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ABSTRACT. We provide a direct proof of Seidel representation in the quan-
tum K-theory QK (Gr(k,n)) by studying projected Gromov-Witten varieties
concretely. As applications, we give an alternative proof of the K-theoretic
quantum Pieri rule by Buch and Mihalcea, reduce certain quantum Schubert
structure constants of higher degree to classical Littlewood-Richardson coeffi-
cients for K(Gr(k,n)), and provide a quantum Littlewood-Richardson rule for

QK(Gr(3,n)).
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1. INTRODUCTION

Let Ham(M, w) denote the group of Hamiltonian symplectomorphisms on a sym-
plectic manifold (M,w). Seidel representation is an action of the fundamental
group 71 (Ham(M,w)) on the invertible quantum cohomology QH*(M)*. It was
first constructed by Seidel for monotone symplectic manifolds [34], and was later
extended to all symplectic manifolds [30, 31]. While Seidel representation has very
nice applications for toric manifolds (see [24, 17] and references therein), one of its
first two applications was for complex Grassmannians X = Gr(k,n) [34]. In this
case, the U(n)-action on C™ induces a Hamiltonian action of projective unitary
group PU(n) on X. In return, Seidel constructed an action of the cyclic group
m1(PU(n)) = Z/nZ on the quantum cohomology QH*(X) (with specialization at
q = 1). There was an explanation of this cyclic symmetry from the viewpoint of
Verlinde algebra by Agnihotri and Woodward [1, Proposition 7.2]. The Grassman-
nian X is a special case of a flag variety G/ P, where G is a simple simply connected
complex Lie group and P is a parabolic subgroup of G. In [3], Belkale construct-
ed an injective group homomorphism from the center of G to the Weyl group of
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G, and obtained a transformation formula for genus zero, three-pointed Gromov-
Witten invariants for G/ P in a geometric way. This recovers the (Z/nZ)-symmetry
for QH*(X) again. There was also a combinatorial aspect of this cyclic symmetry
by Postnikov [33, Proposition 6.1]. The Seidel representation in the quantum co-
homology of complete flag manifolds in Lie type A was constructed by Postnikov
in [32] and for cominuscule Grassmannians by Chaput, Manivel and Perrin in [18].

The small quantum cohomology QH*(X) = (H*(X,Z)®Z[q], ) is a deformation
of the classical cohomology H*(X,Z), and has a Z[g]-additive basis of Schubert
classes [X*] indexed by partitions A in k x (n — k) rectangle. Here X* denotes
a Schubert variety of codimension |\|. The aforementioned cyclic symmetry is
actually realized by an operator T = [X (D)% on QH*(X), where XD is a
smooth Schubert variety isomorphic to Gr(k,n — 1). The fact T™ = ¢*1d, together
with the fact that T7 is not a scalar map for 1 < j < n, shows that T|,—; generates
a (Z/nZ)-action on QH*(X)|g=1-

Compared with the extensive studies of QH*(X), much less is known about the
quantum K-theory QK (X) = (K(X) ® Z[[q]], *). The classes O* = [Ox] of the
structure sheaves over Schubert varieties X* form an additive basis of QK (X). The

quantum K-product

O x OF = Z ZN;:Z(’)”qd

d€Z>o Vv

is a priori a former power series in ¢ by definition, and turns out to be a polynomial
in ¢ [15, 9, 10, 2]. The first detailed study of QK (X) was due to Buch and Mihalcea
in [15], including a Pieri rule calculating quantum K products of the form O *
O0:0) " The operator T = O Dy : QK (X) — QK(X) could be viewed as
a special case of their Pieri rule, thanks to the isomorphism between X and its
dual Grassmannian Gr(n — k,n). As one main result, we show the behavior of T
directly, by studying relevant projected Gromov-Witten varieties carefully. It is a
highlight of our alternative proof that we provide very concrete descriptions of the
relevant curve neighborhoods in section 4.2 (especially Proposition 4.5). This
inspired a recent work [38] of Tarigradschi, which gives a proof of the conjecture on
curve neighborhoods of Seidel products proposed in [13].

Theorem 1.1. Let A € Py, = {(A1,---, \p) €ZF [n—k > X > - > X\ >0}
In QK(X), we have

q@(A2,~- ,Ak,0)7 if \i=n—k,

A\ (1,--+,1) A
(1.1) T(©") =0 *O% = {@(Alﬂ,m,xkﬂ), if A <n— k.

It follows that 7" = ¢*Id, and T|,=1 generates a (Z/nZ)-action on QK (X)|s=1,
which we called Seidel representation. As the first application, we use Seidel rep-
resentation to reprove Buch and Mihalcea’s quantum Pieri rule in Proposition
5.7. We remark that intersections of two Schubert varieties of X associated to
non-transverse complete flags arise in our alternative proof. To obtain the rational
connectedness of such intersections, we make use of the refined double decomposi-
tion of intersections of Schubert cells of the complete flag variety by B. Shapiro, M.
Shapiro and Vainshtein [35] (see also [19]).

Remark 1.2. It is worth to understand the quantum Pieri rule from the viewpoint
of Seidel representation, which roughly tells us that

quantum Pieri rule = classcial Pieri rule + Seidel action.
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For quantum cohomology of Gr(k,n), this was shown by Belkale [3]. Along this
line, the first and third named authors [29] studied the quantum Pieri rule in the
quantum cohomology of complete flag variety F¢, , where the special Schubert classes
are those pullback from Gr(1,n). In [13], Buch, Chaput and Perrin studied quantum
Pieri rule for quantum K-theory of cominuscule Grassmannians along this line as
well.

Let A 1 i be the unique partition satisfying 7¢(O*)|,=1 = O, called the i-th
Seidel shift of A [16, Definition 15] (see Definition 2.1 for precise descriptions). As
the second application of Seidel representation, we obtain the following.

Theorem 1.3. Let A\, it € Py .. The smallest power dmin of ¢ appearing in OX O+
in QK (X) equals that appearing in [X ]« [XH] in QH*(X), and is given by

1 - . .
dinin = maX{ﬁ(\Al — AT+ [pl = lpt (n=14)])|0 <i<n}
Moreover, if the mazx is achieved for r, then
(1.2) O 5 O = ¢dmin QM7 4 QP (n=T)

In particular, the structure constants N /'\j’/‘jmi“ are all Littlewood-Richardson coeffi-
cients in QM7 . OrT (=) in K(X).

Remark 1.4. Belkale obtained the same formula as (1.2) in Theorem 10 of [3]
for the quantum cohomology QH*(Gr(k,n)). Postnikov also obtained an equivalent
formula by combining Corollary 6.2 and the Dy -part of Theorem 7.1 in [33]. The
above theorem generalizes their results to the quantum K-theory QK (Gr(k,n)).

The first part on dmin has also been proved independently in [12]. Therein Buch,
Chaput, Mihalcea and Perrin showed that the powers ¢* that occur in O* x O* form
an interval which is the same as that for the quantum product [X*] x [X#] in the
quantum cohomology of a (minuscule) Grassmannian. A formula for duyin in the
quantum cohomology of a homogeneous variety G/P was proved in [21].

Our theorem has a different emphasis in relating two quantum products, so that
the coefficient of the smallest power ¢®™» in a quantum product coincides with a
precisely described Littlewood-Richardson coefficient of another product in the K-
theory of Gr(k,n).

Using the operators 7,000 and the duality in [15, Theorem 5.13], we
also show that certain structure constants N /'\/Z with d > 1 are equal to classical
Littlewood-Richardson coefficients N ;2 For instance, we provide an accessible
sufficient condition for reduction for structure constants of degree one as follows.

Theorem 1.5. Let \,pu,v € Py, and d > 1. If v; < max{\;, it;} for some i, then
there exist A, i,V € Py, with explicit descriptions, such that N)l\'z = Ng’g_l.

More precise statement of the above theorem will be provided in Theorem 6.5.
We remark that many reductions of quantum-to-classical type have been given by
Postnikov [33] for quantum cohomology QH*(X), while the reduction for the largest
power in the quantum product of two Schubert classes cannot be generalized to
quantum K-theory due to the lack of strange duality. The structure constants N ;Z
are not single but combinations of K-theoretic Gromov-Witten invariants. This is
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completely different from that for Q H*(X), making the study of N ;z much more
complicated. The quantum-to-classical principle derived in [15] can only reduce
K-theoretic Gromov-Witten invariants of X to classical K-intersection numbers
of two-step flag varieties, which leads to complicated combinatorics for calculating
general structure constants. There is an expression of the structure constants of
degree one in terms of combination of structure constants of degree zero for most of
flag varieties of general Lie type in [28, Theorem 6.8], which unfortunately involves
sign cancelations. As from the computational examples, it seems that the sufficient
condition we provided covers most of the non-vanishing terms N ;i already.

By more careful but a bit tedious analysis for Gr(3,n), we obtain a further
application as follows, and refer to Theorem 7.3 for detailed descriptions.

Theorem 1.6. In QK (Gr(3,n)), for any partitions A, u,v and degree d, we have
vd _ Ar,0
N/\w - NS\,;]

with precise descriptions of partitions 5\,/],17, except for a few cases for which a
formula of N /'\/ff with manifestly alternating positivity can be provided directly.

We therefore obtain a quantum Littlewood-Richardson rule for QK (Gr(3,n)), thanks
to Buch’s classical Littlewood-Richardson rule for K (Gr(k,n)) [7]. As a direct con-
sequence of our reduction and the well-known alternating positivity [7, 6] for the
Littlewood-Richardson coefficients for K(Gr(k,n)), we obtain the following.

Corollary 1.7. In QK (Gr(3,n)), for any partitions A\, u,v and degree d, we have
1A+l nd pvd s
(=1) Ap =

The conjecture on the positivity of the structure constants [15, Conjecture 5.10] was
recently proved for minuscule Grassmannians and quadric hypersurfaces by Buch,
Chaput, Mihalcea and Perrin with a geometric method [12]. The above corollary
provides an alternative proof of the conjecture in the special case Gr(3,n). We
remark that the case Gr(2,n) is trivial in the sense that the quantum product of
general Schubert classes are directly reduced to the classical product of two special
Schubert classes by Seidel operators. For Gr(k,n) with k& > 3, quite a few quantum
Littlewood-Richardson coefficients cannot be reduced to classical ones by using all
the known symmetries, even for the quantum cohomology.

The present paper is organized as follows. In section 2, we review Seidel repre-
sentation for QH*(X). In section 3, we review basic facts on quantum K-theory of
X. In section 4, we study projected Gromov-Witten varieties and provide a direct
proof of Seidel representation on QK (X). We give applications of Seidel represen-
tations in the rest. In section 5, we reprove the K-theoretic quantum Pieri rule
by Buch and Mihalcea. In section 6, we prove Theorem 1.3 and show quantum-to-
classical for certain structure constants of higher degree. Finally in section 7, we
provide a quantum Littlewood-Richardson rule for QK (Gr(3,n)). We remark that
sections 6 and 7 are purely of combinatorial nature, which are self-contained after
assuming little background on QK (X) together with the quantum Pieri rule.
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2. SEIDEL ACTION ON QH*(Gr(k,n))

In this section, we review Seidel representation on the quantum cohomology
QH*(X) of Grassmannians X = Gr(k,n), mainly following [3]. We refer to [8, 21]
for the well-known facts for QH*(X).

Quantum cohomology. Let k,n be integers with 1 < k& < n. The complex
Grassmannian X = {V < C" | dimV = k} is a smooth projective variety. Let
Pim ={r = (A1,---, M) € ZF | n—k> X >--- >\ > 0}. Fix an arbitrary
complete flag Fy = (F} < Fo < -+ < F,,-1 < F, = C"). For each partition
A € Pjn, the Schubert subvariety (associated to the complete flag Fl)

XM= XMNF):={VeX|dmVNF, jpix > 1 <i<k}.

is of codimension |A| = Zle A;. In particular, X1 is smooth, isomorphic to
Gr(k,n — 1), and X(=k0:.0) is also smooth, isomorphic to Gr(k — 1,n — 1).

By abuse of notation, we denote both the homology class of X* and its Poincaré
dual cohomology class as [X*]. The Schubert (cohomology) classes [X*] are inde-
pendent of choices of F,, and form a basis of the cohomology of X: H*(X,Z) =
®>\E7)k,n Z[X?]. The special Schubert classes [X7] := [X @00 (resp. [X'] :=
[X (15 1.0:.0)]) generate the cohomology ring (H*(X,Z),U). Moveover, [X7] =
¢;j(Q) and [X''] = (—1)%c;(S) are the Chern classes of tautological vector bundles.
Here 0 - § — C* — Q — 0 is an exact sequence of vector bundles over X, in
which the fiber S|y cx is the vector space V. We notice that [, [X*]U [(xr'] = Ip
for any A, 1 € Py pn; here pV is the dual partition of u = (p1,- - , k), defined by
wo=m—k—pg,,m—k— ).

Denoting by O the (unique) homology class of Schubert variety of complex di-
mension one, we have Hy(X,Z) = ZO. Let Mg 3(X,d) be the moduli space of
three-pointed stable maps to X of genus zero and degree d[J, which is of dimension
(dim X + nd). Let ev; : Mg3(X,d) — X denote the i-th evaluation map. The
(small) quantum cohomology QH*(X) = (H*(X,Z) ® Z|q],*) is deformation of
H*(X,Z). The structure constants in the quantum product

v,d v
PO« [X = > Y X!
deZZO VE’PIC,n

are given by genus zero, three-pointed Gromov-Witten invariants:

e = (XM, XM, (XY N = / evi[ XM Uevi[X* Uevi[X”'].
Mo, 3(X,d)

In particular, the above sum is finite, since

cK”‘Z #0 onlyif [N+ |p|=]|v]+nd
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Moreover, cf\’i € Z>g, since geometrically it counts the number of morphisms
f: P! — X of degree f.([P!]) = dO with the properties f(0) € g1 X*, f(1) € go X*
and f(oo) € XV for (fixed) generic g1, g2 € GL(n, C).

Seidel representation on QH*(X). In addition to the set of partitions, Schubert
classes in H*(X,Z) can be indexed by other combinatorial sets, for instance by the
set ([Z]) of jump sequences 1 < a; < ay < -+ < ar < n. There is a bijection

¢ P — () of sets, given by A= Iy = {n —k+j — \; | 1 <j <k}

For I = {a;}, € ([Z]) and p € Z, by I + p we mean the unique element {b;}; in
([z]) such that for some permutation ¢ € Sk, bs(;) = aj+p mod n forall 1 < j < k;
for 0 < ¢ < n, we denote by d;(I) the cardinality of the set {j | a; <i,1 <j <k}
Following [16, section 3.5], we define the notion of Seidel shift as below.

Definition 2.1. We define the first Seidel shift of a partition A € Py, by

APl= (/\1+1,)\2+1,---,/\k+1), if Ay <n—k,
(A27>\37"' 7>\M70)’ 1f>\1 :nfk

The p-th Seidel shift A 1 p is defined inductively by AT 0=Xand AT (p+1) =
(Atp)T1for p>0. For 0 <p<n, wewrite Al p:= A1 (n—p), and notice

(2.1) (A1p)Y =AY p.

We notice Iy — 1 = I 41 and dqi(I)) = W, following immediately from ¢.

Seidel representation on QH*(X) is generated by the operator T' = [Xlk]* on
QH*(X) in [3], which maps a Schubert class [X*] = [X*] to

(22) T(XD]) = g0 = ¢ ),

Together with the fact T7([X]) = ¢% (N[ X2 —7] it follows that
. 1
(2.3) T7([X]) = ¢ UVXMT] with  d, (1)) = ~ (rk+ [\ — A 1 7).
n

As an application of the Seidel representation, Belkale obtained the following in the
proof of [3, Theorem 10], which is stronger than the statement of his theorem.

Proposition 2.2. Let \,pn € Pyn. The smallest power dmin of ¢ appearing in
[ X % [XH] in QH*(X) is the number
1 . . .
dipin = maX{E(W — AT+ |pul = lpt (n=0)])][0 <i < n}.
Moreover, if the mazx is achieved for r, then
0] [X4] = g XM e (X010,

Remark 2.3. The above proposition was originally given in terms of jump se-
quences, and is equivalent to [33, Corollary 6.2 and the Dyyj,-part of Theorem 7.1].

Remark 2.4. The formula T([X?]) is a special case of Bertram’s quantum Pieri
rule [4], but does not rely on it. The quantum Pieri rule was reproved by using

Seidel representation and the dimension constraint for ci"i [3].
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3. QuANTUM K-THEORY OF Gr(k,n)

K-theory. The K-theory K (X) = K°(X), as a free abelian group, is the Grothendieck

group of isomorphism classes [E] of algebraic vector bundles over X of finite rank,
subject to the relations [E]+ [F] = [H| whenever there is a short exact sequence of
algebraic vector bundles 0 - E — H — F — 0. The two ring operations on K (X)
are defined by [E]+[F] := [E® F] and [E][F] := [EQF]. Each structure sheaf O xx
has a resolution 0 - Exy — En_1 — --- = Ey — Ox» — 0 by locally free sheaves,
making it meaningful to define the class O* = [Oxx] == E;-V:O(—l)j[Ej] € K(X).
Moreover, we have K(X) = @, cp, . ZO*. The Euler characteristic of [E] € K(X)
is given by xx([E]) = Z?;%X(—l)j dim H (X, E). K(X) has another basis of
ideal sheaves &), satisfying xx(O* - &) = Oy for all \,u € Py . Precisely,
£y = [Oxuv (—OXH)] = D nouYin/uVis a rook Strip(—l)m/“v‘(’)”. The structure con-

stants NA,M in the product satisfy the alternating positivity [7, 6]:

Or. 0t = Y N{,0” with (—~1)PHFVING €7,
vEPk,n

A Littlewood-Richardson rule for them was first given by Buch [7].

Quantum K-theory. Similar to the cohomological Gromov-Witten invariants,

the genus zero K-theoretic Gromov-Witten invariants of degree d[J for vy, -+ , v, €
K(X) are defined by'
L ) = Xoxt (e (VT (1) -+ V() € Z.

The (small) quantum K-theory QK (X) = (K(X) ® Z[[g]], *) is a deformation of
the classical K-theory K (X). The structure constants in the quantum K-product,

Mror= 3" N N{lovgl,
dEZZO I/G’Pk,n

are defined by combination of K-theoretic Gromov-Witten invariants, or equivalent-
ly defined recursively by structure constants of smaller degree as follows [22, 15].

(3~1) N;i = Z Z Z Ido OA or fm HId m’éﬁiﬂ)

T€ZL>0 (do, - dy) K1y HTEPk n i=1

L(OY 0" &) — > NPTL(0%8).

KEPK,n;0<e<d
The sum in (3.1) is over all (do, - -+ ,d,) € Z>o X ZL, with d = Y. d;, and we set
Kr+1 = V. In contrast to the cohomological invariants, the K-theoretic Gromov-
Witten invariants could be nonzero even for large d. Nevertheless, the structure
constants IV, V’d do vanish whenever d is large enough [15, 9, 10, 2]. Moreover,

NAVjO Ny namely O x OF| =g = ON - OF € K(X).

(3.2)

4. SEIDEL ACTION ON QK (Gr(k,n))

In this section, we provide a direct proof of Seidel representation on QK (X), by
describing projected Gromov-Witten varieties precisely.

1For Grassmannian X, the moduli space ﬂ()’m(X, d) of stable maps is an orbifold, so that the
issue of virtual structure sheaf will not be involved.
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4.1. Projected Gromov-Witten varieties. Recall X* = X*(F,) is of codimen-
sion |A|. There are also Schubert varieties X, of dimension ||, opposite to X*.
Precisely, we consider the complete flag F** := C,,, F,, where C,,, denotes the
permutation matrix associated to the longest permutation wg € S,,. That is, F;*P
is spanned by {en,en—1, - ,en—it1} for all i. Then Xy := Cy, XM s given by

Xy = XA(FPP) i={A € X [dimANFPY > 1<i<k}=Cuy- XV

Recall that ev; : Mg 3(X,d) — X is the i-th evaluation map.

Definition 4.1. Let Y, Z C X be closed subvarieties. The Gromov-Witten variety

of Y and Z of degree d is defined by My(Y, Z) := evi ' (Y)Nevy ' (Z) € Mos(X,d).

The image T'y(Y, Z) := ev3(My(Y, Z)) is called a projected Gromouv- Witten variety.
Let Flp, .. mpin = {Voy <V, <--- <V, <C" | dimV,, =n;,1 <i<r}. For

1 <d < min{k + 1,n — k}, we consider the natural projections 7g, 7r, pri and pro

among flag varieties in the following commutative diagram.

(4.1) Za = Fl—ap prdm ———> Fl prdn
Fly_qitdn X =Gr(k,n)

Geometrically, I'y(Y, Z) consists of points p in X such that there exists a rational
curve Cy of degree d in X that passes p, Y and Z. For d = 1, the composi-
tion mg o T ! gives an isomorphism between F/;_q ;4+1., and the space of lines
in Gr(k,n) [37]. For general d, the kernel V;_4 and span Viiq [7] of a general
rational curve Cy C X form a point Vg < Viqq in Fli_gk+dn. By chasing the
commutative diagram (8) in [15] (see for instance [11, formula (4)] for the special
case I'y(X*, X)), for any subvarieties Y7, Y5 of X, we have the following formula

(4.2) L4(Y1,Y2) ma(Za(Y1,Y2)),

(4.3) where  Z;(V1,Y2) = mp'(memg'(Va) ﬂ g (Y2)).
In particular when Ys = X, we simply denote
(4.4) La(Y7) :=T4(Y1,X) and Zy4(Y1) := Za(Y1,X).

The restriction evs : My(X*, X,)) — I'q(X*, X)) is cohomological trivial by [11
Theorem 4.1 (b)]. The following is a direct consequence, where O, := [Ox, ].

Proposition 4.2 (Corollary 4.2 of [11]). For any A\,n € Py, v € K(X) andd > 1,
(45) Id(OA7O177FY) = XX([OFd(X%,XV,,)] : 7)

4.2. Main propositions. In this subsection, we provide concrete descriptions of
relevant projected Gromov-Witten varieties, which play key roles in our direct proof
of Seidel representation as well as in the alternative proof of quantum Pieri rule.

Lemma 4.3. Letn € Py, 1 <i<n—-kandl<d<n-—k. LetVye€ Gr(k,n)

satisfy dim V, N (F;igk an T Fo k_iv1)>1 and for alld < j <k,

dim V3, N F2PP d, dimV,N(F7TP + Py kiz1) >j—d+1.

+mc J+1 = = J+me—j+1
Then there exists Vi1q € Gr(k + d,n) with Vi, < Vi1q that satisfies

dimViyg N Fp_g—ip1 > 1, dimViigN Fs+g;€ . >s, V1<s<k.
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Proof. We consider the set R := a<j<k Sj with each S; being defined by
Sj = {v|v=w+ vy for some w € F*P and vg € Fp,_g—i+1 \ {0};0 € Vi \ {0} }.

JHnR—j+1
Assume R = () first. Let {vq, - ,vx} be a set of linearly independent vectors
satisfying vs € FJpy . forall 1 <s < k. Take vg € Fr—g—it1 \ {0}. Clearly,

there is d — 1 < r < k such that Viyq := Vi + H, is of dimension k + d, where
H, := Cvy+Cuv1+- - -+ Cuv,. By definition, we have vy € Vi1qaNFy_g+1-:\{0} ar~1d

dim Vk+dﬂF§fr’2k_s+l > dim HrﬁFffgk_S“ >sforl <s<r. Note Virq=Vi+Hy

for some Hy C H, with Vi, N Hy = 0. For k> s >r > d — 1, it follows from S, = ()

that dim V;, N EE—EEFSH = dimVi N (E;)_Efmﬁ+1 + By _ky1-4) > s —d+ 1; hence

dim Vi aNFRP > dim ViNFED | 4dim HiNFRD | > s—d+1+(d—1)=s.

Now we assume R # (), and set m := min{j | S; # 0;d < j < k}. Then there
exists v =w +wvo with w € F)20,  vg € Fygy1-: \ {0} and v € V3 \ {0}. Let
{v1,--+ ,vr} be a set of linearly independent vectors satisfying vs € FJ}y | for all
1<s<kandw € Cvi+---+Cuv,,. Set ﬁo := Cw and Hj = Cw+Cv1+- - -4Coj for
j > 0. Once again we have Vi44 :=Vj +H, € Gr(k+d,n) for some d—1<r <k,

and dim Vj, 4 N Fs‘Esk—s+1 > dim H, N F;fflk_s+l > s for 1 < s < r. Moveover,

0 75 vw=v—weV,+H, = Vk—i—d, implying dim Vk+d NEFy_pyr1—; > 1.

It remains to discuss 7 < s < k. Let t := dim H,.. Clearly, r <t <r+4+1. If
m < r, by the same arguments for R = ), we conclude dim Vyyq N FP) >
for r < s < k. If r < m, then we still have

dim Vi4q N FoPP

SNk —s+1
>dim Ve NFRP 4 dimH. N FEY  —dim Ve N A,
(s—d+1)+r—(k+t—(k+d)=s+1+r—t>s, forr<s<m,
(s—d)+t—(k+t—(k+d) =s, forr<m <s<k.
Here dim V, ﬂF;’_Ef]kisﬂ > s —d+1 follows from Sy = 0 for all r < s < m. O

Lemma 4.4. Letn € Py, and 1 <i<mn—k. For1 <d <min{k+1,n—k},
Za( X', X)) = {Vica < Vi < Viga | dim Vipq N FEP >s, for1<s<k;

SHNk—s+1
dimViyqg N Fp_py1- > 1; dim Vg N F;Egkw >j—d, ford+1<j<k}.

Proof. By definition, we have WE1WFW(§1(Xn) = RHS1 with
RHS1 = {kad S Vk S Vk+d | HVk such that kad S Vk S Vker,
dimV,, N Ff_ﬁﬁkisﬂ > s, for 1 < s <k}
Clearly, we have RHS1 C RHS2, where
RHS2 : ={Vi—q < Vi < Viyq | dim Vg N Fovr L2 S for 1 <s <k,

S+Nk—s+
dim Vi_g N F;’fgk_j+1 >j—d, ford+1<j<k}.
To show RHS1 D RHS2, we denote G, := Fffgk_sﬂ for all 1 < s < k. Since

dim Vg NGs > s for 1 < s < d, we can take a partial flag W73 < Wy < -+ < Wy
with Wy C Vg NG for all 1 < s < d. Clearly dimWyNViy_g > 0=d—d. Let
d < r < k. Assume that we have obtained partial flag Wy < Wy4q < --- < W,
that satisfies W; C Viyqa NGy and dimW; N Vg > j—d for all d < j < r.
Notice dimVy_gNGry1 > r+1—d and dim Vi1 4 N G117 > 7+ 1. If there exists
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v € (Viea N Grg1) \ Wy, then we take W,11 = Cv + W,; otherwise, we take any
w € (Viga N Gri1) \ W, and set W,y = Cw + W,. In either cases, we have
Wit1 C Vigra N Grgr and dim W, 1 N Vi_g > 7+ 1 — d. Thus by induction we
obtain a partial flag W7 < Wy < --- < Wy with the properties Wy, C Vg N
Gi C Viyg, dimWp NGs > dimW;, NGs = dimWs = s for all 1 < s < k, and
dim Wi, NVi_q > k —d. The last inequality implies V;_4 C Wy. Therefore, for any
element Vi._4 < Vi, < V44 satisfying the constraints in RHS2, we can find Wy, that
satisfies the constraint in RHS1. Hence, RHS2 C RHS1.

7TF_17TF7T61(Xi) = {Vk—d < Vi < Viya | HVk such that V,_1 < Vk < Vk+1,‘7k S XZ}
={Viea < Vi < Viyq | dim Vigpqg N Frpp1—5 > 1}

Since Z4(X*, X)) = mp 'mpmg (XY) N g tmpmg (X)), the statement follows. O

Set F, := g - FSPP, where the permutation matrix g is defined by

01 0 - - 0
0 0 1
(4.6) g:=
. 0
00 --- --- 0 1
10 - -« 0 0
Namely F} = Cey, and ﬁ‘j is spanned by {eq, e, -+ ,€n_j12} for 2 <j < n.

Proposition 4.5. Letn € Py, and1 <i<n—k. For1 <d <min{k+1,n—k},
La(X', X)) ={Vi | dim Ve N FJYP > —d, ford+1<j<k,

dim Vi N (FYy, 4+ Fugr1-i) > s —d+1, ford <s <k}

In particular, T4(X™ %, X,)) is a Schubert variety given by
La(X" 7%, X)) = X5(F) = g+ X5,
where 7; = min{n;_q41 + d,n — k} for 1 < j <k, with n; :=n fori <0.

Proof. Denote by RHS the right hand side of the equality in the statement.
Let Vi € Ty(X% X)) = ng(Za(X?, X,;)). Then there exists Vi_q < Vi < Vita
in Z4(X?% X,). By Lemma 4.4, we have have

: opp : opp ; ;
dim Ve VF5 o 2dimVegNFY > —d, d+1<j<k

By the definition of Fy, and FJPP, either F;)'E"p]k—j«{»l NEy_g_ss1=0o0r Fjofgk,jﬂ +
Fr_k—i+1 = C" must hold. For any 1 < s <k, in the former case, we have

dim Vk+dm(F;-Egk,j+1+Fn—k—i+1) > Vk_;,_dﬁFf_Ef]kin +dim Vi gNFp—p—it1 > s+1;

in the latter case, dim Vi, 4N (}7‘;:131;“675+1 +F,_g—it1) =dim Vi 4 > s+ 1. Therefore
dim Vkﬂ(F§£$k75+l+Fn_k_i+1) > s+1—d in either cases. Thus I';(X?, X,) C RHS.

Now we take any Vj in RHS. By Lemma 4.3, there exists Vii1q € Gr(k + d,n)
with Vi, < Vg4 that satisfies

dim Vg N Fp_g—ip1 > 1, dimViiqgN F§£2k7j+l >s, V1<s<k.
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Since dim V}, N Fffzkiﬁl > j —dfor d < j <k, there exists a partial flag V; <

- < Vg < Vi with Vg € Vi N F;’fgkiHl for d < 7 < k. In particular,

dim Vi,_g4 ﬂF;fgk_Hl > j—dfor d < j < k. Hence, the element Vi_g < Vi < Virg

is in Z4(X?, X,)). Thus I'y(X*, X,;) O RHS.
So far we have shown I'q(X?, X,)) = RHS. In particular for i =n — k, we have

Ta(X" % X,))={V, | dim V}, N FSPP >j—d, ford+1<j <k,

J+Nk—j+1
dim Vi N (FOE0,  + Fakyi-(nok) = s—d+1, ford <s <k}
={Vi [dimVy N (FP), . +F1)>s—d+1, ford<s <k}

={Vi | dim Vi N Fy_giig(agm_ooa) =S —d+1, ford <s <k}
Hence, the last part follows directly from the definitions of Fy and X;(F,). O

The curve neighborhood T'y(Q2) of a Schubert variety 2 in a general flag variety
was studied in [14]. Therein it was shown that T'4(Q2) is a Schubert variety labeled
by the Hecke product of Weyl group elements. In the special case of (co)minuscule
Grassmannians, I';(2) was studied earlier in [9]. For X = Gr(k,n), we have

(4.7) Ta(X*) = X,

where the partition \? is obtained by removing the first d rows and columns from
A [14]. Equivalently, for all j, M*! is obtained by removing the outer rim of the
partition A7; namely for M = (X}, , A7), Tt = (A, —1,--- , X} — 1,0) where
A — 1 is replaced by 0 whenever \J = 0 [36, Theorem 2.5]. Here A\? := \.
Corollary 4.6. Let p € Py . If p, > 0, then for any d > 1, we have
Fd(Xnik,Xuv) = Fd—l(g . XMVTl)'
Proof. Let m = min{k+1,n—k}. For 1 < d < m, we notice Y = n—k—pu < n—k.
By Proposition 4.5, we have I't (X" %, X,v) = X ) (Fy) = g - X, with
T(l) = (ﬂ}/ +1,-- v/i)c/fdJrl + ]') = /va T1.

It follows directly from the description of Tq(X" %, X,v) = X, (F,) in Proposi-
tion 4.5 that (T(d+1))v is obtained by removing the outer rim from (T(d))v. There-
fore the statement holds for 1 < d < m by using (4.7) and induction on d.

The partition (¥ 1 1) has at most k rows and at most n — k — 1 columns. Thus
for any d > m, we have I'q_1(g - X,v41) = X by (4.7), and consequently

X =Ty (T1(X" % X,v)) CTy(X"F X,v) C X.
0

Although Z4(X?N X,,) is a proper subvariety of Z4(X", X,,), they could have the
same image under the projection pri, as shown in the following key lemma.

Lemma 4.7. Letn € Py and 1 <i<n—k. If ;1 =n — k, then we have
pri(Za(XH X)) = pri(Za(X* N X,,))  for any 1 < d < min{k,n — k}.

Proof. The direction pri(Zq(X*, X,))) 2 pri(Z4(X'NX,)) follows immediately from
the definitions in (4.3) and (4.4). It remains to show that any two-step flag V}, <
Vieta in pri(Zq4(X?, X,))) must also belong to pri(Z4(X* N X,)).
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Since Vi—q < Vi < Vigq belongs to Zy4(X*, X,)) for some Vj_4, by Lemma 4.4

we have dim V,_4 N F;’_Ef]kijﬂ >j—dford+1<j <k, and
dim Viyg N Fy—ggr1—i > 1, dimViyq N Fs()fgk_.e+1 >s, forl1 <s<k.

Hence, there exist vo € Vi1a N Fp—g—it1 \ {0} and a partial flag V; <--- <V <
Viera with Vi C Vigag N F;j_’ﬁkisﬂ for 1 < s <k — 1. In particular, we have

dim Vi NFRy  >s 1<s<k-L
If vo & Vi1, then we define Vi, := Vi_1 +Cup. Otherwise, we take w € Viia\ Vi1
and then define V}, := V;,_1 + Cw. In either cases, we have

dimVy N F,_p_jp1 > 1, dimV,nN F:ff;kisﬂ >s, 1<s<k-1.

Since n; = n—k, F,Sf_’;h = C". Thus dim VkﬁFlgﬁ’h =k and V; € X'NX,,. Since Vj,

and V}, are both k-dimensional vector subspaces in Vj 4, we have dim V,NV}, > k—d.

Thus there exists (k — d)-dimensional vector subspace Vk,d C Vi N Vj, implying
dimVi_gNFP > j—d, d+1<j<k

Then Vi_y < Vi < Vi+a belongs to 7r;171'p7r51(Xi NX,) = Zs(X*N X,), since the

partial flag Vk_d <V < Vi+q satisfies Ve € X'N Xy Thus Vi, < Vg belongs to

pri(Za(X*N X,)). Hence, pri(Z4(X*, X)) C pri(Zq(X* N X,)). O

Proposition 4.8. Letn € Py, and 1 <i<n—k. If ;; =n —k, then we have
Dy(X X)) =Ta(X'NX,) foranyd>1.
Proof. For 1 <d < min{k,n — k}, by Lemma 4.7 and ng = pra o pr1, we have
Pa(X', X)) = pra o pri(Za(X*, X)) = pra o pri(Za(X' 0 Xy)) = Ta(X' N X,).
Since m =n —k, X* N X,, # 0. Consequently for d > min{k,n — k}, we have
X =Ty4(point) C Tq(X' N X,) CTq(X", X,) C X.
Here the first equality follows directly from (4.7). Hence, we are done. O

4.3. Proof of Seidel representation. We consider the operators H#, 7 on QK (X),
defined respectively by

H(OY) =0" 40", and T(OY) =0 xON
Under the isomorphism Gr(k,n) = Gr(n — k,n), Theorem 1.1 is equivalent to
Theorem 4.9 as follows. As a consequence, we have HT = ¢Id, H" = ¢" *Id and

T" = ¢*Id. Moreover, T|,—1 generates an action of the cyclic group Z/nZ on
QK (X)|q=1, called the Seidel representation on QK (X).

Theorem 4.9. Let p € Py ,. In QK(X), we have

n—=k | —|pd1 (Ml_lv"'vﬂk_l) .
(4.8) H(O*) = O FxOF = ¢" ot = q<’() o if > 0,
O—kopaspn—1) g = 0.

Proof. Assume py > 0 first. Then (n — k,0,---,0) £ 1V in the Bruhat order, so
that X"~% N X,,v = (. Thus we have O"~% . O* = 0 in K(X). For any v € Py, ,,
Nyt = 10" F,0%6)) = xx ([Or, (xn—+ x,0)] - &)
= XX([OyXHle] : Eu) = XX((D'LLLl . gu) - 6[L\L17D'
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Notice ¥ t1=(p } 1)V. Using (3.2), (4.5) and induction on d > 2, we have
Nyt =108, 01 8,) = 11 (0, 6,)

= Id(0n7k7 Oﬂ7 gl/) - Id—l(oida O#J’17 El/)

= XX([OFd(X"*k,X“v)} 'fv) - XX([OFd,l(le)] 'fu)
3

= XX([OF471(9'X;N¢1)} ’ g”) - XX([OFd—l(X“ll)] ’ V)
=0.
Here we denote O := @00 which is the identity element. The third equality
follows from Corollary 4.6.
Now we assume p = 0, and notice uy = n — k. Hence,

X" "X, ={V [ dimVy N F > 1,dim V;, N Fjiz >4,1<j<k}
={Vi | dimV, N F; > 1,dim VN (F1+F°1”p ) >+,
—j+1
1<j<k-1}
= XM (g ) = gt XY,
where g was given in (4.6). Hence, O"~% . O# = O#1. Moreover, for any v € Py,
using (4.5) we have

Nyt =00 R oM e~ > NS 1(0%,8,)

KEPpm
=NL(O"F 0" ¢) - [ (09, 0M1 ¢)

= Xx([Or, (xn-r* x,)] - &) = xx([Or, (xu1)] - &)

= Xx([Or, (xn-rnx,)] - &) = Xxx([Or, (xun)] - &)

= Xx([Or, (g-1.xu1(rgrey)] - &) — Xx ([Or, (xuiny] - &)

=0.
Here the fourth equality follows from Proposition 4.8. By induction on d and using
Proposition 4.8, we conclude Nr';flk# =0 for all d > 0. O

5. AN ALTERNATIVE PROOF OF QUANTUM PIERI RULE

For \,v € Py, by A < v in the Bruhat order we mean )\; < v; for all 7. In
this paper, by v/A we always request A < v such that the complement v/X is a
horizontal strip (i.e. v;41 < A; for all 1 <4 < k—1). Denote by r(v/\) the number
of nonempty rows in the skew diagram v/A. Let £(\) represent the number of index
1 with A\; # 0 for all 1 < ¢ < k. The following quantum Pieri rule was proved by
Buch and Mihalcea [15, Theorem 5.4]. Its degree zero part is the classical Pieri rule
due to Lenart [27, Theorem 3.2].

Proposition 5.1 (Quantum Pieri rule). Let A € Py, and 1 <i <n—k. We have
0«0 = > (—U””“ﬁ<0%i )0”+q§: ()
i<lv /N <itr(/\)—1 v/l =

Here the second sum occurs only if £(A) = k and v can be obtained from X\ by
removing a subset of the boxes in the outer rim of A\ with at least one box removed
from each row. When this holds, e = |v| +n — |\ — i, and ¢ counts the number
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of rows of v that contain at least one box from the outer rim of A, excluding the
bottom row of this rim.

Example 5.2. Consider Nz'j)\l for QK (Gr(4,9)), where i =4, A\ = (4,3,2,1) and
v =13,2,1,0). The bozxes inside the outer rim of \ are shaded below.

We have e = |v|+9—|A\|—4 =1 and o = 3. Thus Nz”)\1 = —3, giving the negative
coefficient of the following product in QK (Gr(4,9)):

04 " 0(4,3,2,1) — 0(574,3,2) 4 q0(2,2,1,0) 4 qo(?),l,l) 4 q0(3,2,0,0) _ 3q0(3,2,1,0).
Moreover, we let v :=v | Ay = (5,3,2,1) and A= AL A= (3,2,1,0). Then we
have r(v/X) —1 =3 and |[D/A\| —i =1, and hence NZ’XO =(-1)'@})=-3= N;’/\l
5.1. An alternative proof of Proposition 5.1. We assume the following lemma
first, and leave the proof in the next subsection.

Lemma 5.3. Letn € P, and 1 <i<n—k. If ;1 =n — k, then we have

(5.1) Id([OXianL’Y) = XX([OFd(Xan)} -y)  for1l<d < min{k,n— k}.
Lemma 5.4. Let \,n € Pry. If X* N X, # 0, then we have
(5.2) Id([OXAmX,,L’Y) = XX([Ord(XmX”)] ~y)  for d > min{k,n — k}.

Proof. Since d > min{k,n — k}, we have I'y(point) = X by (4.7), implying that
Fy(X* X,) = Tq(X*N X,) = X. Notice xx([Oz]) = 1, whenever Z C X is a
closed torus-invariant subvariety that is unirational and has rational singularities
[20, Corollary 4.18]. In particular, we have

1= xx([Oxrnx, ) = xx (0 0") = xx (3" NFLO%) =3 NS,
L([Oxanx,,7) = La(O* - O y) = ZN;;svfd(ow
ZNR OvXX ([Ory(xm],7)

ZNHOVXX OX] )

= XX([OFd(X’\ﬁX,,,)]v 7)-

Corollary 5.5. Let p € Py and 1 <i<n—k. If p, =0, then we have
O« OF = 0. OF,
Proof. Since p =0, uy =n — k. For any v € Py ,,, by (3.2) we have
N/ =L(0,0%6,) - Y NEL(0%,€)
KEPk,n
=L(0",0%,&,) = [ (0"-0",¢,)
= L(0",0",¢&,) = L([Oxinx,.],&)

= XX([Orl(Xi,X“v)] &) — XX([Orl(XimXW)] &)
=0



ON SEIDEL REPRESENTATION IN QK (Gr(k,n)) 15

Here the third equality follows from Lemma 5.3, and the fourth equality follows
from Proposition 4.8. Thus Nnyiik’# =0 for all 1 < d < min{k,n — k}, by using
Lemma 5.3, Proposition 4.8 and induction on d.
As a consequence, for d = min{k,n — k}, by Lemma 5.4 we have
Nl = 14(0F,0%,6,) = 1i(07- 0",&,)

= XX([OFd(Xi,XMV)] 'fu) - XX([OFd(XimXMV)] '5»)

=0.
The last equality holds by noting I'y(X*, X,v) = T'y(X* N X,v) = X. Hence,
Niy’f =0 for all d > min{k,n — k}, by using Lemma 5.4 and induction on d. O

Remark 5.6. The above corollary is also a consequence of [12, Proposition 7.1].

We remind of our assumption for v/ that A < v with the complement of A in v
being a horizontal strip. Now we can reprove Proposition 5.1 in the following form.

Proposition 5.7. For any A € Py, and 1 <i<n—k, in QK(Gr(k,n)) we have
, (/A — 1 NV COVES!

0)\ O = -1 [v/A|—i (T(V/ )OV -1 [v|+n—i—|A| ( i OV .
I Dl O L Doy /A~ i

Here i < |v/\ < i+r(v/\) —1 in the first sum. Set X = X\ | \y. The second
sum occurs only if A\, > 0, and when this holds it is over partitions v such that the
associated partition U defined by

n=vp— X +n—k+1L0,=v,_1—- A +1,2<i<k
satisfies with a) i < |[7/A| <i+r(H/X) —1 and b) iy > n —k — Ap.

Proof. By Corollary 5.5, N)'\/fl £ 0 for d > 0, only if A, > 0. Noting Ay = 0, we
have O = T (O*). By Corollary 5.5 and the associativity in QK (X), we have

O/\ x O = T)\k (05\) x O = T)\k, (05\ " Oz) — T)\k (05\ . Oz) — T/\k (Z~ N;,ZOOZ"/)

Hence, O* x 0" = 3" ¢+ N;’?ODT’\’“, where dy, = dy, (Iy) was defined in (2.3).

- - .d
In other words, for v = 0 1 A\g, we have o = v | Ay and N:’i Ak

= Ng’io. By Lenart’s
Pieri rule, N§ ’? # 0 only if 7/X is a horizontal strip with |7/A| > 4, which implies
P <A =\ — A By Theorem 1.1, we can write 77(0”) = ¢% O”1. The power
d; is increasing in j; for j =n — k — 2 + 1, we notice d; = 2 and d;_; = 1. Since
n—k—ts+1>n—k—M—-Ag)+1l=n—k—X)+1+X >\,
it follows that dy, < 1. Moreover, d; > 1 holds if and only if \y >n —k — iy =:r,
by noticing 7" (O7) = O=kP2tr.747)  (We refer to section 6 for further study
of the reductions of quantum-to-classical types by using 7.)

In a summary, we have N;\'_’g = 0 for any d > 1. Moreover, N)\Vl1 = 0 if and only
if NS\D’? # 0, Ay > 0 and A\y > n — k — 7 all hold. When all these hold, we have
I/:ﬂT/\k:(172+)\k71,'“,ljk+)\k71,>\k7n+k+l7171). O
Remark 5.8. It follows from the expression of v that |#/)| = |v|+n—|A|. Moreover,
we have \; > v; > A\j;1—1 for all j, where A1 := 0. This shows that v is obtained
from A by removing a subset of the boxes in the outer rim of A with at least one box
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removed from each row. For 2 < j < k, the j-th row of 7/ ) makes contributions in
the counting 7(#7/)) if and only if 7; > );, equivalently v;_; = j + \g —1 > \j — 1;
namely the (j — 1)-th row of v contain at least one box from the outer rim of .
Since 7 >n—k—Xp > A\ — A\, = ;\17 the first row of 17/5\ makes contribution in
the counting. Hence r(7/A) — 1 coincides with the number of rows of v that contain
at least one box from the outer rim of A, excluding the bottom row of this rim. In
a summary, the description of the second sum in the above proposition is indeed
equivalent to that in Proposition 5.1.

5.2. Proof of Lemma 5.3.

5.2.1. Basic facts on cohomologicality. We start with some facts about cohomolog-
ically trivial morphisms, as were collected in [11, section 2].

Definition 5.9. A morphism f : Y — Z of schemes is called cohomologically
trivial, if f.Oy = Oz and R'f,Oy = 0 for i > 0.

Definition 5.10. An irreducible complex variety Y has rational singularities, if
there exists a cohomologically trivial resolution ¢ : Y — Y| namely Y is a nonsin-
gular variety and ¢ is a proper birational and cohomologically trivial morphism.

The following is [11, Proposition 2.2], proved in [15, Theorem 3.1] by Buch and
Mihalcea as an application of [26, Theorem 7.1] by Kollar.

Proposition 5.11. Let f : Y — Z be a surjective morphism between complex
irreducible projective varieties with rational singularities. Assume that the general
fibers of f are rationally connected. Then f is cohomologically trivial.

Lemma 5.12 (Lemma 2.4 of [11]). Let f1 : Y1 — Ya and fo : Yo — Y3 be morphisms
of schemes. Assume fi1 to be cohomologically trivial. Then fo is cohomologically
trivial if and only if fo o fi is cohomologically trivial.

The next property is a useful criterion for rational connectedness, which was
conjectured by Kollar, Miyaoka and Mori, and was proved by Graber, Harris and
Starr.

Proposition 5.13 (Corollary 3 of [23]). Let f : Y — Z be any dominant morphis-
m of complete irreducible complex varieties. If Z and the general fibers of f are
rationally connected, then Y is rationally connected.

We also need the following property about projected Richardson varieties proved
in [5, 25]. The projections 7g, TF, pri, pro in diagram (4.1) are the natural projec-
tions among flag varieties G/P when G = SL(n,C). Moveover, F,, := Fl13... n_1;n
is the special case of complete flag variety G/B when G = SL(n,C). Let p: G/B —
G/ P denote the natural projection.

Proposition 5.14. Let R C G/B be a Richardson variety.

(1) The projected Richardson variety p(R) C G/P has rational singularities.
(2) The restricted map p : R — p(R) is cohomologically trivial.

5.2.2. Cohomological triviality of Wg\zd(xmxn). Consider the fiber product
ZaXFtrarsam Zd = {(Vi—d, Vi, Vie, Viera) | Vied < Vi < Vierd, Viea < Vie < Vieyal-

Let T3 = Zd XF[k—d,k+d;7z Zd — ng—d,k,k-«—d;n and Ty - Zd XE£k—d,k+d;n Zd — Gr(k,n)
be the natural projections defined by mapping (Vi—a, Vi, Ve, Vitra) to Vi—g < Vi <
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Viraq and Vj, respectively. Since my is smooth and the fiber of 74 is connected, it
follows from the properties of the Richardson variety X’ N X, C Gr(k,n) that the
incidence variety

IV =m(X"NnX,)
is irreducible and has rational singularities. Recall
Zd(Xl n X7l) = {Vk d < Vi < Viga ‘ E|Vk e Xin X with Vi_g < Vk Vk+d}

Therefore we have m3(IV) = Z4(X"NX,;). For z € pri(Z4(X'NX,)), we set F, :=
T3l (pﬁ\};( in Xn)(x)) C IV, and consider the following surjective morphisms,
where we still denote by 7; the restriction maps by abuse of notation.

zepr(Zo(XinX,)) <22 v ™. XinX, Fy—— " o ny(F,)
lﬂ.g l"rB
pri
Zd(X’iﬁXn) pTl‘Ej(XmX,,)(x)
: _ opp —_n opp :
Since n1 = n — k, Fk+77k - = C". Thus V;, N Fk"l"’]k - N Viaq > k holds if and

only if Vi, < Vi4q holds. Thus for x being Vi < Viiq, we have

7T4( )— {Vk c" | dlkaan kt1—i 2> 1 Vk F;)Egk >S 1<s <k Vk Vk+d}

—{V;C Vk+d|dlmV;€ﬂFn k+1—i N Viga 2> 1; VkﬁFS}:gk lﬂV;H_dZS,lSSSk‘}
= X" (F, N Vk+d) ﬂXﬁ(F.Opp n Vk+d>7

for some partitions (m,0,---,0) and 7 in Py xt+q. The third equality holds, by
noting that the intersections Fy N Vy4q and F°PP NV 4 are induced complete flags
in Vi1q. The complete flag Fo N Virg = h - (F&P* N Viia), where h € SL(k, k + d),
is no longer opposite to FoP* N V44 in general.

Lemma 5.15. For any x € pri(Z4(X' N X,)), m4(Fy) is connected.

Proof. Tt follows from 1y = n—k that /1 = d. (Namely the dimension condition for
s = k is always redundant.) Thus (7,0, ,0) < (1, -+ ,7x) in the Bruhat order,
and consequently the Richardson variety X;(FoP*NVi1a) N X ((FSPPNVi1q)°PP) in
Gr(k, Vi+q4) is nonempty. Hence, the statement follows by [11, Proposition 3.2]. O

Lemma 5.16. For generic x € pri(Z4(X'NX,)), both m4(F,) and F, are reduced,
irreducible projective varieties.

Proof. The fiber of m4|r, at an arbitrary point V, € m4(F,) is given by
Talm! (Vi) = {Vi—d | Vima < Vi, Viea < Vil = Gr(k — d, Vi, N Vi),

and hence is connected. By Lemma 5.15, m4(F},) is connected, so is F.

By Lemma 4.7, pri(Zq4(X* N X)) = pr1(Za(X*, X,))) is a projected Richardson
variety in F'lj j4a.n, since Zq(X*, X,)) is a Richardson variety in F¥;_g j p+d;n- In
particular, pri(Z4(X*NX,)) is irreducible. Since IV is irreducible and has rational
singularities, the generic fiber F,, of pry o m3|;y has rational singularities by [6,
Lemma 3]. In particualr, F, is reduced and normal. Since F, is connected and
normal, it follows that F,, is irreducible. Hence, m4(F}) is irreducible as well. Since
F, is reduced, its scheme theoretic image m4(F}) is reduced as well. O
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Every Schubert variety in a flag variety has a stratification by Schubert cells,
with each Schubert cell isomorphic to an affine space and the largest Schubert cell
being a Zariski open subset. In particular, Schubert varieties are rational. In [35],
B. Shapiro, M. Shapiro and A. Vainshtein made refined double decomposition for
intersections of Schubert cells in F/,,, and studied topological properties of such
intersections. We will just need formal descriptions of the stratums as follows, and
refer to [35] for relevant notions and more precise descriptions. We remark that a
refinement of Bruhat decomposition for complete flag varieties of general Lie type
was given by Curtis [19].

Proposition 5.17 (Theorem A. of [35]). Let FY and F? be any two complete
flags in CN. Let u,v be permutations in Sy. The intersection of Schubert cells

XU(F.(l)) and XU(F.(Q)) in F¢,, admits a refined double decomposition

X FEHOX.FEDH= ||
UERD (1) L)

with each stratum being biholomorphically equivalent to (C*)® x C? for some (a,b).
Corollary 5.18. For generic x € pri(Zq4(X'NX,)), 7a(Fy) is rationally connected.

Proof. For the natural projection p : Flyq — G7(k, Viiq), the preimage p~*(m4(F))
is an intersection of Schubert varieties X“(FyNVj1q) and X, (FePPNVirq) in Fliiqg
for some permutations u,v. Since m4(Fy) is reduced and irreducible by Lemma
5.16, so is p~!(m4(F})). Each Schubert variety has a stratification by Schubert cell-
s. Thus p~1(m4(F,)) is the disjoint union of intersection of Schubert cells in F¢,,,
and hence is the disjoint union of refined double stratums of the form (C*)¢ x C?
by Proposition 5.17. Refined double stratums of the largest dimension are Zariski
open subsets of p~!(m4(F;)). Since p~t(m4(F,)) is reduced and irreducible, there
exists a unique stratum of the largest dimension, say (C*)® x CP, which is also
reduced scheme-theoretically. Hence, p~!(m4(F,)) is birational to P?t?. Hence,
p~t(m4(F,)) is rationally connected, and consequently the statement follows. — [J

Proposition 5.19. Let n € Pip, 1 <i<n—k and 1 <d < min{k,n — k}. If
m =n—k, then rg : Zo(X* N X,) = Ta(X" N X,)) is cohomologically trivial.

Proof. Notice that Z4(X*, X,)) is Richardon variety in F¢;_g j j+d;n. Consider the
natural projection p : F'l, = Fly_qj ptdn- Then Y := p=1(Z4(X*, X,))) is again
a Richardson variety. Hence, ply, pr1 o p|Y and 7g o p|Y are all cohomologically
trivial by Proposition 5.14 (2). Therefore pry : pri(Zq(X*, X)) = prio p(Y) —
(X1, X,,) is cohomologically trivial by Lemma 5.12. Therefore by Lemma 4.7 and
Proposition 4.8, pra : pri(Z4(X* N X)) = Ta(X* N X,,) is cohomologically trivial.

The variety 7TF7TC_;1(Xi N X,) is a projected Richardson variety in Fly_q ktdn-
Thus it is irreducible and has rational singularities. Since mp is a smooth morphis-
m, Zq(X*NX,) =7, 7rr5" (X?NX,) is irreducible and has rational singularities
as well. By Lemma 4.7, pri(Z4(X' N X)) = pr1(Za(X*, X)), and hence it is a
projected Richardson variety. Consequently pri(Zs(X*NX,)) is irreducible and has
rational singularities. For generic z € pri(Z4(X* N X)), both F, and m4(F,) are
irreducible by Lemma 5.16. The base m4(F},) is rationally connected by Corollary
5.18. The fiber of my|, is rationally connected, for being Gr(k, Vi N V},). Therefore
F, is rationally connected by Proposition 5.13. Hence, the generic fiber pri 1(:v)
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of prilz,xin x,) Is rationally connected. Hence, prilz,(xinx,) is cohomological-
ly trivial by Proposition 5.11. Therefore WGlZd(Xian) = pry o pT1|Zd(XinX") is
cohomologically trivial by Lemma 5.12.

5.2.3. Proof Lemma 5.3. We state the non-equivariant version of [15, Theorem 4.2]
as follows, where a = max{k — d,0} and b = min{k + d, n}.

Proposition 5.20. For any classes oy, as, a3 € K(X) and any d > 1, we have
Ta(on, a2, 03) = XFe, 4 (TRaTG(Q1) - TRaTG(Q2) - TR (O2)).

Corollary 5.21. For any A\,n € Py, v € K(X) and d > 1, we have

(5.3) Li([Oxxrnx,,7) = xx(m6«[Oz,xrnx,)] )

Proof. By Proposition 5.20 and the projection formula, we have

1([Ox3nx,1:7) = XFto i (TEmG(O) - T ([Oxrnx, ) - TRamE(7))
= XFly i (TPTE([Ox20x,]) - TR (7))
= XFto i (TETRTE([Oxanx, 1) - 76(7))
= Xx (7c«mpmr«T&([Oxanx,]) - 7)-

Since 75" (X*NX,,) is a Richardson variety, 7p ‘7‘_51 (X*nx,,) 1s cohomologically triv-
ial by Proposition 5.14 (2) (more precisely, by the same arguments as at the begin-
ning of Proposition 5.19). It follows that 757 r. 75 ([Oxanx,]) = [OﬂF rprg (XANX, =
Oz,(x> nx,)- Therefore the statement follows.

Proof of Lemma 5.5. We have 1;([Oxinx,],7) = xx(76«[0z,(xinx,)]*7) by Corol-
lary 5.21. By Proposition 5.19, mg : Zg(X*NX,) = T'q(X?NX,) is cohomologically
trivial. Since the projection 7¢ : Z4(X' N X,) — F'q(X? N X,,) is proper and sur-
jective, we have 76.[Oz,(xinx,)] = [Or,(xinx,)]- Thus the statement follows. [J

6. QUANTUM—TO—CLASSICAL FOR CERTAIN STRUCTURE CONSTANTS

As in [15, Conjecture 5.10], the structure constants for QK (X) are expected to
satisfy the alternating positivity: (—1)"\‘““'*'””‘1"]\7;:/‘1 > 0. This was recently
proved in [12] for minuscule Grassmannians and quadric hypersurfaces with a geo-
metric method. It is then very natural to ask for a quantum Littlewood-Richardson
rule for all Ny ”’d , which is a central theme in the subject of Schubert calculus. The

classical thtlewood Richardson rule for all Ny’ u was first given by Buch [8]. In
this section, we will prove Theorem 1.3, which ensures that the structure constants
NY dm’“ for the smallest power ¢%=i» appearing in O* * O are all equal to cor-
respondmg classical thtlewood Richardson coefficients. We will also reduce a bit
more structure constants N’ )\A’M to structure constants of smaller degree. Similar
properties have been studied for QH*(X) by Postnikov [33, Proposition 6.10].2
The sufficient condition we provide looks more accessible.

2Postnikov [33, Proposition 6.10] also did the quantum-to-classical reduction for the largest
power of ¢ appearing in a quantum product, while this part cannot be generalized to QK (X),
because of the lack of strange duality.
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6.1. Proof of Theorem 1.3. For convenience, we restate Theorem 1.3 as follows.
It is the quantum K-version of a formula by Belkale in the proof of [3, Theorem
10], or equivalently the quantum K-version of [33, Corollary 6.2 and the Dy,i,-part
of Theorem 7.1] by Postnikov.

Theorem 6.1. Let A, it € Py, .. The smallest power dmin of ¢ appearing in O x OH
in QK (X) equals that appearing in [X ] [XH] in QH*(X), and is given by

1 ) . .
dnin = max{— (Al = [A 1 i| + [u = [ 1 (0 = 4)[)]0 < i < n}.
Moreover, if the mazx is achieved for r, then
OA « OF = qdmi"OXrT * OuT(n—r)'
Proof. Notice that we have obtained (1.1), due to (4.8) and the isomorphism
Gr(k,n) = Gr(n — k,n). Then for any i > 0, it follows from (2.2) that THON) =
¢“O* € QK (X) if and only if T%([X}]) = ¢*[X*] € QH*(X). Therefore
¢" 0N x OF = T™(O* % O")
=THON) «» T (O")
_ q%(ik+\/\|—|/\Ti|>Oz\Ti « q%((n—i)k+\u\—|m(n—i)\)Omm—i)_
Here the second equality follows from the associativity and commutativity of the
quantum K product among Schubert classes. It follows that

O 5 01 = g (M= 1 (=) AT, it (n—=i)

forall 0 < i < n. In particular for diin = max{2 (|A| = A 14| + [p| = [u T (n —9)|) |
0 < i < n} which is achieved for ¢ = r, we have

(9A * OH — qdmin OATT * ONT(n_T).

By Proposition 2.2, dyin is the smallest power of ¢ appearing in [X?]  [X#]
in QH*(X), and [X*] % [X#] = ¢%min[XM7] % [X#1(»=7)] Therefore there exist
v, € Py such that C;%Or,m(n—r) = ci:‘i‘““‘ # 0. Since K(X) has a Z-filtration
structure {€P) />, ZO*} ez whose associated grading ring gives H*(X,Z), we have
2,0 )
Nrpt(n—r) = Ntrpt(n—r)
O™ 5 OFT(=7) is zero. Thus dmin must also be the smallest power of ¢ appearing
in O x O~ O

# 0. It says that the smallest power of ¢ appearing in

6.2. More reductions of quantum-to-classical type. Here we provide more
reductions, especially Theorem 6.5, by using the operators H and 7 on QK (X).

Lemma 6.2. Let A\, u,v € Py, and d > 1.
(1) If Al = At 1] > || = v 1 1], then NYG = NYIo—

ATL,p
(2) If N = A L1 > [v] = |v L 1], then NY& = NYj0 |
(3) If I\ — X1 ¢| = |v| — |v 14| for some i, then N/l\’::j = Nﬂ;i
(4) If I\ = |IANLi| = |v| — v Li] for some i, then N:ﬁ = N;\'f;ﬁ

Proof. Expanding 7°(O* x O*) in two ways, we have
THOMOM) =T (Y Ny, 0"q") = Y NYLa T (0") = 3 Nyl
v,d v,d

v,d

ik+|v|—|vti
n

| .
OVTl;
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Ti(OA *O”) _ 7_2»(0)\) « OF — qwomi*o“ _ zk+w [MPi] ZN”I 0Yq

AT, 1
Hence, statement (3) follows immediately. By definition, |\ — |)\ T 1] = =k if
A1 < n—k,orn—kif \; = n—k; sodoes |v|—|v 1 1|. Hence, |A\|—|A 1 1| > |v|—|v T 1]
if and only if |A| = |X 1+ 1| = n—Fk and |v|] — |v T 1| = —k. Comparing the
above equalities for such 7 = 1, we have de N:\':zqdol’“ = qZVdNA’le ,0%aq q®.

Therefore, N ;\j’d N ;\/%1 z 1, namely statement (1) holds. Similarly, we conclude
statements (4) and (2), by using the associativity H*(O* x OF) = HI(O*)«O*. O

Lemma 6.3 (Theorem 5.13 of [15]). For A\, u,v € Py, and d > 0, Nf\’:Z = ij,vd

Lemma 6.4. Let \,v € Prp, and 1 < m < k. Ifv; > Xy for all1 < i < m and
Um < Am, then we have

)\ T (n - k - >\m + m) = ()\m+1+77/_k_)\m; A+ —Kk—Am A1 — Ay 7A7n71_>\m,70);
v (m—k—=XAn+m) = (vmtn—k—Am+1, watn—k—=Am+101—=Am+1 m1—=Am+1).
Proof. Denote ag = 0 and A(®) = X\. Set a; =n — k — \; + i and recursively define

A = \GE=1) 4 (a; —a;—1) for 1 < i < m. By the definition of Seidel shifts and
induction on 7, we conclude

AD = (Niprtai—i, - Memrtai—i, detai—i, ai—ar—(i—1), a;—ay—(i-2), -+, a;—a;_1—1,0)

for all 1 <7 < m. In particular, the first half of the statement follows from the case
1 =m.

Denote by = 0 and v = v. Set b,, = a,,, and b; = n—k—v;+ifor 1 <i < m—1.
Then, b, — b1 = V1 — A+ 1> A1 — A +1>0. For 1 <i<m—1, we
recursively define v(¥) = (=1 4 (b; — b;_1), and by induction we conclude

V(i) = (Vi+1+bi—i, s Ae—1+bi—1, A +b;—1, bi—bl—(i—l), bi—bg—(i—Q), <o bi—bi -1, 0)

Noting vy, + b1 — (m— 1)+ (b —bm—1) = Um +n—k— X, +1 < n—k, we have
vt (n—k=Am4+m) =" D1t (b —bpm_1) = V"D 4 (byy—bp—1, - by —bm_1).
Therefore the second half of the statement follows. (]
Theorem 6.5. Let A\, p,v € P, and d > 1. If v; < X\ for some i, then we set
m=min{i | v; < A\;,1 <i <k}. We have

vid _ AT (n—k—Ap+m),d—1
N, - N)\T(nfkrf)\mij),p,
(Vmtn—k—=Am+1, wptn—k—Apm+1Lv1—Am+1, Vm_1—Am+1),d— 1
()\7n+1+n_k_)\7n;'”a)\k"l'n_k_)\my)\l_)\mu >\m 1— Amao) M

kA= | ket |v]|—
Proof. Set r =n —k — Ay, +m and ¢ ;= "HAZIMTL_r +|"1‘1 lytr]

the equalities for the two ways of expansions of 77 (O * O*)(as in the proof of
Lemma 6.2), we have

. By comparing

Ny = N33
By Lemma 6.4, we have |A\| — |[A 17| =—(n—k)(k —m) + kX, and |v| — v T 7| =
—(n—k+1)(k—m+1)+ kA, —m+ 1. Hence, t = 1, namely the first equality in
the statement holds. By Lemma 6.4, the second equality holds as well. O

We provide two consequences of Theorem 6.5 below.
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Proposition 6.6. Let \, j1,v € P, and d > s > 2. Suppose vi +s—2 < A;_1 and
Vi—st1 + 58— 1 < A for some integer j € [s,k]. Lett = min{j | vj_s41 +s—1<
Aj,s < j<k}. Then we have
vd _ arvT(n—k—X¢+t),d—s
Ny = Nxttn—b-Ae+)p
Proof. Since v1 +i <11 +5—2 < A1 < Ajqq for all 0 <4 < s — 2, by applying
Theorem 6.5 repeatedly, we have

Nu,d o Nu']‘(n—k—)\1+1),d—1 o N(n—k+u1—)\1+1,m,n—k+uk—)\1+1),d—1
A T TIA N (n—k—=A14+1),p T T (n—k+A2—A1, n—k+Ag—A1,0),1
_ NI/T(n—k—)\2+2),d—2 o N(n—k+l/1—kz+2,--~7n—k+Vk—A2+2),d—2
T M (n—k—=X242),1n T N (n—k+A3—A2, ,n—k+A—A2,A1—X2,0),u
o vi(n—k—Xs—1+s—1),d—s+1 | v,d—s+1
- N)\T(nfkf)\s_1+571),,u — Ni\,ﬁ

. v,d—s+1 __ (n—k+4vi—As—1+s—1, n—k+vp—As—1+s—1),d—s+1
with N{™ = N(n—kﬂijﬂ_l,.u B AR A 1M Ao 1 A a—Aa_1,0),° Lhen we
v,d—s+1 _ ot (n—k—Xm+m),d—s _ arvT(n—k—X¢+t),d—s .
have NS\,* = Njtnbsmyn = Nz\’r(nfkatth),u , again by Theorem 6.5
withm =t — s+ 1. O

Example 6.7. In QK (Gr(6,17)), take A = p = (10,8,6,4,2,0) and d = 3.

For v = (3,3,2,1,0,0), 1 + 3 —2 < A3_7 and v3_341 +3 — 1 < A3 hold. By
Proposition 6.6 with respect to s =t =3, we have n — k — Ay +¢ = 8 and

1,3 _ A18,0 _ Ar(11,11,10,9,8,8),0
Ny = Nitsin = N9.7,5,3,2),(10,8,6,4,2,0)

For n = (6,2,2,1,0,0), Proposition 6.6 is not applicable. Nevertheless, we can

apply Theorem 6.5 repeatedly and obtain
(6,2,2,1,0,0),3 _ nr(8,4,4,3,2,2),2
N(10,8,6,4,2,0),(10,8,6,4,2,0) = N(9,7,5,3,1,0),(10,8,6,4,2,0)

_ N(1066:5.4.4).1
= $Y(9,7,5,3,1,0),(9,7.5,3,1,0)

. N(11’11’10’9’9’4)’0
— 77(9,7,5,4,2,0),(9,7,5,3,1,0)"

Proposition 6.8. Let A\, p,v € Py, and d > 1. If v1 > A and vy < Apypi—j + 4
for some j, then we set m =min{j | v1 < Apy1—; + 5,1 < j < k}. We have
vd A AV L(n—vi+pm—m),d—1
Ny 7 Nl/vi(nfkﬂn),ul(kﬁtumfmy
Proof. Since 1 > A\, we have n —k— A1 >n—k—v;. By Lemma 6.3 and Lemma
6.2 (4), we have

vd _ A AV,d _ A AL (n—k—v1),d _ ar(vi—Ag,,v1—A1),d _. nPd
N)vlt - NVV,# - NV\/\L("L_k_Vl)”U‘ - N(Vl—l/ka'“»VI—V2,0)1(#17"‘7H}¢) W7

Therefore by Theorem 6.5 together with the definition of Seidel shifts, we have

NV — N?T(nfkfumﬂn),d*l _ ardktpm—m),d—1 _ Nkvi(nfulﬂtm*m),d*l
AT TNt (n—k—pm+m) = N ud(ktpm —m) = S wVl(n—k—v1),ud(k+pm—m)"

O
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7. A QUANTUM LITTLEWOOD-RICHARDSON RULE FOR QK (Gr(3,n))

In this section, we restrict to Gr(3,n), and provide a quantum Littlewood-
Richardson rule for QK (Gr(3,n)) in Theorem 7.3. We obtain the rule by re-

ducing most of N ;Z to corresponding IV ; 0 and computing the rest directly. As a

direct consequence, we show the alternatiﬁg positivity in Corollary 7.4.

Proposition 7.1. Let A, u,v € Ps,, and d > 1. In QK (Gr(3,n)), we have

Nl’vd - NVwL()\3+H3)7d+ |V\*\V¢(A3+M3)\*3(/\3+u3) f/,dA
AT T (A1 —A3,A2—X3,0), (11 —p3, 2 —p3,0) S W

Moreover, we have (—1)MNHultlvltdn — () AR+ |+dn

Proof. The arguments for the first equality are the same as that for Lemma 6.2.
The second equality follows immediately from the definition of the notation. O

Thanks to the above proposition, we will always consider the partitions A\ =
(A1, A2,0) and g = (p1, p2,0) in Ps , in the rest of this section.

The next lemma is a special case of the Giambelli formula in [15, Theomrem
5.6]. Here we provide the detail by quantum Pieri formula for completeness.
Lemma 7.2. Let p = (u1, ft2,0) € Psp. In QK (Gr(3,n)), we have

n—3
OF = OH1 4 @OH2—1 | Z O7 5 (OF2 — Or2—1,
J=H1
Proof. For any n —3 > a > b > 0, by the quantum Pieri rule we have
min{a+b,n—3}
O« O = Oa:b,0) Z (OWa+b=3.0) _ 9Uatb=j+1,0)y
Jj=a+1
Hence, the right hand side RHS of the expected equality satisfies

n—4

RHS = 0"« 0" + Y (07 5 OM2 — 07T 5 01271
J=Hm1
n—4
= On=3n2,0) | Z (OG#2:0) _ li+1.42,0))
Jj=p1

= OW1:p2,0)
([

Theorem 7.3. Let A\, p,v € Ps,, with A3 = uz = 0. In QK(Gr(3,n)), we have
NAVjZ = 0 unless d < 1. Moreover, descriptions of N;\/i are given as follows.

(1) If 1 < max{A1, p1}, assuming v1 < A1, we have

Nu,l _ N(V1+n—2—/\171/2+n—2—)\171/3+n—2—)\1)70
Apn T T (A2+n—3—=A1,n—3—X1,0),u '

(2) If v1 > max{A1, p1} and vo < max{Ag, 2}, assuming vo < Ao, we have

v,l (v2a+n—2—X2,v3+n—2—X2,v1 —A2+1),0
NA,M - N(n—3—)\27>\1—/\270)7ﬂ :
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(3) If vy > max{\, u1} and vy > max{a, uo}, setting m := |v|+n — |\ — |u]
and A := A\ + p1 — v1 — va, we have

min{A —1,n—3—11}, if m=0,
—min{4A,n -3 -} —2min{A—-1,n -3 -1}, ifm=1,
2min{A4,n —3— w1} +min{A —1,n -3 — 11}, if m =2,
—min{4,n — 3 — 11}, if m =3,

v,1 __
NA:M -

provided all the constraints in (7.1) hold, or NQ; = 0 otherwise.

A >0,

0<m<3,

min{A; + Ao, pt1 + p2} > n — 3+ v,
min{ Ay, g1} > v, min{dg, po} > vs.

Proof. By Lemma 7.2,

O x OF = OP1:22,0) ((’)"1 x OF2—1 4 ans 07 (OF2 — (9“2_1))
J=H1
n—3

= OPWA2.0) 4 Op 4 OR2—1 4 (Z OP1:A2,0) (’)j) x (OF2 — Or2—1hy,

J=Hm1

Since A3 = 0, we have OP1:42:0) x 07 = OCA1A2.0) . 097 = >, ¢yO". Thus N;:i =0
whenever d > 1, by Proposition 5.1. Namely the first claim in the statement holds.

Statement (1) and (2) follow directly from Theorem 6.5.

Now we start with the hypotheses v1 > Ay and vy > A9 only.

For any a, the term gO" occurs in O7 x O% only if v can be obtained from 7 by
removing at least one box at each row. In particular if A; < ;41 for some 1 <i < 2,
then none of 1 could satisfy the requirement. Consequently we have

(7.2) NAV}L =0,if ; > A, for all ¢ € {1,2} and \; < vj44 for some j € {1,2}.

Since 11 > Ay and vy > Ao, it follows that n; > \; for 1 <4 < 3, so that r(n/A\) = 3.
Thus by Proposition 5.1, N ;i coincides with the coefficient of ¢gO" in PRHS with
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PRHS = 22: 3 (1)1‘(?)@7;*0”21

i=0 n/Al=pu +i

i Z;::l 22: > v (3) O % (0" — Or21)

i=0 |n/X|=j+i

2 2
> (—1)1'()0’7 x Ot
i=0 [n/A|=pu1+i ’
+ ( Z on — Z 017) « (OF2 — Ouz—l)

[n/X=p1 [n/A|=p1+1

Z O % Or2—1 _ Z O x OH2—1

[n/A|=p1+2 [n/A=p141

- Z O" 5« OH2 4 Z ON x OH2

[n/Al=p1+1 [n/X=p1

Since n/X is a horizontal strip, |n/A| < n — 3 is an implicit constraint in the
above sums. In particular if |n/A] > n — 3, then the corresponding sum is read
off as 0. Since r(n/A) = 3, the outer rim of n has 3 rows. Since v; > A; for
all i, the first two rows of the outer rim of 1 both contain at least a box in v.
Therefore for any a, the coefficient of gO” in O"x O is equal to (—1) (i), provided
lv| — |n| +n —a=-e € {0,1,2} and the implicit constraint that v can be obtained
from n by removing a subset of the boxes in the outer rim of 7 with at least one
box removed from each row. Hence,

v,1
N)\:# = Z [n/X=p1+2 1+ Z [n/X=p1+2 (_2) + Z [n/X=p1+2 1
vl =Inl+n—pa+1=0 |[v|=Inl4+n—po+1=1 [v|=Inl+n—pg+1=2
=2 ammtr L= aaima+r (2) =30 = 1
[v|=Inl+n—py+1=0 [v|=Inl+n—po+1=1 [v|=Inl+n—po+1=2
=Y nmmtr L= = (2) = D0 pa=m 1
|v[=Inl+n—py=0 [l =Inl+n—pgy=1 [vl=Inl+n—py=2
+> b= LAY = (52) 4D a=s L
[v|=Inl+n—pgy=0 vl =Inl+n—pg=1 [vl=Inl+n—pg=2

Let m = n+|v|—|A|—|p|. The first sum occurs only if [n/A|[+(|v|—|n|+n—p2+1) =
(111 +2) +0, namely only if m = 1. For the same reason, only part of the sum could
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occur at the same time. Precisely, we have

v,1
NA,M
- > 1+ > 1, if m =0,
[n/X=p1+1 In/X=p1
[vl=Inl+n—py+1=0 [vl=Inl+n—py=0
E 1+ E 1+ E (-2), ifm=1,
[n/X=p1+2 [n/X=p1+1 In/X=p1
(73) [v[=Inl+n—pa+1=0 [v|=Inl+n—pa+1=1 lvl=Inl+n—py=1
= E (—2) + E 1+ E 1, ifm=2,
[n/XN=p1+2 [n/X=p1+1 In/X=p1
[vl=Inl+n—pg+1=1 [v[=Inl+n—po=1 [v|=Inl+n—pg=2
> 1- > 1, if m =3,
[n/A=p1+2 In/X=p1+1
[vl=Inl+n—po+1=2 [vl=Inl+n—py=2
0, otherwise.

Notice |v| — |A] > v3. If g1 + p2 < n— 3+ v3, then m > vz +n — |y|
vs +n — (g1 + pe2) > 3. Therefore by formula (7.3), we have

(7.4) Ny L =0,if v; > X; for all i € {1,2} and pg + pp <71 — 3+ vs.

The above arguments only use the hypotheses 1 > A1 and v > Ag. Since v; >
max{\;, ; }, by interchanging A and p in (7.2) and (7.4), we obtain

(7.5) Ny, =0, ifv; > p; foralli € {1,2} and \; < v;4y for some j € {1,2};

(7.6) N;\"i =0, ify; >p;forallie{1,2} and A\ + Xy <n—3+wvs.

Now we consider the case p1 + po > n — 3+ vz and A\; > v,y for all j € {1,2}.
Assume Ao > o (otherwise we interchange A\ and p in the arguments below). Set

Y := {1 | n occurs in the unique sum when m = j and |n/A| = puy + i}

We claim (91,72,73) — (71,72,73 — 1) well defines a map ¢ : I7 — TY_| for all
(i,7). Indeed, we just need to show v can be obtained from (71,72,75 — 1) by
removing a subset of the boxes in the outer rim of (91, 72,1m3 — 1) with at least one
box removed from each row, for all n € Ff . That is, we need to show 13 — 1 > v3.
Notice pu1 41 = |7]|7|>\| = ?73+(771*)\1)+(772*)\2) < 7]3+(n73—/\1)+()\1 7)\2).
Hence g > p1 +i+A2—(n—3) > p1 +p2+i— (n—3).

a) If m = 3, then we have i = 2 and hence 3 > n—3+v3+2—(n—3) = v3+2.

b) If m < 3, then |u| = |v| +n — |A| = m > vz +n — 3, and consequently

n>vs+n—3+i—(n—3)=v3+i>v3+1.

Thus we always have 3 — 1 > v3. Since wz is obviously injective, we have

T\ v ()], it m =0,
— [T\ g (05| = 2Tg \ (TP, if m =1,
207\ g (T + [T \ ()], ifm =2,
— |7\ g (g, if m = 3.

(7.7) Ny =
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O\ (1)
=N E€Psnlm=rvi+1<m,v2+1<m <A, |n| =[N =m +i-1}
~ rvi—M+1<a<n—-3-X\
= b Z2 ’ .

R A T W 13 VG VS W,

Since p; < vy and 4 € {1,2}, we have
H1+i—1—)\2—(V1—>\1+1)=>\1—)\2+(/L1—V1)+(i—2) S)\l—)\g;
Ml—l—i—l—)\g—(l/l—)q—l—l)—(l/g—)\g—l-l) =M+pu—v1—1e+i—3=A+i-3.
Thus I'7*, \ () # 0 if and only if A +4— 3 > 0. Hence, by (7.7) we have

v,1 .
N)\’#:O7 if A <0.

Now we assume A > 0. (We allow the case A =1 and i = 1, since I']" \ ¢7(I'T")
would be an empty set, consistent with the counting number A — 1 = 0). For
M=p —va+i—2,wehave yg +i—1— Ao =M+ (r2+1— X2), and M is the
upper bound of a for which the required lower bound of b is satisfied. Hence,

e\ YrI) =2{a€Z|vi—M+1<a<min{M,n—3—X\}}
independent of the value m. Hence,
m n—-3-1n<A+i—-2, fM>n—-3-X\
T\ g ()] = : .
A+i—-2<n—-3—-—v, UM<n—3-—X\.

Consequently statement (3) follows from (7.7). O

As a direct consequence, we verify [15, Conjecture 5.10] by Buch and Mihalcea
in the special case Gr(3,n).

Corollary 7.4. Let A\, u,v € Ps,, and d € Z>o. In QK(Gr(3,n)), we have

(71)|)\|+|H|+‘V|+dHN;’7Z > 0.

Proof. It d = 0, the alternating positivity is known to hold [7, 6]. By Proposition
7.1, we can assume A3 = u3 = 0 and d = 1.

If v; < max{A;, u;} for some 1 < i < 2, then it follows from Theorem 7.3 (1) and
(2) that NA"}L = N;g with [A| + || + [v| +n = || + || + || mod 2. Hence the
statement follows.

If v; > max{\;, u;} for all 1 < i < 2, then the statement follows directly from
Theorem 7.3 (3). O

Example 7.5. Let c¢,u be integers with 0 < c < u <2c<n—3. Let A\ = p =
(2¢,¢,0) and p = (u,¢,0). Then A= \+p1—v1—ve =u—c>0. InQK(Gr(3,n)),
by Theorem 7.3 (3) we have
n—3 — 2c, ifu=n-—c,
—-3(n—3-2¢), ifu=n—1-c¢,
N(Qc,c,()),l . 3( 3_9 . - 9
(2¢,¢,0),(u,c,0) — n—9- C), qu =n—2s-0
—(n—3-2¢), ifu=n—-3—c,
0, otherwise.
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N(Zc,c,O),l

In particular if u = 2¢, then n — 3 = 3¢ and (26,6,0).(2¢,,0) =

C.

We remark that part of the structure constants N ;\/i in case (3) in Theorem 7.3
can also be reduced to NV ; ’g. For instance if v1 < Ay + p2, then the reduction can
be done by Proposition 6.8. Here we provide a reduction for the part when 5 = 0.

Proposition 7.6. Let A\, u,v € Ps,, with A\g = p3 = 0. Assume v > max{A1, 1},
v > max{ g, p2} and vz = 0. If either of i), ii) holds,

1) n—3—p; <As_jforsome j € {l,2}; i) A\=p=v,A\ <2X, \1 + A2 <n—3;
then N/l\’/i = ;’g for some S\,ﬁ, U € P3,, with explicit descriptions.
i) IfA=p=1v, =2\, i+ <n—3, then Ny, = —Xs.
If none of 1), ii), iii) holds, then N/’\'i =0.
Proof. By Lemma 6.3 and Lemma 6.2 (3), we have

NV’l _ ar(n=3,n—3—p2,n—3—p1),1 _ ar(n=3—p2,n—3—p1,0),1
Ap T TN (A1,22,0),(n—3,n—3—v2,n—3-v1) © " "(A1,A2,0),(n—3-v2,n—3—v1,0)"

(1) Assume n — 3 — pg < A1, then by Theorem 6.5 we have

Nl/,l o N(Qn—5—A1—u2,2n—5—)\1—uz,n—Q—)\l),O
A pn (n—=3—=X14+A2,n—3—X1,0),(n—3—v2,n—3—1v1,0)"

(2) Assume n—3—po > A and n—3 — 1 < Ag, then by Theorem 6.5 we have
v, Ar(2n—5—X2—p1,n—2—A3,n—2—p2—A2),0
NA n N(n737)\2<2k)\3,1>\17)\2,0)2,(71737112,7172371/1,0)'
(3) Assumen —3—pg > A and n—3 — 3 > Ao
(a) If A\ # p, then we further assume \; + Ao > p1 + pe without loss of
generality. Thus 2(n — 3) — (u2 + 1) > A\ + Ao > p1 + pe. It follows
that p1 + pe < n — 3, and hence Nf\'; = 0 by Theorem 7.3 (3)(a).
(b) If A =p,thenn—3—pe =n—-3—XAa > A. f M+ X <n—3,
then N/'\/llt = 0 by Theorem 7.3 (3)(a). If Ay + A2 =n — 3, then by the
conclusion of part (a), we have N/l\’i =0 unless A = v.

It remains to discuss the case A = = v with A\; + Ay = n — 3. We have
ML Ny (im3m—3-2a.n—3-1).1 _ (A —22,0),1
A (A1,A2,0),(n—3,n—3—X2,n—3—A1) (A1,A2,0),(A1,A1—X2,0)"
If Ay — A2 < Ao, then by Theorem 6.5 we have
ML (1B A =3 1,0~ A2 +1).0
AN (n—3—=A2,A1—XA2,0),(A1,A1—A2,0) :

If Ay — A9 > Ag, then Ni; = 0 by the conclusion of part (a).
If A1 — X2 = Ao, then 3Mo = A1+ X2 = n—3 and N;\‘}\ = —)\g by Example 7.5. O
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