1,1, 1,1, 0, 0, 1} : Use Method 3

A(Y) gr (qyv) [B2| VS |Bs] =25 1ds

{2, ..., 8y {0, 0,0, -4, -4, 0, 18} 12 4 8
no. 3) {1, 1,1, 1,1, 0, 0, 1} : TIt's done by taking ay :/31
no. 4) {1, 2,2,2,2,1,0, 1} : Use Method 1

AP—AP gr (qyv) Zf:ldi length(wpwp)

{as} {0, 0, 0, 0, -5, -11, 38} -16 16
no. 5) {0, 0,1, 2,3,2,1, 2} : It is done sine yeA,
no. 6) {0, 1,1, 2,3, 2,1, 2} : Use Method 3

A(Y) gr (qyv) [B2| VS B3] -2d;

{2, ..., 8 {-1, -1, -1, -1, -1, 11, 18} 5 11 -6
no. 7) {1, 1,1, 2,3, 2,1, 2} : 1It's done by taking oy :/31
no. 8) {1, 2,2,2,3,2,1, 2} : Use Method 2

gr (ggv) {IR«-Rec1 |y oo s IR0 = Reo |}

take a; =B, {0, -2, 1, 1, 1, -11, 38} (1, 1, 1}



no. 9) {1, 2, 3, 4,5, 3,1, 3} Need more analysi
gr (qyv) gr (ggv)
{o, 0, 0, 0, -5, 11, 38} take oy =/38 {0, 0, 3, 3, -2,

no. 10) {1, 3, 4, 5, 6, 4, 2, 3} Use Method 1

Ap=Ag gr (gyv)

{y {0,0,0,0,0,0,

2%.d; length ((.UPLU};)
56} 0 0

no. 11) {2, 3, 4, 5,6, 4, 2, 3} It's done by tak

(# Consider case \P4) with r=7 x)

possible roots= {{1, 1, 0, 0, 0, 0, O, O}, {0, 1, 1, 1,
1, 2,2,2,2,1,0, 1}, {0,0,1, 2,3, 2,1, 2}, {0,
{1, 2,2,2,3,2,1,2}, {1, 2,3,4,5, 3,1, 3}, {1,

toprint_final.nb

S.

{IR%x-Re-1lye«.r/|Rr21 = Real}

0, 38} {3, 3, 0}

ing o4 :/3l

lI Ol OI l}l {ll 1/ lI ll ll OV OI l}l
1,1, 2,3,2,1,2}, {1, 1,1, 2,3, 2,1, 2},
3,4,5,6,4,2,3},{2,3,4,5,6, 4,2, 3}}

gr( CI/sl ) = {_ll _ll _11 _ll _ll _ll _571 65}

gr( 93, ) = {21 0, 0, 0, 0, 0, O, O}

gr ( ds3 ) = {-1, 3,0, 0,0, 0,0, 0}

gr( S ) = {Or _21 4, OI OI 0! Ol O}

gr ( 985 ) = {0, 0, -3, 5,0, 0, 0, 0}

gr ( g ) = {0, 0, 0, -4, 6, 0, 0, 0}

qr( q[37 ) = {Or OI Ol Or -5, 7, Or O}

gr ( dBg ) = {0, 0, 0, -4, -4, -4, 14, 0}
no. 1) {1, 1,0, 0, O, 0, O, O} It's done by taking otj:/32
no. 2) {0, 1,1, 1,1, 0, 0, 1} It's done by taking otj:B2
no. 3) {1, 1,1, 1,1, 0, 0, 1} Use Method 3

gr (q,) IB2| VS |Bs| —2i1ds

{0, 0, 0, 0, -5, -5, -43, 65} 23 5 53
no. 4) {1, 2,2,2,2,1,0, 1} It's done by taking otjzﬁz
no. 5) {0, 0,1, 2,3,2,1, 2} It is done sine yelA,
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no. 6) {0, 1,1,2,3,2,1, 2} : It's done by taking ozj:B2
no. 7) {1, 1,1, 2,3, 2,1, 2} : Use Method 3

( gr (qyv) [B2| VS |Bs] =iads
l{O, -2, -2, -2, -2, -2, -29, 65} 16 12 39
no. 8) {1, 2,2,2,3,2,1, 2} : 1It's done by taking ozj:B2
no. 9) {1, 2, 3, 4,5, 3,1, 3} : Use Method 3

gr (a,v) [B2| VS |Bs]| “iadi

{0, o, 0, 0, 0, -6, -15, 65} 7 21 21
no. 10) {1, 3, 4, 5,6, 4,2, 3} : It's done by taking O(j:/32
no. 11) {2, 3,4,5,6, 4,2, 3} : Use Method 1

AP—AE gr (a,v) 2ndy length(wpwﬁ

{} {0, 0, 0, 0, 0, O, -72, 130} -72 0

S e N e e e e e e N e e e e N R R RN R RN

(* Consider case \P5) with r=5 x)

possible roots=
{{Ol O! OI Ol ll 1! OI O}I {O! ll 2’ ll 2! ll OI O}! {OI 1’ 2! 1! 2/ 2’ ll O}I {ll 2! 3/ lI 3’ 2! 1! O}l
{ll 2/ 3[ ll 3! 3! 2/ l}l {11 2[ 4’ 2! 4! 3[ 2’ 1}! {21 4! 6! 3/ 5[ 3’ 2! l}l {Zl 4! 6/ 3’ 5! 4! 2/ l}}

gr( g, ) = {2, 0, 0, 0, 0, O}

gr( g, ) = {-1,3,0,0,0, 0}
gr( g9, ) = {0, -2,4,0,0, 0}
gr( ag, ) = {0, 0, -3,5,0, 0}
gr( ags ) = (0,0, -3, -3,8,0}
gr( ag, ) = {0, 0,0, 0, -10, 12}
gr( gg, ) = {0, 0, 0, 0, 0, 2}

gr( dgg ) = {0, 0, 0, 0, 0, 2}

no. 1) {0, 0,0, 0,1, 1, 0, 0} : Use Method 3
A(Y) gr (gy) [B2| VS |Bs] -39

(1, ..., 6} {0, 0, -3, -3, -2, 12} 9 1 8
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no. 2) {0,1,2,1,2,1, 0, 0} : Use Method 3
( A(Y) gr (q,) [B2| VS |[Bs]| - iﬂdi]
[{1, ..., 6} (-1, -1, -1, -1, 6, 12} 4 6 -2
no. 3) {0, 1,2,1,2,2,1, 0} : Use Method 1
(AP—AP gr(g,) uds length(wpwp)]
{ay} {-1, -1, -1, -1, -4, 26} -8 8
no. 4) {1, 2,3,1,3, 2,1, 0} : Use Method 3
( A(Y) gr (gy) |B2| VS |Bs] - ildi]
{1, , 7} {0, 0, 0, -4, 4, 26} 4 4 0
no. 5) {1, 2,3,1,3,3,2,1} : Use Method 1
(Apfﬂﬁ gr(q,v) Dioady length (wew;)
{as} {0, O, 0, -4, -6, 42} -10 10
no. 6) {1, 2, 4, 2, 4, 3, 2, 1} : Use Method 2
gr (ggv) {IRx-Ry-1lseeer |Rri1 = Reo}
take oy :65 {0, -2, 1,1, -6, 42} {1, 1}
no. 7) {2, 4, 6, 3, 5, 3, 2, 1} : Use Method 2
gr(qﬁv) {‘R+k7Rk*l‘l"‘l ‘R+r—1 - Rr—Z‘}
take oy :65 {0, 0, 3, 3, 2, 42} {3, 3}
no. 8) {2, 4, 6, 3, 5, 4, 2,1} : Use Method 1
( Ap-4 gr (qyv) t_,d; length (a)pwé)
{+ {0, 0,0, 0,0, 54} 0 0

S e e N R R e e e e e e R e e R e e R R EEEEE RN

(» Consider case \P7) with o=3 =«

possible roots= {{O0, 0,1, 1,1, 0,1, 0}, {O,1,1,1,1,¢0,1,0}, {2,1,1,1,1, 0,1, 0},

{0, 1,2,2,2,1,1,°0}, {1, 2,2,2,2,1,1 0}, {O, O,0,0,0,0,1, 1}, {O,0,12,12,1,0,1, 1},
{0, 1,1,1,11,¢0,1,1}, {12, 12,1,1,1,60,12,1}, {O,1,2,2,2,1,1,1}, {1, 2,2,2,2,1,1, 1},
{0, 0,0,1,2,1,2,1}, {0,0,1,1,2,1, 2,1}, {O,1,1,1,2,1,2,1}, {1, 1,1,1,2,1,2,1},
{0, 1,2,2,2,1,2,1},{1,2,2,2,2,1, 2,1}, {2, 2,3,3,3,1,2,1}, {0,1,2,3,4,2, 3,1},
{1, 1,2, 3,4,2,3,1}y, {1, 2,2, 3,4,2,3,1}y, {1, 2,3,3,4,2,3,1}, {0,1,2,3,4,2, 3,2},
{1, 1,2, 3,4, 2,3, 2}y, {1,2,2,3,4,2,3,2}y, {2, 2,3,3,4,2,3,2}, {1, 2,3,4,5,2,42},
{1, 2, 4, 5, 6, 3, 4, 2}, {1, 3, 4, 5,6, 3, 4, 2}, {2, 3, 4, 5,6, 3, 4, 2}}

|9
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gr( a1 ) = {OI 0, 0, 0, 2}

gr( dg, ) = {0, 0, 0, 0, 2}

gr ( ds3 ) = {-1, -1, -1, -3, 8}

gr( dp, ) = {2, 0, 0, 0, 0}

gr( dgs ) = {-1, 3, 0, 0, 0}

gr( dgs ) = {0, -2, 4, 0, 0}

gr ( 37 ) = {0, -2, -2, 6, 0}

gr ( dBg ) = {0, 0, 0, -6, 8}
no. 1) {0, 0,1, 1,1, 0, 1, 0} Use Method 3

A(Y) gr (g,v) [B2| VS |Bs] =25

{3, ., 7}y {0, 0, -3, 3, 8} 3 3 0
no. 2) {0, 1,1, 1,1, 0,1, 0} It's done by taking ay :/52
no. 3) {1, 1,1, 1,1, 0,1, 0} It's done by taking oy :/3l
no. 4) {0,1,2,2,2,1,1, 0} Use Method 1

Ap-4 gr (a,) Tiody length(wpa)é)

{+ {0, 0,0, 0, 18} 0 0

no. 5) {1, 2,2,2,2,1,1, 0} It's done by taking aj =B,
no. 6) {0, 0, 0, 0, 0, 0, 1, 1} Use Method 3

( A(Y) gr (gy) [B2| VS |Bs| - ildi]

{4, ..., 8}y {0, -2, -2, 0, 8} 5 1 4

no. 7) {0,0,1,1,1,0,1, 1)
Ap=Lg gr (q,v) io1di
{O(3} {Or 0, -3, -3, 16} -6

no. 8) {0,1,1,1,1,0,1, 1}

no. 9) {1, 1,1, 1,1,0,1, 1}

no. 10) {0, 1,2,2,2,1,1, 1)}

length (wpwl;)

Use Method 1

6

It's done by taking a; =f3

J 2

It's done by taking oy =3

J 1

Use Method 1



Ap-Ag gr (a,) 2% ,d; length (u)pa)é)

{oa} {0, O, 0, -6, 26} -6 6
no. 11) {1, 2,2,2,2,1,1, 1} + 1It's done by taking o :/32
no. 12) {0, 0, 0,1, 2,1, 2,1} : Use Method 3
( A(Y) gr(gqy) [B2| VS |Bs] - ledi]

{4, , 8y {0, 0, 0, 6, 8} 0 [ -6
no. 13) {6, 0,1,1,2,1, 2,1} : Use Method 3
( A(Y) gr (gyv) [B2| VS [Bs] - ir:ldl]

{3, ..., 8y {-1, -1, -1, 3, 16} 3 3 0
no. 14) {0, 1,1,1,2,1, 2,1} + It's done by taking oy :/32
no. 15) {1, 1,1,1,2,1, 2,1} : It's done by taking oy :Bl
no. 16) {0,1,2,2,2,1,2,1} : Use Method 2

gr (ggv) {IR" x-Ry_1],+--, [R"r21 = Ren|}

take oy :B7 {0, 0, 0, -6, 26} {0, 0}
no. 17) {1,2,2,2,2,1,2,1} : 1It's done by taking oy :/32
no. 18) {1, 2,3,3,3,1,2, 1} : Use Method 1
( Ap-4, gr (a,) Ji_,d; length (wpa)l;)

{O(3} {OI Ol _3/ —3, 38} -6 6
no. 19) {0, 1,2,3,4,2,3,1} : Use Method 2

gr (9pv) {IR"x-Rg_1lseeer Rz = Repl}

take oy :{37 {0, 2, 2, 0, 26} {2, 2}

no. 20) {1, 1,2, 3,4, 2,3,1} : It's done by taking oy :/31

no. 21) {1, 2,2, 3,4,2,3,1} : It's done by taking oy =3

toprint_final.nb
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no. 22) {1, 2,3,3,4,2,3, 1} : Use Method 2
gr<q5") {‘RJrk_kalll RN ‘R+rfl - Real}
take oy :/37 {-1, 1,1, -3, 38} {1, 1}
no. 23) {0, 1,2,3,4,2,3,2} : Use Method 1
Ap-4 gr (gyv) 19 length (wpw,)
{1} {0, 0, 0, 0, 34} 0 0
no. 24) {ll ll 2! 3/ 4! 2! 3! 2} : It's done by taking O(j :/31
no. 25) {1, 2,2,3,4,2,3,2} : 1It's done by taking oy =8,
no. 26) {1, 2,3,3,4,2,3,2} : Use Method 1
( Ap-Ag gr (ay) t_1d; length (wpa)g,)
{ou} (-1, -1, -1, -3, 46} -6 6
no. 27) {1, 2,3,4,5, 2,4, 2} : Need more analysis.
gr(q),v) gr<q/j") {IR"«-Rk-1]sever [R'ro1 = Real}
{0, 0, -3, 3, 46} take oy =/37 {0, 2, -1, -3, 46} {2, 0}
no. 28) {1, 2,4,5,6, 3,4, 2} : Use Method 1
AP—AP gr (ayv) 2i.1d; length (wpwp)
{} {0, 0, 0, 0, 54} 0 0
no. 29) {1, 3, 4, 5,6, 3, 4,2} : It's done by taking ay :/32
no. 30) {2, 3, 4, 5,6, 3, 4, 2} : 1It's done by taking o, =3

J 1
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(» Consider case \P7) with 0=2 x)

possible roots= {{0, 0, 1, 1, 1, 0, 1, 0}, {0, 1, 1,1, 1, 0, 1, O}, {1, 1,1, 1,1, 0,1, 0},
(6, 1,2, 2,2,1,1,°0},{,2,2,2,2,1,1, 0}, {O, O, O, O, O, O, 1, 1}, {O, O, 1, 1,1, 0,1, 1},
{,1,1,1,1,¢0,12,1}, {1, 1,1,1,1,0,1, 1}, {0, 1, 2,2,2,1,1, 1}, {1, 2,2, 2,2,1,1, 1},
{6, 0,0,1,2,1,2,1}, {0,0,1,1,2,1,2,1}, {O, 2, 1,1, 2,1,2,1}, {1, 1,1,1,2,1,2, 1},
{0, 1,2, 2,2,1, 2,1}, {1, 2,2,2,2,1, 2,1}, {1, 2,3, 3, 3,1, 2, 1}, {0, 1, 2, 3, 4, 2, 3, 1},
{1, 1, 2, 3, 4,2, 3,1}, {1, 2,2, 3,4,2,3,1}, {1, 2,3,3,4,2,3,1}, {0, 1, 2, 3, 4, 2, 3, 2},
{1! 1/ 2’ 3’ 4! 2! 3/ 2}! {11 2’ 2’ 3! 4/ 2’ 3’ 2}! {ll 2! 3! 3/ 4’ 2’ 3! 2}’ {1! 2! 3/ 4’ 5’ 2! 4/ 2}’
{1! 2/ 4/ 5’ 6’ 3! 4/ 2}’ {11 3’ 4’ 5! 6/ 3/ 4’ 2}! {21 3’ 4! 5/ 6’ 3’ 4! 2}}
qr( d31 ) = {Ol Or Or OI Or 2}
gr( 1P ) = {’17 -1, -1, -1, -4, 10}
gr ( 53 ) = {2, 0, 0, 0, 0, 0}
gr( B4 ) = {’lr 3, 0,0, 0, 0}
gr( dgs ) = {0, -2, 4, 0, 0, 0}
gr( dgs ) = {0, 0, -3, 5, 0, 0}
gr( g, ) = {0, 0, -3, -3, 8, 0}
gr( dgg ) = {o, 0, 0, 0, -10, 12}
no. 1) {0, 0,1,1,1,0,1, 0} : TIt's done by taking o;=8,
no. 2) {0, 1,1, 1,1, 0,1, 0} : Use Method 3
A(Y) gr (qy,v) [B2| VS |[Bs] iy
{2, ..., 7}y {0, 0,0, -4, 4, 10} 4 4 0
no. 3) {1,1,1,1,1, 0,1, 0} : It's done by taking oy =B1
no. 4) {0, 1, 2,2,2,1,1, 0} : TIt's done by taking otj:/j3
no. 5) {1, 2,2,2,2,1,1, 0} : Use Method 1
Ap-Ag gr (qyv) :.,d; length (wgwé)
{1} {0, 0, 0, 0, 0, 22} 0 0
no. 6) {0, 0, 0, 0, 0, 0,1, 1} : Use Method 3
( A(Y) gr (q,v) [B2| VS B3] -2iad
{3, ..., 8 {0, 0, -3, -3, -2, 12} 9 1 8
no. 7) {0, 0, 1, 1,1, 0, 1, 1} : 1It's done by taking otj:63

no. 8) {0, 1,1, 1,1, 0,1, 1} : Use Method 1
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Ap-Ag gr(q,) T ds length(mpwl;)
{og} {0, 0, 0, -4, -6, 22} -10 10
no. 9) {1, 1,1, 1,1, 0,1, 1} : TIt's done by taking ay :/3l
no. 10) {0, 1,2,2,2,1,1, 1} : 1It's done by taking aj:63
no. 11) {1, 2,2,2,2,1,1, 1} : Use Method 1
(AP—AP gr(q,) Jiadi length(wpwy)
{as} {0, 0, 0, 0, -10, 34} -10 10
no. 12) {6, 0, 0,1,2,1, 2,1} : Use Method 3
( A(Y) gr (ayv) [B2| VS |[Bs]| -2iods
{3, ., 8y {-1, -1, -1, -1, 6, 12} 4 6 -2
no. 13) {0, 0,1,1,2,1,2,1} : It's done by taking cxj:/33
no. 14) {0, 1,1,1,2,1, 2,1} : Use Method 2
gr(Q/jV') {‘R+k7Rk*1|I"‘I ‘R+r—1 - Rr—Z‘}
take oy :87 {0, -2, 1, 1, -6, 22} {1, 1}
no. 15) {1, 1,1,1,2,1, 2,1} : It's done by taking oy :/31
no. 16) {0, 1,2,2,2,1,2,1} : It's done by taking otj:[53
no. 17) {1, 2,2,2,2,1, 2,1} : Use Method 2
gr (ggv) {IR"x=Ry_1|, -+, IR"y21 = Ry}
take oy :57 {0, 0, 0, 0, -10, 34} {0, 0}
no. 18) {ll 2! 3! 3/ 3! ll 2! l} : It's done by taking O(j:/33

no. 19) {0, 1,2, 3,4, 2, 3,1} : Use Method 2
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gr (qﬁv) {IRx-Rk-1l,---s|R'r-1 = Real}

take oy :57 {0, 0, 3, 3, 2, 22} {3, 3}
no. 20) {1,1,2,3,4,2,3, 1} It's done by taking ay :Bl
no. 21) {1, 2,2,3,4,2,3, 1} Use Method 2

gr (ggv) {IR«-Re-1lree-r IR0 = Reo |}

take oy :67 {-1, -1, 2, 2, -2, 34} {2, 2}
no. 22) {1, 2,3, 3,4, 2,3, 1} It's done by taking aj:B3
no. 23) {0, 1,2,3,4,2,3, 2} Use Method 1

Ap-Ag gr (qyv) iy length(wpwé)

{+ {0, 0,0, 0,0, 34} 0

no. 24) {1, 1,2, 3,4, 2,3, 2}
no. 25) {1, 2,2, 3,4, 2, 3, 2}
Dp=Ag gr (a,)
{O(l} {_ll -1, -1, -1, -4, 46}
no. 26) (1, 2,3, 3,4, 2,3, 2)
no. 27) (1, 2, 3, 4,5, 2,4, 2}

gr (qyv)

{0, 0, 0, -4, 4, 46} take a; =B {0, 0, 3,

no. 28) {1, 2, 4, 5, 6, 3, 4, 2}
no. 29) {1, 3, 4, 5, 6, 3, 4, 2}
Dp=h, gr (qyv)

{+ ({0,0,0,0,0, 56} 0

no. 30) {2, 3,4,5,6,3,4, 2}

0

It's done by taking oy :Bl

Use Method 1

>iody length (wewy)
-8

8

It's done by taking aj:53

Need more analysis.

{IR"x-Ry-1ls---s Rz
{3, 0}

gr (qgv) - Real}

-1, -4, 46}

It's done by taking aj:B3

Use Method 1

Yi_,d; length (mpwé)

0

It's done by taking oy =8

1

|15
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(» Consider case \P7) with o=1 «*)

possible roots= {{O0, 0,1, 1,1, 0,1, 0}, (O, 1,1, 1,1,0,1,0}, {1, 1,1,1,1,0,1, 0},
{OV 1/ 2’ 2’ 27 17 lI 0}7 {11 2’ 27 27 2/ l’ ll O}V {0’ OV OV OI 0’ 07 17 1}’ {OV OV lI ll 17 OV 1/ 1}7
{OV 1/ ll ll 17 OV ll l}l {11 ll 1’ 17 1/ O’ ll 1}7 {OI 17 27 2/ 2’ 1’ 17 1}’ {17 27 2/ 2’ 2’ 17 1/ l}l
{Or OI OI ll 2! 1! 2/ l}l {OI Ol 1! 1! 2/ l/ 2! 1}! {Ol ll 1! ll 2/ ll 2! 1}/ {ll 1! ll ll 2! 1! 2/ l}l
{Ol 1/ 2/ 2’ 2’ 17 2/ l}l {11 2/ 2’ 2’ 27 ll 2’ 1}7 {ll 2’ 3’ 3/ 3/ ll 2’ 1}/ {Ol 17 2/ 3’ 4’ 27 3/ l}l
{1, 1,2, 3,4, 2,3, 1}, (Y, 2,2,3,4,2,3, 1}, {1, 2,3, 3,4,2,3,1}, {0, 1, 2, 3,4, 2,3, 2},
{1, 1,2,3,4,2,3,2}y, {1, 2,2, 3,4,2,3, 2}, {1, 2,3,3,4,2,3,2}, {1, 2,3,4,5, 2,4, 2},
{1, 2, 4, 5,6, 3,4, 2}, {1, 3,4,5,6,3,4, 2}, {2,3,4,5,6, 3,4, 2}}
gr ( dB1 ) = {-%, -1, -1, -1, -1, -5, 12}
gr( gg, ) = {2, 0, 0, 0, 0, 0, 0}
gr( %33 ) = {_ll 3,0, 0,0, 0, O}
gr ( B4 ) = {0, -2, 4, 0, 0, 0, 0}
gr( qﬁ5 ) = {Ol Ol _31 5, Ol OI O}
gr( 96 ) = {Ol Ol Or -4, 6! OI O}
gr( gg, ) = {0, 0, 0, -4, -4, 10, 0}
gr( gy ) = {0, 0, 0, 0, 0, -15, 17}
no. 1) {0, 0,1,1,1, 0,1, 0} : TIt's done by taking oy=p,
no. 2> {Or 1,1,1,1,0,1, O} : It's done by taking O(j:B2
no. 3) {1, 1,1, 1,1, 0,1, 0} : Use Method 3
A(Y) gr () |B2| VS |Bs] =29
{1, ..., 7}y {0, 0, 0,0, -5, 5, 12} 5 5 0
no. 4) {0,1,2,2,2,1,1,0} : TIt's done by taking o;=8,
no. 5) {1, 2,2,2,2,1,1,0} : It's done by taking oy=f
no. 6) {0, 0, 0, 0, 0, 0, 1, 1} : Use Method 2
gr (ggv) {IRx-Rk-1l,e««r|Rr:1 = Real}

take oy :67 {o, 0, 0, 0, 0, -15, 17} {0, 0}
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no. 7) {0, 0, 1,1, 1, 0,1, 1} : It's done by taking Otj:ﬁ3
no. 8) {0, 1,1, 1,1, 0,1, 1} : TIt's done by taking otj:/32
no. 9) {1, 1,1, 1,1, 0,1, 1} : Use Method 1
Ap-A gr (a,) 2ndy length(wpwé)
{as} {0, 0, 0, 0, -5, -10, 29} -15 15
no. 10) {Ol ll 2! 2/ 2! ll 1! l} : It's done by taking O(j:/33
no. 11) {1, 2,2,2,2,1,1, 1} : 1It's done by taking O(j:/32
no. 12) {6, 0,0,1,2,1, 2,1} : Use Method 2
gr<qﬁv) {|R+k7Rk*1|l DN ‘R+rfl - erZ‘}
take oy :87 {0, -2, -2, 2,2, -5, 17} {2, 2}
no. 13) {0, 0,1, 1,2, 1,2,1} + TIt's done by taking O(j:[33
no. 14) {0, 1,1,1,2,1,2,1} : It's done by taking aj:BZ
no. 15) {1,1,1,1,2,1, 2,1} : Use Method 2
gr (gpv) {IR"x=Rg-1ls---sIRx21 = Ren|}
take ay :87 {0, 0, -3, 1, 1, -10, 29} {1, 1}
no. 16) {0,1,2,2,2,1,2,1} + 1It's done by taking Otj=B3
no. 17) {1, 2,2,2,2,1,2,1} + 1It's done by taking O(j:/32

no. 18) {1, 2,3,3,3,1,2,1} : It's done by taking O(j:[53
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no. 19) {0, 1,2,3,4,2,3, 1} : Use Method 2
gr(q/j"'> {‘R+k_kal‘l'~-I|R+rfl - Re2|}

take oy :/37 {0, 0, 0, 4, 4,5, 17} {4, 4}

no. 20) {1,1,2,3,4,2,3,1} : Use Method 2
gr (ggv) {IR"x-Ry1lseeer [Rzi1 = Ren}

take oy :/37 {-1, -1, -1, 3, 3, 0, 29} {3, 3}
no. 21) {1, 2,2, 3,4, 2,3,1} : It's done by taking aj:BZ
no. 22) {1, 2,3, 3,4,2,3,1} : It's done by taking aj:/33
no. 23) {0, 1,2,3,4,2, 3,2} : Use Method 1
[ Ap-Ag gr(q,v) i_,d; length (wpwé)

{} {0, 0, 0, 0, 0, 0, 34} 0 0

no. 24) {1, 1,2,3,4,2,3,2} : Use Method 1
(AP—A{: gr (ayv) o d; length(a)pwé)

{ey} (-1, -1, -1, -1, -1, -5, 46} -10 10
no. 25) {1, 2,2, 3,4,2,3,2} : 1It's done by taking aj:/32
no. 26) {1, 2,3, 3,4, 2,3,2} : It's done by taking aj=ﬁ3
no. 27) {1, 2,3, 4,5, 2,4, 2} : Need more analysis.

gr (qyv) gr (ggv) {IR"x-Ryal,---r [Rx21 = Reo]|}

{0, 0, 0, 0, -5, 5, 46} take ay :[3’7 {0, 0, 0, 4, -1, -5, 46} {4, 0}

no. 28) {1, 2, 4, 5,6, 3, 4, 2} : 1It's done by taking O(j:/33

no. 29) {1, 3, 4, 5,6, 3, 4, 2} : 1It's done by taking O(j:BZ
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no. 30) {2, 3, 4,5, 6, 3,4, 2} : Use Method 1

(De-A gr(q,v) 2iods length(wpwé)
{} {OI Ol Or Or O, O, 58} 0 0

(* Consider case \P7) with o0=0 «x

possible roots= {{0, 0,1, 1,1, 0, 1, O}, {(O, 1,1, 1,1,¢0,1, 0}, {1, 1,1, 1,1, 0,1, O},
{0, 1,2,2,2,1,1,0}, {1, 2,2, 2, 2,1, 1, 0}, {O, O, 0, 0,0,0,1, 1}, {O,0,1,1,1,0,1, 1},
{0, ,1,11,1,90,1, 1}, {2,1,1,1,1,0,1, 1}, {O,1,2,2,2,1,1,1}, {2, 2,2,2,2,1,1, 1},
{0, 0,0,1,2,1,2,1}, {0,0,1,1,2,1,2, 1}, {O,1,1,1,2,1, 2,1}, {1, 1,1,1,2,1, 2,1},
{0, 1,2,2,2,1,2,1}, {1, 2,2,2,2,1,2, 1}, {1, 2,3,3,3,1,2,1}, {0, 1,2,3,4,2,3,1},
{1, 1,2, 3, 4, 2, 3, 1}, {1, 2, 2, 3, 4, 2, 3, 1}, {1, 2, 3, 3, 4, 2, 3, 1}, {0, 1, 2, 3, 4, 2, 3, 2},
{1, 1,2, 3, 4, 2,3, 2}, {1, 2,2, 3, 4,2,3, 2}y, {1, 2,3, 3,4,2,3,2}y, {1, 2,3, 4,5, 2,42},
{1, 2, 4, 5, 6, 3, 4, 2}, {1, 3, 4, 5,6, 3, 4, 2}, {2, 3, 4, 5, 6, 3, 4, 2}}
gr( gs; ) = {2, 0, 0, 0, 0,0, 0, 0}
gr( g, ) = {-1,3,0,0,0,0,0, 0}
gr( as; ) = {0, -2,4,0,0,0,0, 0}
gr( as, ) = (0,0, -3,5,0,0,0,0}
gr( ggs ) = {0, 0, 0, -4, 6, 0, 0, O}
gr( as, ) = {0,0,0,0, -5 7,0, 0}
gr( g, ) = {0, 0, 0,0, -5, -5, 12, 0}
gr( gg, ) = {0,0,0,0,0,0,-21, 23}

no. 1) {0, 0, 1, 1,1, 0, 1, 0} : TIt's done by taking O(j:B3

no. 2) {0, 1,1, 1,1, 0,1, 0} : TIt's done by taking otjzﬁz

no. 3) {1, 1,1, 1,1, 0,1, 0} : It's done by taking a.=3

no. 4) {0, 1, 2,2,2,1,1, 0} : It's done by taking a:;=p3

no. 5) {1, 2,2,2,2,1,1, 0} : It's done by taking a.;=p3
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no. 6)
take oy
no. 7)
no. 8)
no. 9)
no. 10)
no. 11)
no. 12)
take oy
no. 13)
no. 14)
no. 15)
no. 16)
no. 17)

{o, 0, 6, 0, 0, 0, 1, 1}

gr (ggv)

{0’ OV 17 17 lI 0’ 17 1}

{OI ll ll 17 ll 0’ ll 1}

{1, 1,1, 1,1, 0,1, 1}

{0,

{1,

{0,

:/37

{0,

{OI

{1,

{0,

{ll

Use Method 2

{‘R+k_Rk*l‘l"'I|R+I*l - er2|}
=/37 {Ol o, 0, 0, 0, 0, -21, 23} {O, O}

It's done by taking O(j:B3

It's done by taking aj:/32

It's done by taking ozj:ﬁ1

1,2,2,2,1,1, 1} It's done by taking O(j:[33
2,2,2,2,1,1, 1} It's done by taking aj:BZ
0,0,1,2,1,2, 1} Use Method 2

gr (ggv) {IR"x«-Ry-1lsever R 21
{0, 0, -3, -3, 2, 2, -9, 23} {2, 2}
o,1,1,2,1, 2,1} It's done by taking a;=8,
1,1,1,2,1,2, 1} It's done by taking O(j:/32
i,1,1,2,1, 2,1} It's done by taking O(j:ﬁl
1,2,2,2,1,2,1} It's done by taking ay=@,
2,2,2,2,1,2, 1} It's done by taking a.=f3

- Reol}
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no. 18) {1, 2,3,3,3,1,2,1} : It's done by taking O(j:[53
no. 19) {0, 1,2, 3,4, 2,3, 1} : Use Method 2
gr (dpv) {IR"x-Re-1l,++./|R'x 1 = Rral}

take oy :57 {-1, -1, -1, -1, 4, 4, 3, 23} {4, 4}
no. 20) {ll ll 2! 3/ 4! 2! 3! l} : It's done by taking O(j:Bl
no. 21) {1, 2,2,3,4,2,3,1} : It's done by taking O(j:/32
no. 22) {1, 2,3, 3,4, 2,3,1} : It's done by taking O(j:[33
no. 23) {0, 1,2, 3,4, 2,3, 2} : Use Method 1

Dp-A gr (ayv) i1y length(wpwé)

{y} (-1, -1, -1, -1, -1, -1, -6, 46} -12 12
no. 24) {ll ll 2! 3/ 4/ 2! 3! 2} H It's done by taking aj:Bl
no. 25) {1, 2,2, 3,4,2,3,2} : 1It's done by taking otj:/i2
no. 26) {1, 2,3, 3,4, 2,3, 2} : It's done by taking otj:/53
no. 27) {1, 2,3,4,5,2,4, 2} : Use Method 3

gr (a,) [B2| VS |Bs| Piads

{0, 0, 0, 0, 0, -6, 6, 46} 6 6 0
no. 28) {1, 2, 4, 5,6, 3, 4, 2} : 1It's done by taking Otj:/33
no. 29) {ll 3! 4! 5/ 6/ 3! 4! 2} H It's done by taking O(j=/32

no. 30) {2, 3, 4, 5,6, 3,4, 2} : It's done by taking otj:/i1



22 | toprint_final.nb

e e e e e e e e e e R R R

(* maiNow we provide the programs. *)

(* This is the main program. It works
for all cases. One can run it in the beginning. «)
(*Whenever the program
is given in magenta color, the corresponding part should be modified case by case )

(* Need to input the followings the following
(* Given a set of rootsx)
roots=...;
(* need to define the Cartan matrix cartan:(<Bi, ij>) *)
cartan=...;
(* deltap denotes the set of \Delta P x)

deltap=...; (* lenpp[[i]]=\ell(\omega_P\omega_{\bar P},
where \Delta_ {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r %)
lenpp=...;
(» grad[[i]]= gr(qgsv)*)
grad=...;

*)

(* method 0: determine whether the case can be reduced to A-type #*)
mtdO[GAM List] := Module [

{gam = GAM, i, j, k, aa, bb, cc, tab, nl1 =0, n2 =0, len, ml, nn}, len = Length[deltap];

nn = Length[roots[[1]]]; aa = IdentityMatrix[nn]; bb = {}; For[j =1, j<nn, ml =0;
For[k =1, k < len, If[aa[[j]].cartan.aa[[deltap[[k]]]] == 0, ml =ml +1]; k++];
If[ml == len, AppendTo[bb, j]]; j++];

For[i=1,1is<len-1, If[cartan[[deltap[[i]]]].gam > 0, nl = deltap[[i]]]; i++];

For[i =1, i < Length[bb], If[cartan[[bb[[i]]]].gam > 0, n2 =bb[[i]]]; i++];

If[nl >0, tab = {1, " It's done by taking a;=B" " "}, If[n2 >0, tab =

nl ’/
{1, " It's done by taking aj =/3“nz , " "}, tab = {0, "with other method"}]]; tab];
(* method 1: compute gr(qy)=
>itldie; and Al-)={aeA1= | <a, ¥V> =0}. If "YI_.d;i< 1ength(wpw£’) ", then it is done %)

mtdl [GAM List] := Module[{gam =GAM, i, aa, bb, cc, tab, ml =0, nl =0, len, dd, f£f},

dd = gam.grad; len = Length[deltap];
For[i =1, i < len, If[cartan[[deltap[[i]]]].gam =0, ml =ml+1, nl =3i]; i++];
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If[ml == len-1, aa = lenpp[[nl]], If[ml == len, aa =0, aa =-1]];
ff = Length[dd] ; bb = Total[dd] -dd[[£f£f]]; cc = Table["a",1, {i, 1, Sign[aa]l}];

If[(aa > 0) && (bb +aa) < 0, tab = {1, " Use Method 1 ",
r
{{"AP—AL.?", "gr(gy) ", "y A", "length(wpw;)”}, {cc, dd, bb, aa}}},
i=1
tab = {0, "with other method")]; tab];

(* A{=={i | <xi, ¥V> #0}U deltap determines a root sub-system, saying R,. Let B,:=
{ae Rf—Rp | <a, ¥¥> >0, a>y}. Determine whether a root tt is in B, =*)
wheb2 [TT List, GAM List] := Module[{tt = TT, gam = GAM, aa, bbl, bb2, bb3, posl, pos2,
cc=0,ml=0,m2=0,m3 =0, ee, nn}, nn = Length[roots[[1]]]; ee = IdentityMatrix[nn];
bbl = {}; For[i =1, i<nn, If[Not[MemberQ[gam-ee[[i]], -1]], AppendTo[bbl, i]]; i++];
bb2 = Union[bbl, deltap]; bb3 = Complement[bb2, deltap];
posl = Table[0, {i, 1, nn}]; pos2 = posl; For[i =1, i < nn,

If[MemberQ[bb3, i], posl[[i]] = 1]; If[Not[MemberQ[bb2, i]], pos2[[i]] =1]; i++];
If[(posl.tt > 0) && (pos2.tt =0), ml =1]; aa = tt.cartan.gam; If[faa >0, m2 =1];
If[Total[tt-aa*gam] >0, m3 =1]; If[(ml+m2+m3 == 3, cc=1]; cc];

(* Let B3z:={ae Rp" | <a, ¥Y> >0}. Determine whether a root tt is in B3 x)
wheb3 [TT List, GAM List] := Module[{tt = TT, gam = GAM, posl, aa, cc=0, ml =0, m2 =0, nn},
nn = Length[roots[[1]]]; posl = Table[0, {i, 1, nn}]; For[i =1, i < nn,

If[Not[MemberQ[deltap, i]], posl[[i]] =1]; i++]; If[tt.posl ==0, ml =1];
aa = tt.cartan.gam; If[aa >0, m2 =1]; If[ml +m2 == 2, cc = 1]; cc];

(*» method 3: a special case that \gamma in \Delta P is also tested compute gr(q,v)=
Yitldie;, |Bz| and |Bs].
Then we test whether \gamma in \Delta P or
"|Bz| <|Bs| - XYi.;di". If either of them holds, then it is done; %)
mtd3[GAM List] := Module[{gam =GAM, i, j, aa, bb, cc, aa2,
tab, ml =0, nl =0, len, dd, hh, ff, len88, ee, bbl, bb2, nn},
len = Length[deltap]; nn = Length[roots[[1]]]; ee = IdentityMatrix[nn]; bbl = {};
For[i =1, i <nn, If[Not[MemberQ[gam-ee[[i]], -1]], AppendTo[bbl, i]]; i++];
bb2 = Union[bbl, deltap]; len88 = Length[roots];
dd = gam.grad; £ff = Length[dd]; bb = Total[dd] -dd[[£f£f]];
aa = Total[Table[wheb2[roots[[i]], gam], {i, 1, 1len88}]];
hh = Total[Table[wheb3[roots[[i]], gam], {i, 1, 1len88}]];

If[bb2 == deltap, tab = {1, " It is done sine yea,", " "},
1£[aa-hh+bb < 0, I£[Sort[bb2] = Table[j, (3, 1, 8)], tab= {1, " Use Method 3 ",
r
{ "gr(qu)", "|By|", "VS", "|Bs|", " ", "_Zdi"}’ {dd, aa," ", hh, " ", —bb}}},
i=1

tab = {1, " Use Method 3 ",
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[{ram ™, "ax(@, "B, wvse, wimslr, v, Y],
i=1

({Min[bb2] , "...", Max[bb2]}, dd, aa, " ", hh, " ", —bb}}}],

tab = {0, "with other method"}”; tab];

(» Ry denotes the root system generated by the base Aj={a1, [ aj}*)
mtd2 [GAM List] :=
Module[{gam =GAM, i, j, aa, bb, cc, tab, len, dd, ee, tl, t2, t3, ml, bet, pos, nn},
len = Length[deltap]; aa = deltap[[len]]; nn = Length[roots[[1]]];
ee = IdentityMatrix[nn]; dd = gam.grad; tab = {0, "<ar, ¥Y> < 0; use other method."};
If[cartan[[aa]] .gam > 0, bet = gam - ee[[aa]]; bb = bet.grad; tl1 = Table[0, {i, 1, len}];
For[i =1, i < len, If[cartan[[deltap[[i]]]].ee[[aa]] # O, t1[[i]] =1]; i++];
pos = Position[tl, 1][[1, 1]]; t2 = Table[bb[[j]], {j, pos, len-1}]; t3 = {};
For[i =pos, i <len-1, cc = ee[[deltap[[i]]]]; If[cc.cartan.bet >0, ml =1, ml =0];
For[j=1, j<i, cc=cc+ee[[deltap[[i-3J]]]]; If[cc.cartan.bet > 0, ml =ml +1]; J++];
AppendTo[t3, ml]; i++]; If[MemberQ[Sign[tZ -t3], -11,

tab = {1, " Need more analysis. ", {{"gr(q),v)", "o, "gr(ggv)",
"{IR"%-Re1l, .../ [R":1 - Reg|}"}, {dd, "take aj =", , bb, t3}}},
tab = {1, " Use Method 2", {{" ", "gr(ge)", "{IR'«-Re-1l,.-.,|R"z1 - Re2|}"},

{"take ay =B"__ , bb, t3}}}]]; tab];

(* Test the method for a given coroot GAM,
in the order: (Reduction to A-type)---> (Ml)---(M3)---(M2) =*)
method[GAM List] := Module[{gam = GAM, aa, bb, cc, i, len, ta, res},
aa = mtdl[gam]; If[mtdO[gam][[1]] == 1, cc = Delete[mtdO[gam], 1], If[aa[[1l]] == 1,
cc = {aa[[2]], aa[[3]]}, If[mtd3[gam][[1]] == 1, cc = Delete[mtd3[gam], 1],
If[mtd2[gam] [[1]] == 1, cc = Delete[mtd2[gam], 1], cc = aa]]]l; cc];

(* Input: mos, i.e. the table of all the coroots; Output:
the gradings of all gr(q_j) 's and the corresponding method for the given coroots =*)

outform[ATMOST List] :=
Module[ {mos = ATMOST, aa, b2, i, j, all, a22, len},
aa = {}; For[i =1, i <1len, b2 = {"gr(", "q";, ")", "=", grad[[i]]};
AppendTo[aa, b2]; i++]; Print[MatrixForm[aa] ];
For[j =1, j < Length[mos], all =mos[[j]]; a22 = method[all];
" v all, " : ", a22[[1]]]; Print[MatrixForm[a22[[2]]]]; Print[" "]; j++];]1;

’

len = Length[mos[[1]]];

Print["no. v, j, ") v,

Now we input data case by case
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(*Run the followings for Case \P9) with r=2 x)
(* roots of F; with respect the order of case 9)x)

roots = {{0, 1, 0, 0}, {0, 1,1, 0}, {0, 1, 2,0}, {0,1,1,1}, {0,1, 2,2}, {0,1, 2,1},
{0, 0,0,1}, {0,0,1,0}, {1,0,0,0}, {0,0,1,1}, {1,1, 0,0}, (1,1, 1, 0},
{1,1,1,1}, {1,1, 2,0}, {1,2,2,0}, {1,1, 2,1}, {1, 2, 2,1}, {1, 1, 2, 2},
{1,2,3,1}, {1,2, 2,2}, {1,2,3,2}, {1,2,4,2}, {1, 3, 4,2}, {2, 3, 4, 2}};

(* Case \P9) with r=2
Define the Cartan matrix cartan=(<Bi, /3jv>) *)

cartan = {{27 _ll 0, 0}/ {'11 21 _21 0}! (01 _lr 2! _l}r {OI 0! _11 2)}!

(*+ deltap denotes the set of \Delta P )
deltap = {2, 3};
(* lenpp[[i]]=\ell(\omega P\omega {\bar P},
where \Delta {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {3, 3};
(* grad[[i]]= gr(qpv)*)
grad = { {-1, -2, 5},

{2, 0, 0},
{_27 4/ 0},
{Or '41 6}};

(*Consider case \P9) with r=2 x)
mos = {{0! 1,1, 0}! (07 0,1, 1},
{1,1,1,0}, {(0,1,1,1}, {(1,1,1,1}, {1, 2, 2,1}, {2, 3, 2, 1}};

Print["possible roots=", " ", mos]

outform[mos]

(*Run it and obtain output for Case \P9) with r=2 %)
(F v e e e
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(xProceed to run the followings for Case \P9) with r=3 %)
(*Neet to use the same rootsx)
(* Case \P9) with r=3
Define the Cartan matrix cartan=(<[3‘i, ij>) *)
cartan = {{2, -1, O, O}, {-1, 2, -2, 0}, {O, -1, 2, -1}, {O, O, -1, 2}};

(* deltap denotes the set of \Delta P *)
deltap = {1, 2, 3};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {5, 7, 6};
(» grad[[i]]= gr(qgsv)*)
grad = { {2, 0, 0, 0},
{-1,3, 0,0}, {0, -4, 6,0},
{0, 0, -9, 11}};

(*Consider case \P9) with r=3 x)

mos = {{0, 1,1, 0}, {O,0,1,1}, {1,1, 1, 0},
{0,1,1,1}, {1,1,1, 1}, {1,2,2,1}, {2,3,2,1}};

Print["possible roots=", " ", mos]

outform[mos]

(*Run it and obtain output for Case \P9) with r=3 %)
(F v N N N N N N N e e *)

e e e e e Y
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(*Run the followings for Case \P10) with r=2 %)

(* roots of F; with respect the order of case 10) )
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roots = { {0, 0, 1, 0}, {0, 1,1, 0}, {0, 2,1, 0}, {1,1, 1,0}, {2,2,1,0}, {1, 2,1, 0},
{1, 0,0,0}, {0,1, 0,0}, {0,0,0,1}, {1,1,0, 0}, {0,0,1,1}, {0,1,1, 1},
{1,1,1,1}, {0, 2,1,1}, {0, 2, 2,1}, {1, 2,1, 1}, {1, 2, 2,1}, {2, 2,1, 1},
{1,3,2,1}, {2,2,2,1}, (2,3,2,1}, {2,4,2,1}, {2, 4, 3,1}, {2, 4, 3, 2}};

(* Case \P10) with r=2
Define the Cartan matrix cartan=(<Bi, ij>) *)
cartan:{{2, _lr 0! 0}/ {'1121 _11 0}! (01 _27 2! _l}r{ol 0! _11 2)}!

(* deltap denotes the set of \Delta P x)
deltap = {2, 3};
(* lenpp[[i]]=\ell(\omega P\omega_ {\bar P},
where \Delta {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {3, 3};
(* grad[[i]]= gr(qgv)*)
grad = { {-1, -3, 6},

{2, 0, 0},
{_17 3/ 0}!
{Or '31 5}};

(» Case \P10) with r=2 x)
mos = {{0, 0,1, 1}, {1,1,1,0}, {1,1,1, 1},
{0,1,2,1}, (1,1, 2,1}, {1, 2, 3,1}, {1, 2, 3, 2}};

Print["possible roots=", " ", mos]

outform[mos]

(*Run it and obtain output for Case \P10) with r=2 %)

(F v e
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(xProceed to run the followings for Case \P10) with r=3 *)
(*Neet to use the same rootsx)

(* Case \P10) with r=3
Define the Cartan matrix cartan=(<Bi, ij>) *)
cartan = {{2, -1, 0, 0}, {-1, 2, -1, O}, {0, -2, 2, -1}, {0, 0, -1, 2}};

(* deltap denotes the set of \Delta P =)
deltap = {1, 2, 3};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {5, 7, 6};
(* grad[[i]]= gr(qpv)*)
grad = { {2, 0, O, 0},
{-1, 3,0, 0}, {0, -2, 4, 0},
{0, 0, -6, 8}};

(*Consider case \P10) with r=3 %)

mos = {{0O, 0,1, 1}, {1,1,1, 0}, {1,1, 1, 1},
{0,1,2,1}, (1,1, 2,1}, {1, 2, 3,1}, {1, 2, 3, 2}};

Print["possible roots=", " ", mos]

outform[mos]

(*Run it and obtain output for Case \P10) with r=3 x)
(F v N N N N N N N e e *)

e e e e e e Y

(F v N M N e e *)
(*Run the followings for Case \P4) with r=6 =*)

(* Now we consider the case of E-type x)

(*» We first produce roots of Eg with respect the order of case \P6,
and then obtain the set "roots" of positive
roots of Eg with respect to the order of case \P4x)
(* Define <B;i, B3> for i, j=1, ..., 8 %)
E8 = {{2, -1, 0, 0, O, O, O, O}, {-1,2, -1, 0,0, 0,0, 0},
{0, -1,2,-1,0,0,0, -1}, {0,0, -1, 2, -1, 0, 0, O}, {0,0,0, -1,2, -1, 0, 0},
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{0,o0,0,0,-1,2, -1, 0}, {0, 0,0,0,0, -1, 2, 0}, {O,0,-1,0,0,0,0, 2}};
root66[TT_List] := Module[{tt =TT, len, i, j, ta, tb, tc={}, td, te},

len = Length[tt]; For[i =1, i < len, ta = tt[[i]]; AppendTo[tc, ta];

tb = Sign[ta.E8]; For[j =1, j<8, If[tb[[j]] ==1, td= {0, O, O, O, O, O, O, O};
td[[j]] = -1; AppendTo[tc, ta+ td]]; j++]; i++]; te = Union[tc]; te];

aa={{2,4,6, 5,4,3,2, 3}};
For[i =1, i< 120, aa = root66[aa]; i++];
rootE8case66 = Delete[aa, 1];

(* roots of Eg with respect the order of case 4)=%)
roots = {};
For[i =1, i < Length[rootE8case66], cc = rootE8case66[[i]]; AppendTo[roots,
{cel[71]1, cc[[61], cc[[5]1], cc[[4]], cc[[31], cc[[2]], cc[[1]], cc[[8]1}]; i++];
roots;
(*+ Case \P4) with \Delta P being E_6-type. i.e. r=6
Define the Cartan matrix cartan:(<[31, /3j>) *)
cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, 0, 0,0, O, O},
{0, -1,2, -1, 0, 0,0, 0}, {0O0,0, -1,2, -1, O, O, O}, {O,0,0, -1,2, -1,0, -1},
{0,0,0,0, -1,2, -1, 0}, {O,0,0,0,0, -1, 2, 0}, {O,0,0,0,-1,0,0, 2}};

(* deltap denotes the set of \Delta P *)
deltap = {3, 4, 5, 6, 7, 8};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {16, 25, 29, 25, 16, 21};
(* grad[[i]]= gr(qpv)*)
grad = {{0, 0, 0, 0, 0, 0, 2},
{-1, -1, -1, -1, -1, -11, 18}, {2, 0, O, O, O, O, O},
{-1,3,0,0,0, 0,0},
{0, -2, 4,0,0, 0,0},
{0, 0, -3,5,0,0, 0},
{0, 0,0, -4,6,0, 0},
{0, 0, -3, -3, -3, 11, 0}};

(* The next program output all the roots \gamma for which <aj, ¥V> <0 for all 1lsjs<r-1.
It turns out that in case \P4) , it produce onex)
mos = {};
For[i =1, i < Length[roots], al = roots[[i]]’
If[Total[al] >1, ml =0; nl =0; For[j=3, j<7, bl =cartan[[j]]’
If[al.bl <=0, ml =ml +1]; j++]; If[ml == 5, AppendTo[mos, al]]]; i++];
Print["possible roots=", " ", mos]
outform[mos]

|29
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(# SPTTIIIIIIIIIIISiaaasaaaaiiasn )

(xProceed to run the followings for Case \P4) with r=7 *)

(*# Need to use the set "roots" and the same "mos"
defined as above for case \P4) with r=6x)

(* Case \P4) with \Delta P being E_7-type. i.e. r=7
Define the Cartan matrix cartan=(<[a‘i, Bj>) *)
cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, 0, 0O, O, O, O},
{0, -1,2,-1,0,0,0, 0}, {O,0, -1,2, -1, O, O, O}, {O,0,0, -1,2, -1, 0, -1},
{0,0,0,0, -1,2, -1, 0}, {O,0,0,0,0, -1,2, 0}, {O,0,0,0,-1,0,0, 2}};

(* deltap denotes the set of \Delta P *)
deltap = {2, 3, 4,5, 6, 7, 8};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {27, 42, 50, 53, 47, 33};
(» grad[[i]]= gr(qg)*)
grad = {
{-1, -1, -1, -1, -1, -1, -57, 65}, {2, 0, 0,0, 0,0, 0,0},
{-1,3,0,0,0,0,0,0},
{0, -2, 4,0,0,0, 0,0},
{0, 0, -3,5,0,0, 0,0},
{0,0,0,-4,6,0, 0,0},
{0, 0,0,0, -5,7,0, 0},
{0,0,0, -4, -4, -4, 14, 0}};

Print["possible roots=", " ", mos]

outform[mos]

S e e e e e R NN N

(F v A N e e e e *)
(*Run the followings for Case \P5) with r=5 x)

(* Now we consider case \P5)#%)
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(* We first produce roots of Eg with respect the order of case \P6,
and then obtain the set "roots" of positive
roots of Eg with respect to the order of case \P5x)
(* Define <B;, B3Y> for i, j=1, ..., 8 %)
E8 = {{2, -1, 0, 0, 0,0, 0, O}, {-1,2, -1, 0,0,0,0, 0},
{0, -1,2,-1,0,0,0, -1}, {O, 0, -1, 2, -1, O, O, O}, {O,0,0, -1,2, -1, O, O},
{0,o0,0,0,-1,2, -1, 0}, {0, 0,0,0,0, -1, 2, 0}, {O,0,-1,0,0,0,0, 2}};
root66[TT_List] := Module[{tt =TT, len, i, j, ta, tb, tc={}, td, te},
len = Length[tt]; For[i =1, i < len, ta = tt[[i]]; AppendTo[tc, ta];
tb = Sign[ta.E8]; For[j =1, j=<8, If[tb[[j]] =1, td= {O, O, O, O, O, O, O, O};
td[[j]] = -1; AppendTo[tc, ta+ td]]; j++]; i++]; te = Union[tc]; te];
aa={{2,4,6, 5,4,3,2, 3}};
For[i =1, i <120, aa = root66[aa]; i++];
rootE8case66 = Delete[aa, 1];

(* roots of Eg with respect the order of case \P5)#%)

roots = {};

For[i =1, i < Length[rootE8case66], cc = rootE8case66[[i]]; AppendTo[roots,
{ce[[1]], cc[[2]1], cc[[3]], cc[[8]], cc[[4]1], cc[[5]1], cc[[6]]1, cc[[711}]; i++];

roots;

(+ Case \P5) with \Delta P being D _5-type. i.e. r=5
Define the Cartan matrix cartan:(<fsi, Bj>) *)
cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, 0, 0,0, O, O},
{0, -1,2,-1, -1, 0, 0, 0}, (0,0, -1, 2, 0, O, O, O}, {O,0, -1,0,2, -1, 0, O},
{0, 0,0,0,-1,2, -1, 0}, {0,0,0,0,0, -1,2, -1}, {0, 0,0,0,0,0, -1, 2}};

(* deltap denotes the set of \Delta P x)
deltap = {1, 2, 3, 4, 5};
(* lenpp[[i]]=\ell(\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {8, 13, 15, 10, 10};
(* grad[[i]]= gr(qpv)*)
grad = {
{2, 0, 0,0, 0,0},
{-1,3,0,0, 0,0},
{0, -2, 4,0, 0, 0},
{0, 0, -3,5, 0, 0},
{0,0, -3, -3,8, 0},
{0, 0, 0,0, -10, 123},
{0, 0, 0,0,0,2}, {O,0,0,0,0, 2}};

(#*Consider case \P5) with \Delta P being also of D_5-type *)
(* The next program output all the roots \gamma for which <fj,
¥Y> <0 for all 1<j<4 and 7<j<8 )

|31
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mos = {};

For[i =1, i < Length[roots], al = roots[[i]]; If[Total[al] >1, ml =0;
nl =0; For[j=1, j<4, bl =cartan[[j]]; If[al.bl1 <=0, ml =ml +1]; j++];
For[j =7, j <8, bl =cartan[[j]]; If[al.bl <=0, ml =ml+1]; jJ++];
If[(ml == 6) , AppendTo[mos, al]]]; i++];

Print["possible roots=", " ", mos]

outform[mos]

(*Run it and obtain output for Case \P5) with r=5 %)
(F N N N N e e *)

S e e e e e e e Y

(F v N N N N N N N e e *)
(*Run the followings for Case \P7) with o=3. i.e. Ap is of D_4-type )

(*» Now we consider case \P7) =)
(» We first produce roots of Eg with respect the order of case \P7,
and then obtain the set "roots" of positive
roots of Eg with respect to the order of case \P7x)
(» Define <B;, B;'> for i, j=1, ..., 8 %)
E8 = {{2, -1, 0, 0, 0,0, 0, O}, {-1,2, -1, 0,0,0,0,0},
{0, -1,2,-1,0,0,0, -1}, {0, 0, -1,2, -1, O, O, O}, {O,0,0, -1,2, -1, O, O},
{0,o0,0,0,-1,2, -1, 0}, {0, 0,0,0,0, -1, 2, 0}, {O,0,-1,0,0,0,0, 2}};
root66[TT List] := Module[{tt =TT, len, i, j, ta, tb, tc={}, td, te},
len = Length[tt]; For[i =1, i < len, ta = tt[[i]]; AppendTo[tc, ta];
tb = Sign[ta.E8]; For[j =1, j=<8, If[tb[[j]] =1, td = {O, O, O, O, O, O, O, O};
td[[j]] = -1; AppendTo[tc, ta+ td]]; j++]; i++]; te = Union[tc]; te];
aa={{2,4,6, 5,4,3,2, 3}};
For[i =1, i <120, aa = root66[aa]; i++];
rootE8case66 = Delete[aa, 1];

(* roots of Eg with respect the order of case 7))

roots = {};

For[i =1, i < Length[rootE8case66], cc = rootE8case66[[i]]; AppendTo[roots,
{cel[71]1, cc[[6]1]1, cc[[5]1], cc[[4]], cc[[3]1], cc[[8]1], cc[[2]], cc[[1]]1}]/; i++];

roots;

(*+ Case \P7) with \Delta P being D_4-type. i.e. 0=3
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Define the Cartan matrix cartan=(</3i, Bj>) *)
cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, 0,0, 0, O, O},
{0, -1,2, -1, 0, 0, 0, 0}, {O,0, -1,2, -1, O, O, O}, {O,0,0, -1, 2, -1, -1, O},
{0, o0,0,0, -1, 2, 0, 0}, {O,0,0,0, -1,0,2, -1}, {O,0,0,0,0,0, -1, 2}};

(* deltap denotes the set of \Delta P =)
deltap = {4, 5, 6, 7};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta_ {\bar P}=\Delta P-\{\alpha i\}, for i=1, 2, \cdots, r %)
lenpp = {6, 9, 6, 6};
(» grad[[i]]= gr(qgsv)*)
grad = { {O, O, O, O, 2}, {O, O, 0, O, 2}, {-1, -1, -1, -3, 8},
{2, 0, 0, 0, 0},
{-1, 3,0, 0,0},
{0, -2, 4, 0, 0},
{0, -2, -2, 6, 0},
{0, 0,0, -6, 8}};

(*Consider case \P7) with \Delta P being also of D-type *)
(* The next program output all the roots \gamma for which <8;,
¥V> <0 for all 4<j<6 and at least two j in the set {1, 2, 3}.
In other words, <Bj, ¥VY> >0 only if je{7, 8} or for a unique one in {1, 2, 3}. )
(*The same output "mos" is used whenever \P7) occurs. i.e. for all cases
when o0e{0, 1, 2, 3, 4}=*)
mos = {};
For[i =1, i < Length[roots], al = roots[[i]]; If[Total[al] >1, ml =0; nl =0;
For[j=1, j=<3, bl =cartan[[]j]]; If[al.bl <=0, nl =nl+1]; j++];
For[j=4, j<6,bl =cartan[[j]]; If[al.b1 <=0, ml =ml+1]; j++];
If[(ml == 3) && (nl > 2) , AppendTo[mos, al]]]; i++];

mos;
Print["possible roots=", " ", mos]

outform[mos]
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(k STTITIITIIIIIIIisssaciiiiiiiiii )
(xProceed to run the followings for Case \P7) with 0=2. i.e. Ap is of D_5-type )

(*+ Case \P7) with \Delta P being D_5-type. i.e. o=2
Define the Cartan matrix cartan:(<ﬁi, /3j>) *)
cartan = {{2, -1, 0, 0, 0, O, O, O}, {-1,2, -1,0,0, 0,0, O},
{0, -1, 2, -1, 0, 0,0, 0}, {O0,0,-1,2, -1, 0, O, O}, {O,0,0, -1, 2, -1, -1, O},
{0, o0,0,0, -1, 2,0, 0}, {0,0,0,0, -1,0,2, -1}, {0, 0,0, 0,0, 0, -1, 2}};

(* deltap denotes the set of \Delta P *)
deltap = {3, 4,5, 6, 7};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta_ {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r )
lenpp = {8, 13, 15, 10, 10};
(* grad[[i]]= gr(qsv)+)
grad = { {0, 0,0,0,0, 2}, {-1, -1, -1, -1, -4, 10},
{2, 0, 0,0, 0,0},
{-1,3,0,0,0, 0},
{0, -2, 4,0,0,0}, {0,0,-3,5,0, 0},
{0, 0, -3, -3,8, 0},
{0, 0, 0,0, -10, 12}};

(*"mos" was defined when o=3 %)
Print["possible roots=", " ", mos]

(*Run it and obtain output for Case \P7) with 0=2 *)
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(*
(xProceed to run the followings for Case \P7) with o=1l. i.e. Ap is of D_6-type *)

(* Define the Cartan matrix cartan:(</3i, [3j>) *)

cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, O, O, O, O, O},
{0, -1,2, -1, 0, 0, 0, 0}, {0, 0, -1, 2, -1, O, O, O}, {O,0,0, -1,2, -1, -1, O},
{0, 0,0,0, -1, 2, 0, 0}, {O,0,0,0, -1,0,2, -1}, {O,0,0,0,0, 0, -1, 2}};

(* deltap denotes the set of \Delta P x)
deltap = {2, 3, 4,5, 6, 7};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {10, 17, 21, 22, 15, 15};
(* grad[[i]]= gr(qpv)*)
grad = { {-1, -1, -1, -1, -1, -5, 12},
{2, 0, 0,0,0,0,0},
{-1,3,0,0,0,0,0},
{0, -2, 4, 0, 0, 0, O}, (O, 0, -3,5, 0,0, 0}, {O,0,0, -4,6, 0,0},
{0, 0,0, -4, -4, 10, 0},
{0, 0, 0,0, 0, -15, 17}};

(*"mos" was defined when o0=3 )

Print["possible roots=", " ", mos]
outform[mos]

(*Run it and obtain output for Case \P7) with o=1 %)
(* e mmm A N N N N N N N N N N N N N N N N N NN N N A *)
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(k STTITIITIIIIIIIisssaciiiiiiiiii )
(xProceed to run the followings for Case \P7) with 0=0. i.e. Ap is of D_7-type )

(* Define the Cartan matrix cartan:(<Bi, ij>) *)

cartan = {{2, -1, 0, O, O, O, O, O}, {-1,2, -1, O, O, O, O, O},
{0, -1,2,-1,0,0,0, 0}, {O0,0,-1,2, -1, O, O, O}, {O,0,0, -1,2, -1, -1, 0},
{0,o0,0,0, -1, 2, 0, 0}, {O,0,0,0, -1,0,2, -1}, {O,0,0,0,0,0, -1, 2}};

(* deltap denotes the set of \Delta P *)
deltap = {1, 2, 3, 4,5, 6, 7};
(* lenpp[[i]]=\ell (\omega_P\omega_{\bar P},
where \Delta {\bar P}=\Delta_ P-\{\alpha i\}, for i=1, 2, \cdots, r =)
lenpp = {12, 21, 27, 30, 30, 21, 21};
(* grad[[i]]= gr(qpv) *)
grad = {
{2, 0,0,0,0,0, 0,0},
{-1,3,0,0,0,0, 0,0},
{0, -2, 4, 0, 0,0, 0,0}, {O,0, -3,5,0,0,0,0}, {O,0,0, -4,6,0,0, 0},
{0, 0, 0,0, -5,7, 0,0}, {O,0,0,0, -5, -5, 12, 0},
{0, 0,0,0,0,0, -21, 23}};

(*"mos" was defined when o=3 *)

Print["possible roots=", " ", mos]

outform[mos]

S e e e e

Finish all outputs and we find two exceptional cases :

(a) case \ P4) withr = 6 and

no. 9) {1, 2, 3, 4,5, 3,1, 3} : Need more analysis.

gr(gq,) gr (gpv) {IR"x-Ryxal,---y [R'x.1 = Reol}
{0, 0, 0, 0, -5, 11, 38) take a5 =B, {0, 0, 3, 3, -2, 0, 38} (3, 3, 0}
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(b) case \ P7) witho =1, 2or3and no.= 27. Explicitly,

wheno =3, i.e.r =4,
no. 27) {1, 2,3, 4,5, 2,4, 2} Need more analysis.
{IR"x-Rk-1|sever [R7ro1 = Rea}

gr (9,v) gr (ggv)
{2, 0}

{0, 0, -3, 3, 46} take oy :[37 {0, 2, -1, -3, 46}

wheno =2, i.e.r =75,

no. 27) {1, 2, 3, 4, 5, 2, 4, 2} Need more analysis.

{‘RJrk*Rk—l‘r RN ‘R+r—1 - Rr—2‘}

gr (ggv)
{3, 0}

gr (gyv)
{0, 0, 0, -4, 4, 46} take oy =B {0, 0, 3, -1, -4, 46}

wheno =1, i.e.r =

no. 27) {1, 2,3, 4,5, 2,4, 2} Need more analysis.

gr (gpv) {IR%x-Rg-1l,e«-r|Rro1 = Real}

gr (a,)
’11 ’57 46} {41 O}

{0, 0,0, 0, -5, 5, 46} take oy =B, {0, 0, 0, 4,



44 NAICHUNG CONAN LEUNG AND CHANGZHENG LI

REFERENCES

1. N.C. Leung, C. Li, Functorial relationships between QH*(G/B) and QH*(G/P), arXiv: math.
AG/....

THE INSTITUTE OF MATHEMATICAL SCIENCES AND DEPARTMENT OF MATHEMATICS, THE CHI-
NESE UNIVERSITY OF HONG KONG, SHATIN, HONG KONG
E-mail address: leung@math.cuhk.edu.hk

SCHOOL OF MATHEMATICS, KOREA INSTITUTE FOR ADVANCED STUDY, 87 HOEGIRO, DONGDAEMUN-
GU, SEOUL, 130-722, KOREA
E-mail address: czli@kias.re.kr



