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ABSTRACT. We state a precise conjectural isomorphism between localizations of the
equivariant quantum K-theory ring of a flag variety and the equivariant K-homology
ring of the affine Grassmannian, in particular relating their Schubert bases and struc-
ture constants. This generalizes Peterson’s isomorphism in (co)homology. We prove a
formula for the Pontryagin structure constants in the K-homology ring, and we use it
to check our conjecture in few situations.

1. THE K-PETERSON CONJECTURE

The goal of this manuscript is to present a precise conjecture which asserts the coin-
cidence of the Schubert structure constants for the Pontryagin product in K-homology
of the affine Grassmannian, with those for the quantum K-theory of the flag manifold.
This is a K-theoretic analogue of the celebrated Peterson isomorphism between the ho-
mology of the affine Grassmannian and the quantum cohomology of the flag manifold
[Pet], LS|, [ILLJ.

Let G be a simple and simply-connected complex Lie group with chosen Borel sub-
group B and maximal torus 7', Weyl group W and affine Weyl group Wy = W x QV
where QV denotes the coroot lattice. Let A denote the weight lattice of G, so that the
representation ring R(T') of T is given by R(T') ~ Kr(pt) ~ Z[A]. The torus-equivariant
quantum K-theory QK,(G/B) of the flag variety G/B has as basis over Z[[¢]] ® R(T)
the Schubert classes O, for w € W, of structure sheaves of Schubert varieties in G/B.
The torus-equivariant K-homology K (Gr) of the affine Grassmannian Gr = Grg of G
has as basis over Z[A] the Schubert classes O, of structure sheaves of Schubert varieties
in Gr, where x varies over the set W_; C Wy of affine Grassmannian elements.

Conjecture 1. Let uty,vt,,wt, € W, and let n € Q. Assume that v = X+ p. Then
C’wtu+”7 — N;ng? ZTL K,; (pt)

ut vty
where ¢’s are the structure constants in KJ (Gr) with respect to O, and N's are the
structure constants in QK (G/B) with respect to O".

Conjecture |1] implies that the multiplication in the ring QK,(G/B) is finite, and thus
it is possible to define it over Z[g| instead of Z[[g]]. On the affine side, it implies that
we have the formula Oy, - Oy, = Oy, ., in the K-homology ring KI(Gr) endowed with
the Pontryagin product. Conjecture [I| can then be alternatively formulated as follows.

Conjecture 2. The R(T)-module homomorphism
U Kq (Gr)[0] — QK (G/B)lg; ']
OthOtZI L Q)\fz/Ow
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is an isomorphism of R(T)-algebras.

A direct verification of Conjecture [I] requires computations of the structure constants
on both sides. In this paper, we will mainly focus on the affine side. There has been
an algebraic model L for the Hopf algebra structures of the (topological) K-homology
K{(Gr) studied in [LSS]. Therein the Hopf algebra LL is the centralizer of R(T) in the so-
called K-theoretic nilHecke ring K. Moreover, a K-theoretic Peterson’s j-isomorphism
k: KI'(Gr) — L was given, similar to that for the (co)homology case in [Petl [LS]. We
will give the geometric meaning of the Peterson’s j-isomorphism &k : KI'(Gr) — L in
Theorem [I} by describing the image k(O,,) of Schubert classes O, in KI(Gr). The
extension of R(7T')-module L to a module over the fraction field Q(7") of R(T') has a
Q(T')-basis {t}, which correspond to the torus-fixed points in the affine Grassmannian
Gr. The Pontryagin product among ¢, is quite simple. The basis change between ¢, and
k(O,) are given in terms of rational functions b, , and e, ,, precise expressions of which
will be provided in Proposition[I] As a consequence, we obtain an explicit formula of the
structure constants ¢; , in Theorem [2 Combining with calculations on the quantum side
in few cases, this leads to computatlonal evidence for the aforementioned conjectures.

The equivariant K-theory was introduced for a flag variety X by Givental [Giv], and
was defined for a general projective manifold by Lee [Lee]. Even in the nice case of a com-
plete flag variety G/ B, the structure constants N3¢ for QK (G/B) are not a single but
a combination of K-theoretic Gromov-Witten invariants, and are difficult to compute
in general. While there is no algorithm to calculate N;’f;]d for X = G/B or for arbitrary
flag varieties G/ P, there are several particular instances where algorithms are available.
In the case of a cominuscule Grassmannian, a “quantum = classical” statement, calcu-
lating KGW invariants in terms of certain K-theoretic intersection numbers on two-step
flag manifolds was obtained in [BMII]; in Lie types different from type A, this uses
rationality results from [CPI1I]. As a result, a Chevalley formula, which calculates the
multiplication by a divisor class, was obtained in [BM11] for the type A Grassmannians,
and it was recently extended in [BCMP16+] to all cominuscule Grassmannians. In the
equivariant context, this formula determines an algorithm to calculate any product of
Schubert classes generalizing the result from quantum cohomology |[Mih]. Formulas to
calculate N for X = G/B and d a “line class”, i.e. d = [X(s;)], were obtained in [LM]
by making use of the geometry of lines on ﬂag manifolds. There are also algorithms
based on reconstruction formula [LP, IMT] which in principle can be used to calculate
KGW invariants. In practice, however, these lead to quantities which quickly become
unfeasible for explicit calculations. We remark that it is shown in [HL, Corollary 5.10]
that the K-homology Schubert structure constants determine the 3-point K-theoretic
Gromov-Witten invariants of a cominuscule flag variety G/P. However, a direct formula
relating the two sets of invariants is not given.

There are other evidences to support our conjectures. As mentioned earlier, one
consequence of Conjecture [1] is the finiteness of N2¢ for QKr(G/B). The finiteness
property was conjectured to be true for any flag variety G/P by Buch, Chaput, Mi-
halcea and Perrin, and was proved in the case of Grassmannians, namely when P is
a maximal parabolic group [BCMP13, BCMP16] by studying curve neighborhoods of
Schubert varieties. It is now proved for any G/P by Anderson, Chen and Tseng by a
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different technique [ACT, [ACTTS]. There is a similar statement to Conjecture 2] Ikeda,
Iwao, and Maeno [IIM] have recently shown that the K-homology ring Ky(Grgr, ) is iso-
morphic to Kirillov-Maeno’s conjectural presentation [LeMal of the quantum K-theory
QK (Fl,) of complete flag manifold Fl, after localization. Their approach is via the
relativistic Toda lattice, and the behavior of Schubert classes under their isomorphism
is also studied. We remark that a similar presentation of QK (Fl,) was given in [KPSZ]
with respect to a different definition of quantum K-theory. The quantum K-theory in-
troduced by Givental and Lee was in the formularism of stable maps. There is another
one in the formularism of quasimaps. Braverman and Finkelberg [BE| showed that the
coefficients of Givental’s K-theoretic J-function [Giv] for a flag variety are the equivari-
ant characters of the polynomial functions on a Zastava space, which consists of based
quasimaps to the flag variety. Moreover, in each homogeneous degree, the functions
on a Zastava space are isomorphic to the functions on a transverse slice of a G-stable
stratum inside another G-stable stratum in the affine Grassmannian. Together with the
K-theoretic reconstruction theorems [LP, IMT], this provides a conceptual connection
between quantum K-theory of flag varieties and K-homology of affine Grassmannian-
s. We refer to section 1.4 of [ACTI§| for some discussions on quantum K-theory with
respect to different compactifications of the space of degree d maps from P* to G/P.
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2. QUANTUM K-THEORY OF FLAG VARIETIES

Let G be a complex, simple, simply-connected Lie group and B, B~ C G is a pair
of opposite Borel subgroups containing the fixed torus 7' := B N B~. For each element
w € W in the (finite) Weyl group there are the Schubert cells X (w)® := BwB/B,
Y (w) := B-wB/B and the Schubert varieties X (w) := BwB/B and Y (w) := B~wB/B
in the flag manifold X := G//B. Then dim¢ X(w) = codim¢Y (w) = ¢(w) (the length
of w). The boundary of the Schubert varieties is defined by 0X(w) = X(w) \ X(w)°
and JY (w) := Y(w) \ Y(w)°. The boundary is generally a reduced, Cohen-Macaulay,
codimension 1 subscheme of the corresponding Schubert variety.

We briefly recall the relevant definitions regarding the equivariant K-theory ring,
following e.g. [CG]. For any (complex) projective variety Z with an algebraic action of a
torus T, one can define the equivariant K-theory ring K7 (Z). This is the ring generated
by symbols [E]r of T-equivariant vector bundles £ — Z subject to the relations [Fr +
[H]r = [E]r whenever there is a short exact sequence of T-equivariant vector bundles
0—F —FE— H— 0on Z. The two ring operations on K7 (Z) are defined by

[Elr + [Flr = [E& Flr;  [Elr- [Flr = [E® Flr.
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There is a pairing (-,-) : KT(Z) ® KT(Z) — KT(pt) = R(T), where R(T) is the
representation ring of T', given by

dim Z

([E)r, [Flr) = x0(Z; E@ F) = Y (=1)'chy (H'(Z; E @ F));

i=0
here x7 denotes the equivariant Euler characteristic and chy € R(T') denotes the char-
acter of a T-module. If in addition Z is smooth then any T-equivariant coherent sheaf
F on Z has a finite resolution by equivariant vector bundles, and thus there is a well
defined class [F|;r € KT(Z). This identifies the Grothendieck group Kr(Z) of equi-
variant coherent sheaves with K7(Z). For any T-equivariant map of projective va-
rieties f : Zy — Zy, there is a well defined push-forward f, : Kp(Z1) — Kr(Z3)
given by fu[Flr = > .~o(—1)'[R'f.F]r; in this language the pairing above is given by
([Elr, [F)r) = 7. ([E]r - [F]r) where 7 : Z — pt is the structure map.

The maximal torus 7" acts on X = G/B by left multiplication and the Schubert
varieties X (w),Y (w) are T-stable. Then the structure sheaves of the Schubert va-
rieties determine the Grothendieck classes O, = [Ox)lr and O¥ = [Oy@lr in
the T-equivariant K-theory ring Kr(X). We will also need the ideal sheaf classes
bw = [Ox(w)(—0X(w))]r and £ = [Oy(w)(—0Y (w))]r determined by the boundaries
of the corresponding Schubert varieties. The ideal sheaf classes are duals of the Schubert
classes:

<Oua §v> = <Ouafv> = 5u,va
where 0 is the Kronecker delta symbol. We refer to [Bri05), §3.3] or [AGM] for the proofs
of this.

Motivated by the relation between quantum cohomology and Toda lattice discovered
by Givental and Kim [GK| [Kim|, Givental and Lee [Givl [Lee| defined a ring which
deforms both the (equivariant) K-theory and the quantum cohomology rings for the
flag manifold X. This is the equivariant quantum K-theory ring QK,(X). Additively,
QK (X) is the free module over the power series ring Kr(pt)[[q]] = R(T)[[q1,-- - a]]
which has a R(T)[[g]]-basis given by Schubert classes O" (or O,,) as w varies in W.
Here r denotes the rank of Hy(X), which for X = G/B is the same as the number of
simple reflections s; € W. The multiplication is determined by Laurent polynomials
N@¢ e R(T) such that

(1) O"x0"= Y Nulgo"

weW,deHa(X,Z)
where the structure coefficient N;* is nonzero only if d = Y7, m;[X(s;)] € Ha(X) is
effective (i.e. each m; > 0), and we mean [;_; ¢/"* by ¢®. The precise definition of N}

requires taking Euler characteristic of certain K-theory classes on the Kontsevich moduli
space of stable maps Mg 3(X,d) and over some of its boundary components Mgq(X) :

Nyt =3 (=1 Xty (€vi(0") - ev3(0°) - evi(Eu)).

In other words, each N;jj;fl is a combination of K-theoretic Gromov-Witten invariants.
This is unlike the case of quantum cohomology, where boundary components do not
contribute to the structure constants.
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3. K-HOMOLOGY OF THE AFFINE GRASSMANNIAN

3.1. K-groups for thick and thin affine Grassmannians. The foundational refer-
ence for the thick affine Grassmannian is [Kas| and for the thin affine Grassmannian we
use [Kum02] and [KumI5].

We use notation from Section [1} The (thin) affine Grassmannian Gr is an ind-finite
scheme: it is the union of finite-dimensional projective Schubert varieties X,,, for w €
W (in analogy with the Schubert varieties X (w) for G/B). The dimension of the com-
plex projective variety X, is equal to the length ¢(w). Let KI'(Gr) be the Grothendieck
group of the category of T-equivariant finitely-supported (that is, supported on some

Xy) coherent sheaves on Gr. We have

K{(Gr)~ @ R(T)

weW ¢

where O,, = [Ox,, |1 denotes the class of the structure sheaf of X,, (cf. [Kumlbl, Section
3]). We call the R(T)-module KI'(Gr) the (equivariant) K-homology of Gr. We notice
that €57 := [Ox,, (—0X,)|r, w € W, form another R(T)-basis of KI'(Gr), which we
simply denote as &, whenever it is clear from the context.

The thick affine Grassmannian Gr is an infinite-dimensional non quasicompact scheme:
it is a union of finite-codimensional Schubert varieties X*, for w € W, of codimension
{(w). Let K(Gr) be the Grothendieck group of the category of T-equivariant coherent

sheaves on Gr, defined for example in [L.SS, Section 3.2]. We have

K2(Gr)~ [] R(T)

weW ;

where O" = [Oxw|r denotes the class of the coherent structure sheaf of X™.

Let F1 denote the (ind-)affine flag manifold, and F1 denote the thick version. As for
the affine Grassmannian, one defines Schubert varieties X,, C Fl and X* C Fl such that
dim X (w) = codim X" = {(w). In this case w varies in the affine Weyl group Wp¢. Let
Oy = [Ox,] € KI'(F1) and OV := [Oxw] € K%(F1); we refer to [KaSh] or [KumI5| for
the (rather delicate) details. There are T-equivariant projection maps = : F1 — Gr and
(abusing notation) 7 : FI — Gr which are locally trivial G'/B-bundles. In particular
they are flat, and

for any w € W,;. Further, similar arguments to those in the finite case show that for
any w € Wy,

(3) W*OXFI — OxG(r ),

where 7m(w) denotes the image of w in W under the projection map. (See e.g. [BKO5,

Thm. 3.3.4] for a proof based on Frobenius splitting; or [BCMP13, Prop. 3.2] for an
argument based on a theorem of Kolldr.) There is a pairing (-, -)p : K%(F1) @ KT (F1) —
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R(T) defined in [Kuml5l §3] by
(-, d KO(FT) @ KT (FI) — R(T)
(4) (F), 1), = S (—1)xr(F), TorOF (F, G)),

for any classes [FJ,[G] such F is a T-equivariant sheaf on Fl and G is a T-equivariant
sheaf supported on a finite dimensional stratum (F1),, of the ind-variety F1. By [Kum15|
Lemma 3.4] this pairing is well defined. In fact, the definition of this pairing extends in
an obvious way to any partial flag variety, in particular to the affine Grassmannian Gr.
It was proved in [BK], Prop. 3.9] that the pairing satisfies the property (O, &) = du.0.
We will need the following additional properties of this pairing.

Lemma 1. Consider the pairing (-, -)x and take any u,v € Wyt in the case when X = F1
and u,v € Wy for X = Gr. Then

1 ifu <w;

0 otherwise .

<Ou7 OU>X = {

Proof. Consider first X = Fl. By definition we have

(0", 0 =Y (—=1)'xr(X,, Tory ¥ (Ox+, Ox,)).
According to [Kuml5l Lemma 5.5] all T'or sheaves are 0 for ¢ > 0, and by definition
TOT[?Y(OXu, Ox,) = Ox» where X' :== X" N X, is the Richardson variety (cf. e.g. §2 of
loc.cit). According to [KuSd, Cor. 3.3], the higher cohomology groups H* (XY, Oxu) = 0
for i > 0 and since X! is irreducible H*(X¥, Oxu) = C. It follows that the sheaf Euler
characteristic x7 (X}, Oxu) = 1.

We now turn to the situation when & = Gr. Let u,v € W, . The same argument
as before reduces the statement to the calculation of x7 (X}, Oxu) where X! C Gr is
the Richardson variety. By definition of Schubert varieties, 77!(X,) = X,,, C F1 where
wy € W is the longest element in the finite Weyl group, and 771 (X*) = X*“. Tt follows
that the preimage of the grassmannian Richardson variety is 771(X*) = X* . Then a

vwo *
standard argument based on the Leray spectral sequence (taking into account that the

fiber of 7 : 771(XY) — X is the finite flag manifold G/B, and that H(G/B,Og/5) =0
for i > 0) gives that H' (X}, , Oxy,,) = H'(XY, Oxu) for all i, thus the required Euler
characteristic equals 1, as needed. 0

Lemma 2. For any u,v € W, we have
<1> <O 7§U>Gr - 5“’v; (11) 0, = Zwﬁv;wEWa_f Sur

Proof. (i) The statement follows from the same arguments as for Fl in [BK| Prop. 3.9].
To prove (ii), we write O, = > @ &w, Which is a finite sum because the class O, is
supported on a finite-dimensional variety. By statement (i) and Lemma

1 ifw<w,
0 otherwise.

Ao = <Ow7 Ov)Gr - {
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3.2. K-Peterson algebra. The K-groups K{'(Gr) and K%(Gr) acquire dual Hopf al-
gebra structures from the homotopy equivalence Gr ~ QK , where K C G is a maximal
compact subgroup and QK is the group of based loops into K. An algebraic model for
these Hopf algebras is constructed in [LSS]. Only the product structure of K (Gr),
arising from the Pontryagin product QK x QK — QK will be of concern to us. Here we
are using the topological K-theory for the Pontryagin product in K-homology classes.

We consider a variation of Kostant and Kumar’s K-nilHecke ring, the “small torus”
affine K-nilHecke ring of [LSS], which was inspired by the homological analogue [Pet].

The affine Weyl group W, acts on the weight lattice A of T by the level-zero action
(that is, we take the null root § = 0)

wt, - A=w- A forwe W, pe @ and X € A.

Let I,¢ denote the vertex set of the affine Dynkin diagram. Abusing notation, we denote
by {«; | i € It} the images of the simple affine roots in A. In particular, op = —0 € A
where 6 is the highest root of G. Let Q(T") = Frac(R(T")) and equip Kg = Q(T") ®g(r)
Q[Wyt] with product (p ® v)(q ® w) = p(v - q) @ vw for p,q € Q(T) and v, w € Wy.
Define

(5) Ty =(1—e¥) (s — 1) for i € Ly.

The T; satisfy T? = —T; and the same braid relations as the s; do. Therefore for a reduced
expression w = s;,8;, - - - 5;, € W there are well defined elements T;, = T;,T;, - - - T;,. Let
K be the subring generated by T; for i € I,y and R(T). We call it the small-torus affine
K -nilHecke ring.

Let L C K be the centralizer of R(T) in K; this is called the K-Peterson subalgebra.
The following theorem clarifies the geometric meaning of [LSS| Theorems 5.3 and 5.4].
Recall that the ideal sheaf basis {§, | w € W} € K{(Gr) are the unique elements
characterized by (O, £u)ar = Gpw-

Theorem 1. There is an isomorphism of R(T)-Hopf algebras k : KI'(Gr) = L such that
for every w € W
(a) the element ky, = k(&) is the unique element in L of the form
(6) ko =To+ Y KT,
CCEWaf\W;f

where k% € R(T), and
(b) the element l,, :== k(O,,) is given by

(7) o= k.

Proof. Tn [LSS], a K-homology Hopf algebra K[ (Gr) was constructed as a Hopf dual to
K%(Gr). In [LSS, Theorem 5.3], an isomorphism KI'(Gr) ~ L is constructed, and the
R(T)-bilinear pairing (-, -)p. : K2(Gr) x L is given by

(8) <Ow ) a’>IL = Qu),

wherew € W anda =3 . a,T, € L C Kwith a, € R(T); see [LSS] §2.4], especially
equation (2.10). The uniqueness of the elements k,, given by @ is [LSS| Theorem 5.4].
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We now identify the L with K7 (Gr) via () and (§). It follows from [LSS, Theorem 5.4]
that under the resulting isomorphism & : KI (Gr) = L, we have k(&,) = k,,. Statement
(b) follows immediately from Lemma 2] O

3.3. Closed formula for structure constants. For x,y, 2 € W, define the structure
constants ¢; , by

O, 0y= > c,0.
2€EWat
with the product structure given by the isomorphism of Theorem I, We now give a
closed formula for ¢} , in terms of equivariant localizations.
Define the elements y; = 1 + T; for i € I,;. Then y? = y; and the y; satisfy the braid
relations so that for w € Wy we can define y,, € K. The {yw | w € Wy} form a R(T)-
basis of K. For any ¢ € Q(T'), we have qus, = ys,(s:q) + 7=2Ly;q. Define b, € Q(T)

1 e~
and e, ,, € Q(T') respectively byﬂ

(9) Yw = Z bw,uu7 w = Z Cw,ulu-

’LLGWaf ue Waf

In particular, we notice that biq, = diqu = €ida. for any u. The matrix (bmu) is invertible,
and its inverse is given by (ewm).

Proposition 1. Let u,v € Wy with u # id. Let u = sg, - - - sg,, be a reduced expression
of u. We have

_ ( 6—5k>€k
(10) ZHS&” ﬁlz 1\ 1 = Bk )}ao:—g’

the summation over all (1, ,&m) €{0,1}™ satisfying s - -+ s3" = v.
Denote y; = sp, -+ sp,_,(B;) for each j. Then we have

(11) ewo =Y [ (1 =ep)e +e(l—e™)|. _

the summation over all (e1,--- ,&,)€{0,1}™ satisfying Ysh, YeE = Y.

In the present work, we work in Q(T'), where T' C G is the finite torus. Our proof
below holds in Q(T,¢) where Ty denotes the affine torus.

Proof. The formula for b,, follows immediately from the expression y, = ys, ---

Yss
and the following equality. '

—ebi N 1 1 —_e B
S -5,
1—ef  1_eB BT 1 _¢h 1—6 b

The formula for e,, holds by showing that both sides satisfy the same recursive
formulas. Precisely, let €,, denote the RHS of . We shall show that e, , and é,,

ys, =14+ (1 —e”)(s5, — 1) =

'In the notation of [KK90], they are denoted as b, 1,1 and eV respectively.
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satisfy the same recursions. We have

siw = ("gia+ (1= €)ye) D eunti
= Z eaieu,vyv + Z(l - eai)ysieu»vyv
a i Si(eu,v> — Cuv
= eMewayy + > (1= e™)(sieun)ys, — ———""1ia)y

l—e

- Z eaieu,vyv + Z(l - eai)si(eu,v)ysiyv + Z eai(si(eu,v) - eu,v)yv

v

- Z (eaieu#v + (1 - eai)si(euw) + (1 - eai)si(ewsz-v) + eai(si(eu,v) - €u7v)>yv

vis;jv<v
+ Z (eaieu,v + €% (si(eyw) — eu,v))yv
V:IS; V>V
— Z (Sz’(eu,v) + (1 — eai)5i<eu,s¢v>)yv + Z eai(si(e%”)y”)’
V:8;v<V ViS; V>V

That is, we have

Si(euw) + (1 —e*)si(ensw), if s;v <w,
12) esm,vz{V) (1= e)si(Cuse)

e si(euw), if s, > wv.

It remains to show that és,,, satisfies the same recursive rule and using induction on
the length of w.

Indeed for any v, we notice eiq,, = diq,, by definition and set €4, = diq,, for convention.
Assume that for any u € Wy of length m, e,, = €,, holds for any v € Wy. Then
any element in Wy of length m + 1 must be of the form s;u with v = sg, ---sp,
being of length m and s;u > u. In order to compute é,,,, we need to analyze those
{€e,e1,--+ ,em} C {0, 1} satisfying YsYsh Y = Yo If s;v > v, then we have ¢ = 0
and hence €5, = € Y [Tie, (1 —er)e™ +ex(1 — %)) = e¥s;(é,,,), where the second
equality holds because 3 = s;53, - - - sp,_, (Bk) = si(y). If s;v < v, then y, = Y5,y =
Ys,Ys;o- The summation for és,,, is taken over the following three parts:

e=1Lyg -y =wyeiil) e=1y0l -y = yssdil) € = 0,40 - Y7 =y
The corresponding contributions are equal to (1 — e®)s;(€44), (1 — €%)8;(€ys,0) and

e®is;(€y.) respectively. Hence, €5, = Si(€uw) + (1 — €*)si(Cus;o) if s;v < v. By the
induction hypothesis, e, , = €,,. It follows that ey, , = €5,4, in either cases. ]

Remark 1. The above expressions of by, and e, , depend on reduced expressions of u.
Nevertheless, it follows from the definition of b, , and e,, that the summations depend
only on uw and v.

Consider the left Q(T")-module homomorphism « : Q(T) @pry K — Q(T) Qg L
defined by

k(tyw) =ty  forw e W and A € Q".
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Proposition 2. The map k restricts to a R(T)-module map k : K — L, and

k(T,) =0 if ue Wa\Wy.
K(Ty) = ky if ue W.
'Li(yu> =y if u € Wa_f'

Proof. The first claim follows from the three formulas. From the definition, x(T;) = 0
for i # 0. It follows easily that x(T,,) = 0 if u ¢ W. By [LSS, (5.1)], the element
k, € L can be characterized as follows. Let T, = Zmewaf a, x for a, € Q(T) and
ku = D seqv ap, ta for @i, € Q(T). Then for any function f : Wy — R(T) satisfying
f(z) = f(zv) for v € W, we have

> af@) = Y a, flt)
TEW,s A€QY

It follows that x(T3,) = k,. The last claim follows from the first two formulas, the

equality Y = D cw.. y<w Lo and . O
Denote
bx,[y] = Z b:z;za Ca,ly] ‘= Z Cx,z-
zeyW zeyW

Theorem 2. For any x,y,z € W, the coefficient c; , is given by

(13) C;y: Z bx7[t1]by,[t2}et1t2,[z}-

t1,t2€QV

Proof. By Theorem |1} we have [,l, = Zzew-f ¢; 4l=- By Proposition , we have

Lly= > K(bautt)r(by.v)

u,EWas

- Z Z by t1uby tovk(t1u) K(t20)

t1,t2€QY u,veW

- Z Z bﬂc,twby,tgvtlb

t1,t2€QY uveW

- Z Z bxr[tl]bya[tﬂetltg,[z]lz' |:|

z€W t1,t2€QV

3.4. Geometric remarks. We will provide a brief geometric interpretation of the pre-
vious approach. There is an R(T)-module identification K = K (F1) and an R(T)-Hopf
algebra identification . = KJ'(Gr). The classes y,, € K play two roles: on one side
yw = O, are the structure (finite dimension) Schubert structure sheaves on the affine
flag manifold F1; on the other side they act on K%(F1) as the K-theoretic BGG opera-
tors 0, - see [LSS, Lemma 2.2]. Similarly, the elements T, € K correspond to the ideal
sheaves £, on Ky(Fl), or to the BGG-type operators d,, — id. The map x : K — L is
the K-theoretic projection map 7, : KI'(F1) — KI'(Gr), and the classes k,, and [,, (for
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w € W) correspond respectively to the ideal sheaves and Schubert structure sheaves
in the affine Grassmannian. In particular, Proposition [2| states that

T (€8 = {ﬁw ifwe Waf ; (O =0, for ue W;.
0 otherwise

It is not difficult to prove these identities directly, using Lemma and identities , (3)-

For each of KI'(Fl) and K[ (Gr), there is a third basis {t,}, indexed respectively
by Was and by W,e/W, called the localization basis. If w € Wy then ,, € KI'(Fl) is
the map ¢, : KX(F1) — R(T) defined by sending the K-cohomology class O to its
localization to the fixed point w. Then equation @D above corresponds to expanding the
structure sheaf basis into localization basis and viceversa. A key observation from [LI]
and [L.SS], which is used in the proof of Theorem , is that the Pontryagin multiplication
on K7 (Gr) is easy to write in the localization basis: if X\, u € Q¥ and ,, 1, € K (Gr)

are the corrsponding localization elements, then v, - 17, = 11, ; see [LSS, Lemma 5.1].

4. DATA AND EVIDENCE

As we observed above, the cohomological versions of Conjectures [If and [2| were proved
in [LS]. In the K-theoretic version, we can verify Conjecture |I| when the degree d in
N;’f;,d isd =0 ord= « isa simple coroot. Our arguments are similar to those in
[LL], but are quite involved, even in these situations. It would be desirable to find more
conceptual explanations. Next we provide two computational examples.

4.1. Conjecture is true for G = SL,. The complete flag manifold SLy/B is the
complex projective line P*. The Weyl group W = Z, is generated by the simple reflection
s1 = 84 of the unique simple root & = a;. The equivariant quantum K-theory QKrp(P!)
has an R(T)[q]-basis {0, 01}, As shown in [BMII], the only nontrivial quantum
product is given b
(14) O x O = (1 —e *)O™ + e %.
On the affine side, we notice that sy = s1t_,v and that
W = {id} U{wt,av | n € Zo,w =id or s1}.
Let g, be the unique element of W ; of length m for m > 0. Let h,, be the unique element
of War \ W of length m for m > 1. For example, g5 = s9s150 and hy = sgs15051. Notice
that T, f = s;(f)T; + T;(f) and T? = —T; for any f € R(T) and i € {0, 1}.
Lemma 3. We have k;q = 1. Forr > 1, we have
k = Tg2r—1 + Tth—l + (1 - eia)Thzr and kgzr = Tg2r + eiaThzr'
Proof. Denote by /%gm the expected formula. By Theorem (a), it suffices to show /;gm €

L, or equivalently, k,, e ™ = e *k,,,. Clearly, this holds when m = 0. It also holds for
m € {1,2} by direct calculations. We simply denote Tp; := ToTy and Tyg := T1Tp. Then

(TO + Tl —+ (1 — €7a)T01)€ia = €ia(T0 -+ Tl + (1 — €7a)T01);
(Tyo + e Ty )e™ = e=*(T1o + € “Toy).

g2r—1

2We use the opposite identification e = —[C,,] € R(T) compared with [BMII, Section 5.5].
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Assume that it holds for m < 2r where r > 1. Then we have
kggir€ ® = (Tpyyy + TiThy, + (1 — )T Ty, )@
=Tppone 4+ (T1+ (1 — e ) Ttn)e%e “Tp,, e

Ty “+ (e*(To+Ti+ (1 — e *)Ton) — Toe®) (€ *(Ty,, + € “Thy,) — Ty, e ®)

= g2r+41 92r 92r
- T92r+1€7a + (TO + 11 + (1 - eia)Tm)Tgw +e (TO + 11+ (1 - eia>T01)Th2r
— TO (ngr + G_QT}QT) + ToeaTQZTe_O‘ — e (TO + T1 + (]_ — G_Q)TOI)T e

g2r

g2r+1

= e_akgzr-H + Tngzr + e_aTOThzr - TDThzre_a - eaTng%e—a
— e %k

= e %

- (TQQT + e_aThZ'r)eae_a + Th2r6_a + eaTg2'r€_a

g2r+1
g2r+1
Similarly, we can show /;:g% L€ Y= e‘a/%g% o~ Thus the statement follows. O
The following result follows from Lemma [3] and Theorem [I{b).

Lemma 4. We have lig = 1. Forr > 1, we have

ooy = (L — €7 )Thy, + Z T, and L, = Z T,.
VEW VEWut
L(v)<2r—1 £(v)<2r

Proposition 3. For x € W and n € Zo, we have in K[ (Grsr,)
O:E'Ot v :O:Bt v

Proof. 1t suffices to prove the statement for n = —1. Notice that ¢t_,v = s159 = g2 and
T = gy for some m € Zxo. By Theorem [ we just need to show g, ly, = I, .,. This
follows from Lemma [4l O

Thanks to the above formula, it remains to compute Oy - O . For z =
s1t_qv = So = g1, by direct calculations we have l;l =e %y, + (1 — e ¥)l,,. Therefore

(15) OSNL v Oslt,av = (1 — 6_04)0311572&\/ + €_aOtiav.

@

Remark 2. We can also calculate the above product by using Theorem[3. For instance,
for z = 5180 = t_qv, all the terms in the formula Jor c; , vanish unlessty =ty = tov.
Therefore
(0%
2 —€ 2 _ —an2 _
Ci}x = 1)807[tav]et2av’[51801 = (1 — e"‘) e a(l — e a) = e “,

Formulas and , together with Proposition , implies that Conjectures [1| and
hold when G = SLs.

4.2. Multiplication for Grgr,. The complete flag manifold SL3/B = Fl; = {V] C
Vo € C3 | dimV; = 1,dim V, = 2} parameterizes complete flags in C3. The Weyl group
W is the permutation group S3 of three objects generated by simple reflections s1, ss.
We have the highest root § = oy + s and coroot #¥ = o) + a. By calculations using
Theorem , we obtain Oy ,, Or_,y = Owi_,,, in Kl (Grgy,) for any w € W, in addition
to the following multiplication table.
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—Q —Q —Q —Q
Oslt_g\/ 08115_9\/ = (1 — ¢ 1)051t_25v +e 103231t_29v +e IOL —€ 1052157

Oslt_ev OSQt_e\/ — Oslth_Qev + 052$1t_29v - Oslsgslt_29\/
Oslt_ev Oslsgt_gv = (1 - 6*01)0515226_20\/ + 67041 Oslsgslt_%v
Osltig\/ 08231t,9v = (1 - e_al_az)osgslt,wv + e_al_a2032t729v+alv
Oslt_g\/ 0313251t_9v - (1 - eioqio@)oslsgslt_zev + eialiogoslsgt
+ 67a17a2 Ot_29v+a1v+a¥ — e*a1fa2 Oslt—29V+aY+a§/
OSlSQt?Q\/ Os1szt,9v = (1 - e_al)(l - e_al_a2>05132t729V + 6_a105251t—20V+a§/
+ (1 — 67&1)670‘17&2051t,29v+a¥
Oslth,gv Oszsﬂf,gv = (1 - 67&17&2)081szs1t,29v + eialiazot_%v_,_alv_*_ag
05152t,9v 0815281t,9v = (1 - e_al)(l - e_al_a2>0818281t,29v + (1 - e—a1—a2)e—a1 08281t,29v+a2v
T (L= ™0 s ayay T sty oy
031szs1t_gv Oswgsﬂ-ev = (1 - eial)(l - 67&2)(1 B 67&17&2)0513231t—2ov + 67&17&205152’5
+ (1 _ e—oa)(l _ 6—a1—a2)6—a20 + e_a1—a205231t_29\/+a\1/+a¥
+ (1 _ e—az)(l _ e—m—az)(’) — e_a1—a20515281t729\/+a¥+(1¥
eI (1= ) Oty gy F TR (L= )0

(] — e—aY)(l - €_a¥)ot_2ev+a

20V +ay 20V +aY

-2V +ay

—20V Vv V
260 +a1 +o<2
SlSQt—26\/+a\l/
5251t729V+a2V
2 _99V 1oV iaV
260 +a1 +cy2

VgV
1o

The remaining products are read off immediately from the above table by the symmetry
of the Dynkin diagram of Lie type As.

Comparing the above table with the appendix in [LM], we conclude that Conjecture
holds whenever the degree d in N is given by (0,0), (1,0) or (0,1).
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