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ABSTRACT. Let X = G/P be a homogeneous space and € be the class of a
simple coroot in H2(X). A theorem of Strickland shows that for almost all
X, the variety of pointed lines of degree ¢y, denoted Z;(X), is again a homo-
geneous space. For these X we show that the 3-point, genus 0, equivariant
K-theoretic Gromov-Witten invariants of lines of degree €}, are equal to quan-
tities obtained in the (ordinary) equivariant K-theory of Zy(X). We apply
this to compute the structure constants N:f"vik for degree €, from the multi-
plication of two Schubert classes in the equivariant quantum K-theory ring of
X. Using geometry of spaces of lines through Schubert or Richardson varieties
we prove vanishing and positivity properties of fo, 5 ¥. This generalizes many
results about K-theory and quantum cohomology of X, and also gives new
identities among the structure constants in equivariant K-theory of X.

1. INTRODUCTION

Let G be a simple, simply connected, complex Lie group, and T C B C G be a
maximal torus 7T included in a Borel subgroup B. Fix P D B a parabolic subgroup
of G containing the Borel, and let X = G/P be the associated flag manifold. We
also fix a homology class &, € Ho(X;Z) corresponding to a simple coroot ) in
the dual root system associated to G. Strickland [41] classified the Fano variety
Li(X) of lines of class e which are included in X. It turned out that for most
homogeneous spaces X - notably for all simply laced groups G, or when P = B, or
when X is cominuscule - the variety Ly (X) is again homogeneous. Furthermore, in
any of these cases, the variety of pointed lines

Zp(X) ={(xr €¥): £ C X and ¢ has class e},

is again homogeneous. For example, Z,(G/B) = G/B; if X = Gr(p,m) is the
Grassmannian of p-dimensional subspaces in C™, then Zy(Gr(p,m)) = Fl(p —
1,p,p + 1;m) - the three-step flag manifold parametrizing triples of subspaces
(Wp—1 C W, C Wpi1) in C™ with dim W; = i. See §3 for details.

The first objective of this paper is to compute the 3-point, genus 0, T-equivariant
K-theoretic Gromov-Witten (KGW) invariants ([F1], [F2], [F3])., on such X, where
[Fi] € Kp(X) is the class determined by the equivariant coherent sheaf F; on X.
Givental [18] defined these invariants (for more general d € H2(X;Z)) as the sheaf
Euler characteristic

(A P2l [FaDey 7= Xaa, oo (VL] - €V [ 2] - @v3[ F5])

over the moduli space of stable maps MQ)g(X, k), where ev; are the evalua-
tion maps; see §2.4 below. If F; is the structure sheaf of a variety ; C X and
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Y codim ; = dim Mo 3(X,ex) then one recovers the cohomological GW invari-
ants ([Q1], [Q2],[Q3]).,; see [16]. The KGW invariants are the building blocks of
QK (X) - the equivariant quantum K-theory algebra of X. This is a deforma-
tion of K7 (X), defined by Givental and Lee [18, 33]. A study of this ring and its
structure constants for cominuscule Grassmanians was started in [9, 7], but very
little is known beyond this situation. Our main objective is to study the structure
constants of QK (X) for degree €j, where X is in the (large) class of homogeneous
spaces described previously. These structure constants are defined with respect to
the Schubert basis {O"} where O € Kp(X) is the class of the structure sheaf of
the Schubert variety Y (u) = B~uP/P, with B~ the opposite Borel subgroup; u
is the minimal length representative in its coset in W/Wp - the Weyl group of G
modulo that of P (cf. §2.3). There is an identity in QK,(X) (cf. §6 below):

OO = Z ConO% + Z N7k qrO" + terms with higher powers of g.
z w,k

Here ¢ , € A := K7(pt) (the representation ring of T') are the structure constants
of Kr(X) (since QK,(X) is a deformation of it), g, are the quantum parameters,
and N;"7k € A; cf. §6 below. An additional difficulty in computing N,/;7* is that,
unlike in the ordinary quantum cohomology, they are not single KGW invariants,
but an alternating sum of these.

1.1. Statement of results. We state next a more precise version of our results.
Because the formulas are simpler, in this introduction we restrict to the case when
Z1(X) = X. This holds if the nodes in the Dynkin diagram of G which determine
the parabolic group P are not adjacent to node k. For example, X = G/B satisfies
this condition, but X = Gr(p, m) does not. We call these parabolics k-free - cf. §3
below. Recall that Kp(X) is a A-module with a A-basis consisting of the Schubert
classes O". Another basis is given by the opposite Schubert classes O, = [Ox(y)),
associated to Schubert varieties X (u) = BuP/P. Consider the K-theoretic divided
difference operator 0y : Kp(X) — Kp(X) associated to the root ay. This is a
A-module endomorphism which satisfies:

O (0%) = 0" Ok(Ou) = Oyr.

See equation (2) below for formulas of u,u* and Lemma 5.2 for proofs.

Theorem 1.1. Let P be a k-free parabolic group, w,v,w minimal length represen-
tatives in W/Wp and [F|,[G], [H] € Kr(G/P). Then
(a) The equivariant KGW invariant ([F,[G], [H]).,

((F1,19), [(H])e,, = Xe)r Ok ([F]) - 0 (19]) - [H]),
where - denotes the multiplication in Kr(G/P). In particular,
(0%,0% [Fl)e, = Xgp (O - O - [F]).

(These are the relevant invariants needed to define the quantum K multiplication.)
(b) The structure constant N';7* in QKy(G/P) equals the coefficient of O" in
the expression

equals

O (O%) - 0,(0O?) — 0 (0" - O”) € Kr(G/P).
Equivalently, if sy is the reflection associated to the root oy and 0 is the Kronecker

symbol,

2
(1) N;ijk = Cgk,vk - 6w’“,wsk (Cﬁ),v + Cg),v)'
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(c) Assume that ux =u or vy =v. Then Nii7* =0 in QK (X).
(d) The non-equivariant structure constant N>k satisfies the positivity property:

(71)€(u)+‘€(v)7€(w)N{f%}€k > 0.

Parts (a)-(c) of the Theorem 1.1 generalize to homogeneous spaces X = G/P,
where P covers “almost all” parabolic groups - see Defn. 3.1 below. In this case
Zp(X) # X and a “quantum” structure constant N, ;* equals a combination of
“classical” structure constants in Kr1(Zx(X)); see Thms. 5.1 and 6.8 below for
details. This “quantum=classical” formula is in the spirit of similar formulas dis-
covered in [8, 9, 12] for the GW invariants on the (cominuscule) Grassmanians, and
by N. C. Leung and the first author [35, 36] for more general homogeneous spaces.
The vanishing property is generalized in Thm. 6.9 below. Combined with formula
(1) this implies some remarkable identities among the ordinary structure constants
in K7(X), which resemble the “dc-triviality” and “descent-cycling” conditions dis-
covered by Knutson [27, 28] in equivariant cohomology of G/B. A further study
of such identities in the context of equivariant K Schubert Calculus should be of
independent interest.

The positivity result in (d) generalizes a positivity result of Brion [3] in the
K-theory of X (discovered by Buch [6] for Grassmannians). We conjecture - and
partially prove - a generalization to the equivariant case in Rmk. 6.7 below. To
prove (d) we show that if ux # u and vx # v then both ¢y, , and (¢, + c;f];) have
the expected sign. The reason is that both are coefficients in the expansion of the
classes of projected Gromouv-Witten varieties in terms of Schubert classes; since the
former have rational singularities, Brion’s [3, Thm. 1] (c¢f. Thm. 6.6 below) implies
the result. This leads us to the key technical facts needed in the proof of Thm. 1.1,
which we briefly explain next. Define

D = Mo 112,61 (X,0) X x Mo fe33(X, k) C Mos(X,ex)

to be the boundary component containing a general map f : C; U Cy — X, where
C; ~ P!, the first two marked points are on C; (which is collapsed through f), and
the third point is on C5; the map to X is given by evaluating at the intersection
{#} = C; N Cy. Define the (boundary) Gromov-Witten varieties GW,, (z,v) C
Mo 3(X, ex) respectively GW ¢, (2,v) C D to be

evi H(X(2) Nevy H(Y(v)),

where ev; : MQ;;(X, d) — X is the evaluation map at the i-th marking, or its
restriction to D. The projected GW varieties are subvarieties of X defined by

T, (z,v) = evg(GWe, (2,0)); Toe,(2,0) = ev3(GWo e, (2,0)).

Our main technical result is the following (cf. Thm. 4.1, Prop. 6.2 and Lemma
6.4 below):

Theorem 1.2. Let P be a k-free parabolic group. Then:

(a) The projected GW wvariety T, (z,v) equals the Richardson variety X (z*) N
Y(Uk-)

(b) The projected (boundary) GW wvariety I'g ., (z,v) has rational singularities,
and there are inclusions

X(2)NY(v) CToc(2,0) C X(2F)NY (vp) =Te, (2,0).
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If 2¥ = 2 or vy = v then To ., (2,v) = I, (2,v); the inclusions are strict otherwise.

(c) The evaluation map evs : GW,, (z,v) — T'¢, (2,v) is cohomologically trivial,
i.e. (ev3):Ogw., (z,0) = Or., (s,0) and the higher direct images Ri(eVg)*OGWEk () =
0 for i > 0. The same holds for the restriction evs : GWy ¢, (2,v) = Lo, (2, 0).

Part (c) of the Theorem 1.2 allows us to transfer a computation in the K-theory
of the moduli spaces Mg 3(X,¢ex) or D to one on X, while parts (a) and (b) help
to compute explicitly the resulting expressions in Kr(G/P). The proof of this
Theorem relies heavily on the geometry of spaces of lines in G/P. We believe that
similar results hold in a much greater generality (for all degrees d, and all projected
GW varieties), and this is a particular instance of that phenomenon.

Acknowledgements. C. L. wishes to thank Naichung Conan Leung and Bumsig
Kim for valuable suggestions and constant encouragement during the preparation of
this project. L. M. wishes to thank his collaborators Anders Buch, Pierre-Emmanuel
Chaput and Nicolas Perrin for inspiring conversations; he is grateful to Allen Knut-
son for an insightful discussion about the geometry of lines on G/B.

2. PRELIMINARIES

The goal of this section is to establish the notation and the basic definitions used
throughout the paper.

2.1. Lie data. Let G be a simple, simply connected, complex Lie group, and fix
T C B C G a Borel subgroup of G containing a maximal torus T. Let W = N(T')/T
be the associated Weyl group, where N(T') denotes the normalizer of the torus.
Each w € W has a length ¢(w); denote by wy the longest element in W, and by
id the identity. Associated to this datum one has the set of roots R, positive roots
R™, and simple roots A = {a, ..., }. Recall that W is generated by the simple
reflections s; = $,,, for a; € A. Let (—, —) denote the W-invariant inner product
on RA. Each root @ € R has a coroot oV = (370;). The coroots form the dual root
system RY = {a" | a € R}, with a basis of simple coroots AV = {3Y | 8 € A}.
For 8 € A we let wg € RA denote the corresponding fundamental weight, defined
by (wg,a") = 84, for a € A.

For the parabolic subgroup P D B we denote by Ap C A the subset of simple
roots in P, and by Wp the subgroup of W generated by the reflections of roots in
Ap. Let WP be the set of minimal length representatives for cosets in W/Wp. It
can be characterized as

WP ={weW:wla)>0,Vaec Ap};

see e.g. [21, Ch.2,85.1]. Then for each coset in W/Wp define {(wWp) = ¢(w) where
w is the minimal length representative in the coset wWp. Recall that there is a
partial order on W called the Bruhat order, which is determined by the covering
relations for u < v if and only if v = us,, for &« € R and £(v) > ¢(u). This induces
a partial order on W/Wp by projection: ulWp < vWp if and only if uw < vw’ for
some w,w’ € Wp; we also refer to this as Bruhat order.

Let ar € A\ Ap and s the corresponding simple reflection. For w € W we
denote by wy, respectively w* the Weyl group elements

_ { wsy i L(wsg) < l(w) k { wsy  if L(wsy) > L(w)
(2) wg= ; , wt= ;
w otherwise w otherwise
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Lemma 2.1. Assume that w € WT is a minimal length representative, and that
Ap does not contain any simple root adjacent to oy in the Dynkin diagram of G.
Then both wy, and w® are minimal length representatives in WT.

Proof. It suffices to show that ws, € WT. For any a@ € Ap, the hypothesis on
P implies that si(a) = a. Then wsg(a) = w(a) > 0 since w € W¥ and we are
done. (]

A parabolic subgroup P which satisfies the hypotheses of the Lemma will be
called k-free. For example, any Borel subgroup B is k-free for any k. Note that
k-freeness is necessary for the lemma to hold. For example, take G = SL3(C) with
A = {a1,as}, then take P with Ap = {as}. If w = s9s; then w € WP but
w1 = so ¢ WP, We will see later that for G/ P where P is k-free, the moduli space
of pointed lines of degree e, = o) on G/P can be identified to G /P itself.

The elements w*, wy, can also be defined using the nil-Hecke, respectively the
opposite nil-Hecke products on W. For example, w* = w-sj, where - is the ordinary
(length-increasing) nil-Hecke product on W - see [10]). We also notice that in our
conventions «p is never a root, so the index k # 0 in ay; thus wq is never obtained
as in equation (2) above.

2.2. Equivariant K-theory. Let T' C B be the maximal torus. For now let X be
a complex, irreducible, projective T-variety. Denote by a : T'x X — X the T-action
and by px : T'x X — X the projection. We recall next the definition of Kp(X) -
the equivariant K-theory of X - and its properties, following [13, Ch. 5], [4, §3.3]
and [15, §15.1]. An equivariant sheaf on X is a coherent Ox-module F together
with a given isomorphism I : a*F £ p% F; this isomorphism has the property that
(m x idx)*I = p53I o (idr x a)*I as morphisms of sheaves on T' x T x X, where
m is the group operation on 7" and py3 is the projection to the last two factors of
TxTxX.

The equivariant K-homology group Kp(X) is the Grothendieck group of equi-
variant sheaves on X, i.e. the free abelian group generated by isomorphism classes
[F] of equivariant sheaves, modulo the relations [F] = [F'] 4 [F"] if there exists an
equivariant exact sequence 0 — F' — F — F” — 0. This group is a module over
the equivariant K -cohomology ring KT (X), defined as the Grothendieck group of
equivariant vector bundles on X. Both the multiplicative structure of K7 (X) and
the module structure of Kr(X) are given by tensor products. If F, G are equivariant
sheaves there is a product in equivariant K-homology

[F]-[6) =Y (~1Y[Tor} (F,G)],
J

where TOTJX is the j-th Tor sheaf. In order for the product to be well-defined
one requires that F,G have finite resolutions by equivariant vector bundles. This
happens if X is smooth [13, 5.1.28], or if F, G are pull-backs of equivariant coherent
sheaves via an equivariant, flat morphism ¢ : Z — X. In particular, if X is non-
singular, the map K7 (X) — K7(X) which sends a vector bundle to its sheaf of
sections is an isomorphism.

Given an equivariant morphism of T-varieties f : X — Y, there is a ring homo-
morphism f*: KT(Y) — K7 (X) defined by pullback of vector bundles. If Y = pt,
this determines a KT (pt)-module structure of K7 (X), and therefore also a KT (pt)-
module structure on K7(X), via the module map K7(X) ® Kr(X) — Kr(X).
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Recall that K7 (pt) = R(T) - the character ring of T; set A := R(T). If f is
proper, then there is also a pushforward map f. : Kr(X) — Kp(Y) defined by
[ F] =X i50(=1)![R' f. F]. This map is a homomorphism of K7 (Y')-modules by
the projection formula [22, Ex. II1.8.3]. Both pullback and pushforward are functo-
rial with respect to composition of morphisms. Considering the (proper) morphism
p: X — pt and [F] € Kp(X) we denote p,[F] € A by [[F]. Notice that

dim X

/X Fl = xx(F) = 3 (~1)chy Hi(X, F)

=0

is the equivariant sheaf Fuler characteristic of the sheaf F, where chp M denotes
the character of the T-module M. We will occasionally use x , (F) instead of [ [F].

Recall that the variety X has rational singularities if there exists a desingular-
ization m : X — X for which ’/T*OX = Ox and RimOg =0 for 7 > 0. It turns
out that if X has rational singularities then it is normal, and if one desingulariza-
tion satisfies the aforementioned properties then all do - see e.g. [4] and references
therein. In general, we say a morphism f : X — Y is cohomologically trivial if
f+Ox = Oy and R f,Ox = 0 for i > 0. This will be a key property in this paper.
The main tool to prove cohomological triviality is the following result, proved in
[9, Thm. 3.1], and which is based on a Theorem of Koll4r [30]:

Theorem 2.2. Let f : X — Y be a surjective equivariant map of projective T'-
varieties with rational singularities. Assume that the general fiber of f is rational,
i.e. f7Y(y) is an irreducible rational variety for all closed points in a dense open
subset of Y. Then f,Ox = Oy and R'f.Ox = 0 fori > 0. In particular, f.[Ox] =
[Oy] € Kr(Y).

2.3. Schubert classes and Kr(G/P). Consider now the flag variety X = G/P,
endowed with the T-action obtained by restricting the G-action defined by left
multiplication. For each w € W7 there are the Schubert cells X(w)° = BwP/P
and Y(w)® = B-wP/P, and their closures, the Schubert varieties X (w) = BwP/P
and Y(w) = B~wP/P where B~ = woBuwy is the opposite Borel subgroup. Note
that dim X (w) = codim Y (w) = ¢(w) and that X (w) NY (w) consists of a unique,
T-fixed point which we denote by e,. The Schubert varieties have T-equivariant
sheaves of regular functions Ox (,), Oy () Which in turn determine Schubert classes
Ouw = [Ox(u)] and O = [Oy (] in KT(X) = K7 (X) - the T-equivariant K-theory
of X. It is well known that the set of Schubert classes {0} ,ewr and {Oy bpewr
both form a A-basis of K (X). For this and other basic facts about K7 (X) which
will be mentioned below see e.g. [20].
The push-forward to a point determines a non-degenerate A-pairing

<IELE)>= [ BoE e [BLIE) € KT(X),
p's
The dual (O™)" of O" with respect to this pairing is the class £, := [Ox () (—0X (w))],

where 0X (w) = X (w) \ X (w)° is the boundary divisor of X (w). Using this pairing
one can define the structure constants ¢/, € A of the equivariant K-theory ring by

00" ="l 0 Y, =< 00", >=/ O%- 0 &,
w X
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The structure constants ¢, , have been heavily studied, and they will be the building
blocks required to compute the structure constants of (equivariant) quantum K-
theory - see §6 below. Explicit formulas and algorithms to compute these coeflicients
can be found e.g. in [31, 34].

If P C @ are two parabolic subgroups containing 7', there is a natural G-
equivariant projection map 7 : G/P — G/Q. The inclusion of the parabolic sub-
groups determines an inclusion of groups Wp C Wg, and therefore a set inclusion
We c WFP. Note also that if @ C G/P and @' C G/Q are Schubert varieties
(either B or B~ -stable), then m(2) and 7~ 1(Q’) are also Schubert varieties, and
it is easy to find the associated Weyl group elements. The situations we will en-
counter most often are 7= (Y (w)) = Y (w) and (X (w)) = X (w) where w € W
is the minimal length representative for the coset wWg. The projection 7 induces
an injection 7* : KT(G/Q) — K*(G/P) and since  is flat 7*[Oq/] = [Or-1(01)].
Using e.g. Frobenius splitting arguments one can show that 7 : Q — 7(Q) is coho-
mologically trivial, therefore 7,[Oq] = [Or(q)] - cf. [5, Thm. 3.3.4]. We will need
a generalization of this from Schubert to Richardson varieties R, := X (u) VY (v).
This is nonempty exactly when v < u in the Bruhat order. In this case R, is an
irreducible T-variety of dimension £(u) — £(v); see [3] for more details.

Lemma 2.3. Let P C @ be two parabolic subgroups and w : G/P — G/Q the
natural projection. Let R C G/P be a non-empty Richardson variety. Then both R
and 7(R) have rational singularities and the restriction morphism 7 : R — w(R) is
cohomologically trivial.

Proof. The fact that R has rational singularities is proved in [3, §1]. The other
assertions are proved in [29] or [2]. O

2.4. K-theoretic Gromov-Witten invariants. We continue to use X for G/P.
The homology group Hy(X;Z) is isomorphic to ©a,eaZe;’/ ©p,enp L6} . A degree
is an effective element d € H2(X;Z) and it can be written as a non-negative com-
bination of simple coroots d = ZajeA\AP njaJV. The degree o) will be denoted by

ek For the degree d € Ha(X) denote by My, (X,d) the moduli space of (genus
0) stable maps to X, which compactifies the space of rational curves of degree d
in X with n marked points. We list below some of the well-known properties of
this moduli space - we refer to [16] for details. We remark that in this paper we
will only consider the case when d = ¢, and that in this special case most of these
properties can be easily derived from an alternate description of the moduli space
given in the next section. We leave this derivation to the interested reader and
instead point to the relevant references for the general properties.
The elements of My ,, (X, d) are equivalence classes of morphisms f : (C;pt1, ..., pt,) —

X where C = [JC; is a tree of PYs containing the points pt; € C which are
smooth points of C, f.[C] = d, and f is stable, i.e. each component C; of
C such that f(C) = pt contains at least three markings; a marking is either
a marked point pt; or a point of intersection of two components. The equiva-
lence is given by automorphisms of f : (C;pti,...,ptn,) — X which preserve the
marked points. Corresponding to the marked points there are evaluation maps
EV = (evy,..,ev,) 1 Mon(X,d) — X" sending f : (C;pty,...,ptn) — X to
(f(pt1),..., f(pty)). The G-action on X extends to one on the moduli space by
(9- f)(@) =g f(z). Since the moduli space is irreducible [42] it follows that ev; is
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flat. The moduli space is rational [25] and it has finite quotient singularities [16],
therefore rational singularities.

Let ©;, 1 < i < 3 be three T-stable subvarieties of X. The (3-point, genus
0, equivariant) K-theoretic Gromouv-Witten invariant (KGW) is the sheaf Euler
characteristic

([00,],100,]; [Oas])a = X, x.0y BV ([O0s] X [Oq,] % [On,]))-

If Zle codimy €; = dim M 3(X, d) this is the ordinary Gromov-Witten invariant;
the K-theoretic version was defined by Givental [18].
Let u,v € WP, We will heavily use the (2-point) Gromov- Witten varieties

GWa(u,v) = evi* X(u) Nevy ' Y (v) € Mos(X,d).

If non-empty, the variety GWy(u,v) irreducible, unirational and it has rational
singularities [7, §3]. Denote also by

Fi(u,v) = evy(GWy(u,v)) C X

the projected Gromov-Witten variety. The interest in these varieties comes from
the fact that for any [F] € Kp(X),

(Ou, 0% [Fl)g = / (evy X eve)* (O, x O) - evi[F] =

3) Mo,3(X,d)
L 1Oama) - eviiF) = [ eva).Oawsqun] - 7]
Mo,5(X,d) X

here we used the projection formula and the fact that (evy x eve)*(O, x O?) =
[OGw,(u,v)]- The latter follows from Sierra’s K-theoretic version of Kleiman transver-
sality Theorem [40] and it actually holds for n-point GW varieties - the details of
the proof are in [9, §4.1]. This computation shows that one can reduce the compu-
tation of a KGW invariant to a computation in the K-theory of X, provided that
one can compute explicitly the push-forward (evs).[Ocw,(u,m]- This will be done
in Thm. 4.1 below.

3. LINES IN G/P

The goal of this section is to introduce the variety of lines Ly(X) of a fixed
degree e, = ) € Hy(X;Z) in a homogenous space X = G/P. These varieties are
characterized by Strickland in [41] and they can be divided in two categories. In
the first category, which corresponds to most parabolic subgroups P, are included
all homogeneous spaces X so that Z(X) is an auxiliary homogeneous space G/Q.
But it is not always the case that Zj(X) is homogeneous, and Strickland performs a
case-by-case study to identify explicitly the remaining varieties Z(X). Our paper
is concerned with the “regular” homogeneous spaces from the first category.

Let L be a very ample line bundle on X. This is determined by a weight A =
> niw;, where n; = (A, ) > 0 for all o; € A\ Ap. A line is a subvariety { C X
such that its image ¢(¢) under the embedding « : X C P(HY(X,L)*) := P(V) is
a line in P(V). Strickland shows that P(V') contains a line in X if the weight A
satisfies (A, /) = 1 for ay, € A\ Ap. Moreover, such a line ¢ has homology class
(] = o) € Ha(X;Z). Consider now L(X) - the Fano variety of lines in P(V)
included in X. This is a projective subvariety of X, and there is a locally constant
morphism e : L(X) — Ho(X;Z) defined by sending ¢ to its fundamental class [¢].
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Then define Ly (X) := e~ !(a)/) as a closed subset of X, considered as a scheme with
its reduced structure. The variety Ly (X) is independent of the choice of A, and its
points are complex curves in X of fixed homology class e; see loc. cit. for complete
details. Define the incidence variety Z,(X) = {(z,¢) € X x Ly(X) : z € {}.

Definition 3.1. Consider the set P of pairs (P, ay) of a parabolic group P and a
root ay € A\ Ap such that:

e cither oy, is a long root, or
e the connected component containing «y in the Dynkin diagram of G con-
sisting of roots in Ap U {«ay} is simply laced.

Obviously, the set P contains all pairs (P, ) for simply laced groups G, and
also all pairs where P = B is a Borel subgroup (since Ag = (). It also contains
pairs (P, ay) where P is k-free, or when P is a maximal parabolic subgroup, and
ay a cominuscule root (i.e. «ay appears with coefficient 1 in the expansion of the
highest root in R™).

Fix (P,ay) € P and define two parabolic subgroups as follows: P, C P is the
parabolic subgroup determined by

Ap, = Ap\ {ai: (i, a)) # 0}

In other words, to obtain A p, we remove from Ap the roots in the Dynkin diagram
of G which are adjacent to ay. Clearly Py is k-free in the sense of §2.1, and if P
is already k-free then P, = P. The second group, denoted P(k), is defined by
Apy = Ap, U{ax}. Recall the main result in [41]:

Theorem 3.2 ([41], Thm. 1). Let (P,ay) € P. Then:

(1) There are natural isomorphisms Li(G/P) ~ G/P(k) and Zy(G/P) ~
G/Py.

(2) The previous isomorphisms are compatible with the natural projections, i.e
there is a commutative diagram

Zp(G/P) —=——=G/P;

Ly(G/P) —==G/P(k)

The proof of the Theorem uses the natural G action on Ly (G/P) and Z;,(G/P).
One first proves that G acts transitively on both varieties, then identifies the stabi-
lizer of a T-fixed point in both. The moduli spaces Mg o(G/P,ex) and Mo 1(G/P, )
also admit a natural G-action and the moduli points can be identified with lines,
respectively pointed lines in G/P. (For example, if f : C — X is a point in
Mo o(X, ex), the stability condition implies that C' ~ P!, and the equivalence class
of f corresponds to reparametrizations.) This shows:

Corollary 3.3. There are natural isomorphisms Mo o(G/P,ex) ~ G/P(k) and
Mo 1(G/P,ey) ~ G/Py, and a commutative diagram as in Thm. 3.2 obtained by
replacing the varieties Li(G/P) and Zi(G/P) by the appropriate moduli spaces;
the evaluation map evy corresponds to pra.
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4. (PROJECTED) GROMOV-WITTEN VARIETIES AND COHOMOLOGICAL TRIVIAL
MAPS

The goal of this section is to prove the technical results needed to make explicit
calculations of KGW invariants. We first introduce some notations and the general
setup. Let (P,ay) € P and @ a k-free parabolic group satisfying B C @ C P.
The natural projection m : G/Q — G/P induces a map II : My 3(G/Q,e) —
Mo 3(G/P,ey) by II(f) = mo f. Fix u,v € W and let 4 € W% be defined by
7YX (u)) = X (7). Clearly I(GW., (u,v)) C GWx, (u,v) and abusing notation we
denote the restricted map again with II. There is a commutative diagram:

(4) GW.., (ii,v) C Mos(G/Q,er) ——= GW., (u,v) C Mo s(G/P,ex)

\Lev;«; lev;;

I, (u,v) C G/Q ul I, (u,v) C G/P

where the bottom map is the restriction of 7. The main theorem of this section is:

Theorem 4.1. Assume that GW, (u,v) is non-empty.

(a) If P is k-free, the projected Gromov-Witten variety T, (u,v) equals the
Richardson variety X (u) NY (v).

(b) For any (P, o) € P, GW,, (@,v) = U~ Y(GW,, (u,v)).

(c) If (P,ai) € P then all varieties in diagram (4) have rational singularities,
and all maps are surjective and cohomologically trivial.

In the situation when @ = B, the claimed properties of II can also be derived
from more general results of Woodward [43] proving Peterson comparison formula.
The idea is that for homogeneous spaces G/P where (P, «y) € P, the Peterson lift
of the degree e, € Hy(G/P) remains e, € Ho(G/B). Our proof is different and
elementary, and it relies on the geometry of spaces of lines in flag manifolds. The
key part for calculations of KGW invariants is the cohomological triviality of evs.
The proof of the theorem is divided into two main cases, for P being k- free and
(P, ax) € P, but not necessarily k-free.

4.1. The case when P is k-free. The key property satisfied by homogeneous
spaces X = G/P when P is k-free is that Mo 1(G/P,e) ~ G/P. Although this
follows from Cor. 3.3, we will reprove it here, in a different way. The ingredients
in our proof will be used repeatedly throughout the paper. The main observation
is that through any point € G/P, there exists a unique line £ 5 x of degree ¢y.
We first introduce some necessary definitions.

The curve neighborhood I'4(€2) of a subvariety 2 C X is the locus of points z € X
so that there exists a rational curve C of degree d so that x € C' and CNQ # (. The
set T'y(Q2) can also be realized as evg(evy ' Q), and this gives it a scheme structure.
It follows that if €2 is a B-stable variety then so is its curve neighborhood, so it
must be a union of B-stable Schubert varieties. In fact, if €0 is a B-stable Schubert
variety, then so is I'y(Q2) [7, Prop. 3.2]. The Weyl group element corresponding to
this variety was identified in [10]. For the convenience of the reader, we include this
proof in the case when P is k-free and d = ¢, when the arguments are simpler.
From now on in this section P is a k-free parabolic subgroup.

Proposition 4.2. Let P be a k-free parabolic subgroup, and v € WT. Then
I, (X(uw) = X (uF) and T, (Y (u)) = Y (ug).



KGW INVARIANTS OF LINES ON G/P 11

Proof. We will only show the formula for I';, (X (u)) - the other formula is sim-
ilar. It is clear that X (u*) C I'.,(X(u)). Consider the Gromov-Witten variety
GW., (ey) := evg'(e,) C Mos(X,ex) where e, € X(u) is a T-fixed point; this
variety is non-empty because evs is surjective. Since T is a connected solvable
algebraic group acting on GW, (e,), it follows that it contains T-fixed point [23,
§21.2]. This corresponds to a morphism f : (C;pty, pte, pt3) — X and the image of
this morphism is a T-stable line of degree €, containing e,. We denote this line
with ¢, and notice that ¢ C I';, (X(v)). Further, because X(v) C X(u) we have
that T, (X(v)) C T, (X (u)) so we can assume that v = u.

It is well-known (cf. e.g. [11, §2] or [17]) that any irreducible T'—stable curve
C in X contains exactly two T-fixed points of the form e,w, and e,s, w,, where
a € RT\ R}, and that this curve has degree oV € Ho(X). Therefore ¢ joins e, to
€w, where wWp = us,Wp for a root o € Rt \ RJFC with

(5) a¥ — Ck}c/ € EBQJEAPZO[;—/.
If o # oy, then oV must contain in its decomposition at least one simple coroot
so that nodes 7 and k are adjacent in the Dynkin diagram of G. Since P is k-free,

a; € A\ Ap, which contradicts equation (5). Then a = a4 and w = usy, which
implies that I'c, (X (u)) C X (u*). This finishes the proof. O

Corollary 4.3. For any x € X, there exists a unique line ¢ of degree e which
contains x. In particular, this line is isomorphic to the Schubert variety X (si).

Proof. Without loss of generality, one can assume that z = e;q4 is the unique B-fixed
point in X. Then apply the previous proposition to X (u) = X (id). |

Corollary 4.4. The evaluation map evy : Mo 1(X,er) — X is an isomorphism.

Proof. Cor. 4.3 shows that the set theoretic fibre over each point in X consists of a
single element. Since both varieties are normal, it follows that ev; is an isomorphism
[39, p. 209]. O

Remark 4.5. The proof of Cor. 4.4 did not use Strickland’s characterization Thm.
3.2, and it can be used to recover it. The idea is that for any parabolic subgroup
Q so that (Q, k) € P, the group Qj is k-free, therefore Mo 1(G/Qk,er) = G/Qx.
Then one can show that each line ¢ C G/Q of degree ¢, is a fibre of the morphism
G/Qr — G/Q(k). This recovers Cor. 3.3 and ultimately Thm. 3.2.

Corollary 4.6. Let u,v € W¥ for P k-free. Then T, (u,v) equals the Richardson
variety X (u®) NY (vg,).

Proof. By definition and using Prop. 4.2
., (u,v) = ev3(GWL, (u,v)) C evs(evi! X (u)) Nevs(evy ' Y(v)) = X (uf) N Y (vg).

We show the reverse inclusion. Let x € X (u*)NY (vx). There exist two lines ¢ > x,
Uy 2 y of degree g so that £1 N X (u) # 0 and ¢5 N Y (v) # . But Cor. 4.3 implies
that ¢; = /5 and we are done. O

To prove that evs : GW,, (u,v) — I's, (u,v) is cohomologically trivial we need
one more lemma:

Lemma 4.7. Let P be k-free and ¢ a line of degree 5. Let u € WP and assume

that (N X (u) # 0 and that (N X (u*)° # 0. Then either £ C X (u) or the intersection

0N X (u) is transversal and it consists of a single point. In the first case u* = u.



12 CHANGZHENG LI AND LEONARDO C. MIHALCEA
Proof. As before X = G/P. Consider the evaluation map
evy s evy H(X (u)) € Moa(X,er) — evalevy t X(u)) = X (u®).

By [7, Prop. 3.2] and because the moduli space Mg 2(X,ey) is irreducible [42],
this is a locally trivial fibration over the open cell X (u*)° and it has irreducible
fibres over this cell. We claim that each of these fibres is isomorphic to £ N X (u).
Indeed, by Prop. 4.2 the line ¢ satisfies that ¢ C X (u*), and by hypothesis there
exists zg € £ N X (u¥)°. The fibre over zy consists of all lines ¢’ of degree &5, with
two marked points xg,y € ¢ with the additional property that y € ¢ N X(u).
(It is possible that zp = y in which case (xg,y,¢') corresponds to an element
f:C1UCy — X in the boundary of Mo 2(X,ex), where f(C1) = zg = y, and
f(C2) = ¢.) Cor. 4.3 implies that there exists a unique line of degree ¢j through
T, so /' = £, and the fibre above is the intersection £N X (u). Since ev; (X (u)) has
rational singularities [7, Cor. 3.1], so does a general fibre of evy [3, Lemma 3]. Using
that evy is B-equivariant this implies that all fibres over X (u*)° are isomorphic.
But these fibres have dimension at most 1, therefore they must be smooth.

Then we have two possibilities: either dim ¢ N X (u) = 1, when ¢ C X (u) (and a
fortiori u* = u), or £ N X (u) is transversal, and it consists of a single point. O

We can now prove a part of Thm. 4.1:

Theorem 4.8. Let P be a k-free parabolic subgroup and u,v € W¥. ThenT, (u,v) =
X () NY (vx) and the map evs : GW,, (u,v) — T¢, (u,v) is cohomologically trivial.

Proof. By Cor. 4.6 we only need to show the cohomological triviality. The idea
is to use Thm. 2.2, so we need to check that all hypotheses are satisfied. First,
the Gromov-Witten variety GW,, (u,v) and the Richardson variety I';, (u,v) have
rational singularities, by [7, Cor. 3.1] respectively [3, §1]. Take z € X (u*)°NY (vx)°
and let £ > = be the corresponding line of degree ¢ given by Cor. 4.3. Note that
X (uF)° MY (v3,)° is open and dense in I'., (u,v), therefore the fibre F, over z is
general. We now identify this fibre, using the definition of stable maps. According
to Lemma 4.7, we have three situations: ¢ N X(u) = pt or £NY(v) = pt or
¢ C X(u)NY (v). In the first two situations F, is isomorphic to (¢NX (u))x (¢NY (v)),
which is a rational variety. Let now ¢ C X(u) NY(v). Then u* = u and v = v.
Consider the moduli space Mo 3(/,1) ~ Mgs(PL, 1), where 1 € Hy(P') is the
fundamental class of P'. Then F, is isomorphic to evy'(z) C Mg 3(¢,1). On one
side evy!(z) contains an open dense set birational to £ x £. On the other side
evy () is irreducible [7, Prop. 3.2], therefore F, is rational. O

4.2. The case when (P,aj) € P. In this section we will prove the remaining
parts of Thm. 4.1. Note that if (P,a;) € P, u € WP and Q C P then clearly
(Q,ax) € P and u € W?. The key result in this section is the following:

Theorem 4.9. Let (P,ay) € P and Q C P a k-free parabolic subgroup. Then the
map I1: Mo 3(G/Q,ex) — Mo 3(G/P,ex) is surjective and cohomologically trivial.

Proof. We use again Thm. 2.2, so we need to check that all hypotheses hold. Since
the moduli spaces have rational singularities, it suffices to prove that II is surjective
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and a general fibre is irreducible and rational. We have a commutative diagram

Mos(G/Q,ex) Mo 3(G/P,eyg)

lfor J/for

Mo (G/Q,er) = G/Q L/>ﬂ0,1(G/P, er) ~ G/ Py

II

where the horizontal maps are induced by the projection 7, and the vertical maps
are the forgetful maps, forgetting points pt1, pto (see [16] for details). By Cor. 4.4
and Cor. 3.3, there are isomorphisms of the bottom moduli spaces to the listed
homogeneous spaces. In particular, the bottom map is surjective and all its fibers
are isomorphic to P;,/Q, a rational variety. Let f : (P;0,1,00) — G/P be a general
element in Mg 3(G/P, i), and F = II71(f). The forgetful map induces a morphism
forp : F=T171(f) = IY(f') ~ Py/Q where f' = for(f) € Mo1(G/P,ei). We
claim that forg is an isomorphism, and this will finish the proof of part (a).

By Zariski’s Main Theorem [39, p. 209] it suffices to show that forg is bijective.
Let f/ e II"(f) and f € for}l(f’) C F. Since f is general we can assume that the
points f(pt;) € G/P are all distinct. By definition of stability of maps, this implies
that f is defined on P! (rather than a tree of P1s). Degree reasons imply that both
maps f : P — Image(f) = f'(P') and 7 : Image(f) C G/Q — Image(f) C G/P
are isomorphisms. By definition we must have that w(f(pti)) = f(pt;), and this
determines f uniquely and proves our claim. O

Remark 4.10. The previous theorem is no longer true if (P, ) ¢ P. For example,
take G to be of type Bs and A = {ay,as} so that «; is long. Consider the
parabolic group P given by Ap = {a;}. Notice that G/P is the variety OG(2,5)
of dimension 2 isotropic planes in C° (i.e. lines on a smooth quadric in P%); in
fact G/P ~ P3 using Dynkin symmetry between types By and Cy. One calculates
that dim Mg 3(0G(2,5), ) = 7. Denoting by OF(1,2;5) = G/B the full flag
manifold of type Bz, we have that dim Mg 3(OF(1,2;5),y) = 6. This shows that
the map II : My 3(OF(1,2;5), ) — Mg 3(0G(2,5),y) is not surjective. If the
degree ay € Hy(G/B) is replaced by a¥ = of + oy (for a = a3 + 2a2) then
IT: Mo 3(OF(1,2;5),a) = Mo 3(0G(2,5), ay) becomes surjective.

We are now ready to prove the remaining parts of Thm. 4.1:

Proof of Thm. 4.1. Part (a) was proved in Cor. 4.6 and cohomological triviality in
k-free case in Thm. 4.8. The equality [T (GW,, (u,v)) = GW,, (4, v) follows from
the fact that 771X (u) = X () and 7=1Y (v) = Y (v). Because X (u) and Y (v) are
opposite Schubert varieties, Kleiman transversality theorem [26] (sce e.g. [3, §1])
implies that GW., (u,v) intersects the open dense set of points f € Mg 3(G/P,ex)
which satisfy the generality conditions from the proof of Thm. 4.9. Then the
fibre over such a general point in GW,, (u,v) is isomorphic to P;/Q, hence it is
rational. Finally, we know that 2-point Gromov-Witten varieties are irreducible [7,
Cor. 3.3] and have rational singularities [7, Cor. 3.1], and invoking again Thm.
2.2 yields the cohomological triviality of the top map. In particular, all maps are
now surjective. By Cor. 4.6, ', (@, v) is a Richardson variety, therefore T, (u,v)
has rational singularities and the bottom map is cohomologically trivial by Lemma
2.3. Since the left vertical map is also cohomologically trivial (cf. Thm. 4.8), and
since all varieties in the diagram are normal, a standard argument based on the
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Grothendieck spectral sequence [24, p. 74] shows that the right vertical map is
cohomologically trivial as well. ([

5. K-THEORETIC GROMOV-WITTEN INVARIANTS

The goal of this section is to give formulas for KGW invariants (0", 0", O")_,
for X = G/P, provided that (P, ay) € P. The main result is:

Theorem 5.1. (a) Assume that P is k-free and [F| € Kp(X). Then

<Ou7ov’ []:Dak = or O . ["T:]
G/p
In particular, (O", 0", (O")Y),, = c ,, is the structure constant in Kr(G/P).

(b) Let (P,ay) € P, Q C P two parabolic groups containing the Borel group B,
and [F),[G],[H] € Kr(G/P). Then

((FL19), Do orp = (7 [FL 7 GL 7 [H)o, a0
where the KGW invariants are on G/P and G/Q respectively and 7 : G/Q — G/P
is the projection.
(¢) (K-theoretic Peterson comparison formula) Let (P, k) € P such that B C P.
Then we have an equality

(0%,0%,0%),, g/p=(0",0°,0""%) . /5

where the KGW invariants are on G/P and G/B respectively. Here wp, is the
longest element in the Weyl group Wp, .

Note that if (P,ax) € P then Py is k-free, so the Theorem gives an explicit
“quantum=classical” formula for all the KGW invariants on G/P. The proof of (a)
and (b) will repeatedly use Thm. 4.1 above; part (c¢) follows from these two.

We recall next the definition and relevant properties of the divided difference
operator in K-theory. This will be crucially used to obtain formulas for KGW
invariants (O, 0%, [F])., , knowing similar formulas for (O, 0", [F])., , where the
Schubert varieties are opposite to each other. Note that O“ = O, uw, as classes
in non-equivariant K-theory, but this is no longer true equivariantly. In fact, the
first type of KGW invariants appear in the definition of structure constants in the
equivariant quantum K-theory.

Let a, € A\ Ap be a simple root and P a k-free parabolic subgroup. Define the
parabolic group P(k) as in §3. Let m, : G/P — G/P(k) be the natural projection.
Its fibre is P(k)/P ~ P'. Form the fibre diagram

pri

ZZG/P XG/P(k) G/P G/P

lm l

G/P ik G/P(k)

where pr; are the natural projections. The divided difference operator ) : Kr(G/P) —
K7 (G/P) is defined by

O = (pra2)spri = mi(mi )
In the case when P = B is the Borel subgroup, this is a famous endomorphism of
A-algebras K (X) satisfying 972 = 9y and the “braid relations” - see e.g. [31, Prop.
2.4]. Abusing notation we also denote by the same symbol 9y the map sending a
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variety V' C G/P to 9x(V) = m, ' (mx(V)) € G/P; it will be clear from the context
which object is referred to.

Lemma 5.2. Let P be a k-free parabolic subgroup. Then
O (0%) = 0% Ok(Oy) = Oy

Moreover, if R C G/P is a Richardson variety then O, (R) is irreducible and it has
rational singularities, and furthermore Ox[ORr] = [0y, (r)] € K1(G/P).

Proof. The first two formulas follow from the push-forward and pull-back formulas
stated in §2.3. Further, 7, (R) has rational singularities by Lemma 2.3. Since 7y, is
a smooth morphism, it follows that 7} ' (1 (R)) has rational singularities as well.
The formula for 0x[OF] follows again from Lemma 2.3. O

We are now ready to prove the first two parts of Thm. 5.1:

Proof of Thm. 5.1 parts (a) and (b). The proof of part (a) is divided into two parts.
We first prove that

(6) (00" 7)., = [ Ow-0™ (7]

Using projection formula, the calculation in (3) above, and that evs : GW, (u, v) —
L., (u,v) is cohomologically trivial (Thm. 4.8) we get:

Mo,3(X,er)

(0., 0% [F)., = / [Ocw,, ) - ev5[F] = / (ev3)u[Ocwstum] - IF

X

:/ Oue - O% - [F;
X

the last equality follows because [Ox(ut)ny (v)] = [Our] - [O"] € Kr(X). In
the non-equivariant K-theory this implies the formula in the Theorem, because
0, = OwuWr_ We now prove the equivariant version. Since {O,} and {O"} are
both bases for K7 (X), there is an expansion O" = p fu,20-, with f, . € A.
Applying the divided difference operator Jy , which is a A-module endomorphism,
and Lemma 5.2 we obtain

O = h(O") = > fu:0.x.

zeWP

We now use the previous identity, the fact that KGW invariant is linear in each
argument and equation (6) to obtain

(00,0 [Fl)oy =Y £url02,0% [F)ey = Y e /X 0. 0% - [F]

= [ (O sus0m 0717 = [ 0% 0% 1)
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We turn to the proof of part (b). Note first that if (P,az) € P, u € W and
Q C P then clearly (Q,a;) € P and u € W®. We have a commutative diagram

ﬂo,?,(G/Qa €k) - M0,3(G/Pa €k)
lEV iEV
(G/Q) —C— (G/P)?

where the top map is surjective and cohomologically trivial (cf. Thm. 4.1) and
EV = ev; X evy X evs. Using projection formula we get

(PO M= [ BV X (9] x )
Mo,3(G/Piex)
- [ BV (7] x (9] (1) = | BV (r*(F]) x (9] x 1)
Mo.3(G/Q.ex) Mo,3(G/Q.ek)

= (m*[FL7G), 7 [H]) ey 6/
O

If L(u) + £(v) > £(w) + 2, the KGW invariant (O", 0", Oy)., equals the (coho-
mological) equivariant GW invariant ([Y (u)], [Y (v)], [X (w)])., . In turn, this equals
the structure constant c;;;s* for the equivariant quantum cohomology of G/ P - see
[38] for details. The next Corollary gives a formula for these invariants:

Corollary 5.3. Let P be k-free. Then the equivariant GW invariants satisfy:
O, K0, = { Jor 0l O X0 e and

otherwise

Proof. The equivariant GW invariant on the left exists only when ¢(u) + £(v) >
Lw)+2. If ug # u, v # v then £(uy)+£(vg) > £(w), so the invariant on the right is
the structure constant c;, ,, in the equivariant (non-quantum) cohomology of G/ P.
The claimed equality follows from Thm. 5.1 (a). Consider the other situation; we

can assume that vy, = v. As in the proof of Thm. 5.1(a) we obtain that
(Y ()], Y (0)], [X(w)])e,, = G/P[Y(U)} ~(evi) . [GWe, (w,v)].

But evy (GW, (w,v)) = X (w¥) NY (vx), and a dimension computation shows that
dim GW,, (w,v) > dimevy (GW,, (w,v)); thus the integral on the right is 0. O

The next formula relates those KGW invariants on G/P needed to calculate
structure constants in quantum K-theory of G/P (see §6 below), to structure con-
stants in K7(G/Q), where Q is k-free.

Corollary 5.4. Let (P,ay) € P, and Q a k-free parabolic with Q C P. Then for
any u,v,w € WF:

(Oua Ovvfw>5k,c/p :Z<Oua OU7£Z>sk,G/Q = Zcik,uk-

z

where the last two sums are over minimal length representatives z € W< so that
2Wp = wWp, and ¢ are structure constants in Kp(G/Q) - ¢f. §2.3 above.

Uk, Vi
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Proof. By Thm. 5.1 it follows that
(o, OU>£w>5k,G/P = <Ouvov77*(§w)>5k,c/c)~
To finish the proof it suffices to compute 7*(€w) = >, e Guw, 2§ Then

Guw,z = / W*(gw) -O% = fu) . 71—*(02) = 5w¢sz7
G/Q G/P
where § is the Kronecker delta symbol. This shows that
2EWQ zWp=wWp

and finishes the proof. O

5.1. Peterson comparison formula. We prove next part (¢) of Thm. 5.1. For
cohomological Gromov-Witten invariants this was conjectured by Peterson, and
proved by Woodward [43] in the non-equivariant case, and by Lam and Shimozono
[32] equivariantly.

Theorem 5.5. Let (P,ay) € P and u,v,w € WP. Then the following K-theoretic
analogue of Peterson comparison formula holds:

<Ou, Ov, Ow>5k)G/P = <Ou> OU? Ok >5k,G/B

Proof. Denote by np : G/B — G/P and np, : G/B — G/P; the natural projec-
tions. Using that 75O% = O* and Thm. 5.1 parts (a) and (b) we obtain

<Ou, 01;7 Ow)g,cAG/P _ / Ok . OV . OV
' G/B
By projection formula and because ug, vy € W (by Lemma 2.1, since Py, is k-free)
we have that

/ O . OV . O :/ (mp, ) (O™ - Q). O :/ Ot - 0% - (7p,).0"
G/B G/B G/ Py

N / Ok - O™ - (mp, ) O 7,
G/ Py

where the last equality follows from (7p, ).O% = O“Wr:. Reversing the reasoning
yields
/ Ouk _ka . (7TPk>*Owak — / Ouk .ka .(x)wwp)c
G/ Py G/B
and the last integer equals (O, 0", 0" )_ o p again by Thm. 5.1 (a). O

Remark 5.6. Same line of proof can be used to show the following identity: if
w,v,w € WF then

<Ouﬂ OU’ Ow>ek,G/P = /G/B o - 0% - Owaka = <Ou7 Ov7 Owwpwpk >sk,G/B7
where wp is the longest element in Wp. In this identity and the one from Thm. 5.5
one can replace the KGW invariants with the cohomological ones and obtain iden-
tities for the (equivariant) Gromov-Witten invariants. This is because the required
(in)equalities on codimensions of Schubert classes are satisfied for both invariants
- see [43] for details.
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6. APPLICATIONS TO QUANTUM K-THEORY

Let X = G/P with (P,a;) € P. The formulas for the KGW invariants from
Thm. 5.1 allow us to compute the structure constants for the equivariant quantum
K-theory of X as combinations of structure constants of Kr(G/Py). In the case
when P is k-free, the projected (boundary) Gromov-Witten varieties have rational
singularities. We exploit this and certain equalities among them to prove that the
structure constants of quantum K-theory either vanish or are alternating. To state
precisely these results, we first recall the basic definitions of equivariant quantum
K-theory, following [9] (see also [7, 33]).

Equivariant quantum K-theory of X, denoted by QK (X), is a A[[g;]]-algebra,
with a A[[g;]]-basis O* where u varies in W and the parameters ¢; are indexed
by the simple roots in A\ Ap. If P is k-free then degq, = 2; for general degrees
we refer to [17]. The multiplication in QK4 (X) is determined by the structure
constants N]jf;)d € A in the identity

O"o 0" =Y N¥iglo";
w,d

here d =37, ca\a, diy is a degree in Hy(X) and q* =1 q¢%. We are interested
in the case when d = ;. Then by definition
(8) Ny =(0",0",(0")),, =Y (0.0 (0%)"),- (0%, (0)"),,.

Here ([F],[G])., denotes the 2-point KGW invariant defined by

(7.9, = / evi[F] - ev3[g].

Mo 2(X,er)

This is in fact equal to ([F], [G], O™?),, , because the map Mo 3(X, ex) = Mo 2(X, ex)
has rational fibres [18]. The structure constants for the non-equivariant quantum
K-theory ring QK(X) are obtained by specializing e* — 1 in the equivariant coef-
ficient ring A; thus in this case N;7* € Z. The main result of this section is the
following:

Theorem 6.1. Let X = G/P for P a k-free parabolic group and u,v,w € W¥,.
(a) The structure constant Ny 7% in QK1 (X) equals:

w,eR W WSk w
(9) Nu,v - cuk,vk - 671))“’71)516 (Cu,v + Cu,v)a

where on the right hand side are structure constants in Kr(X) and § is the Kro-
necker delta symbol. Equivalently, N, ;7% is the coefficient of O" in the expansion
(10) I (0Y) - O0r(0") = 0 (0" - O).

(b) If u, = u or v, = v, the equivariant structure constant Nyt =0 for all

we WP,
(¢) The non-equivariant structure constants N./;* are alternating, i.e.

(11) (_1)€(u)+€(v)—€(w)—deg QkNgifk > 0.

The statements (a) and (b) will be generalized to parabolic groups P such that
(P,ax) € P; see §6.3 below. We prove next the part (a) of the Theorem, and
dedicate two sections to parts (b) and (c), which have more involved proofs.
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Proof of Thm. 6.1 (a). We note first that

<Ozv (Ow)\/>ek = <Oid7 027 (Ow)\/>5k = O 0% . (Ow)\/ = 6Zk7w7
G/P
where the second equality follows from Thm. 5.1. Applying the same theorem again
to the remaining KGW invariants from equation (8) yields formula (9). The second
part of (a) is an easy calculation, obtained by identifying the coefficient of O™ in
the expansion (10) with the right hand side of (9), using that O* - 0" =} ¢y , O"
in K7(X) and the formulas from Lemma 5.2. O

6.1. Boundary Gromov-Witten varieties and their projections. In order to
prove parts (b) and (c¢) of Thm. 6.1, we need to study more geometric properties
of the varieties involved in the definition of the structure constants in QK,(X).
Recall from [9, Rmk. 5.3] that an alternate way to compute N, is:

(12)

Nk = Xt s (o) (evi O" - evs OV - evi(O™)Y) — xp (evi O% - evi OV - evi(O™)Y),

where D is the fibre product
(13) D = Mo 12,6} (X,0) Xx Mo fe31(X,e1) = Mo (o031 (X, 1),

and the map to X is given by evaluating at the marking e. (The last isomorphism
holds because My 3(X,0) >~ X.) Set

GWo e, (2,0) = GW,, (2,v)1p;  Toe,(2,v) :=evz(GWo, (2,v)).

The first variety is the restriction to D of GW,, (z,v). We refer to these as the
boundary GW wvariety respectively projected boundary GW wvariety. Recall the no-
tation RY := X(z) NY(v). From the identification D ~ M (4.51(G/B,e)) we
obtain

GWoe,(2,0) = eve H(RY);  Toe,(2,v) = eva(evy H(RY)).

Geometrically, T'g ¢, (z,v) is the locus of points x € X so that there exists a line
£ > x of degree ¢, which intersects RY. Recall that if P is k-free then P(k) denotes
the parabolic group satisfying Apyy = Ap U {ag}; denote by 74 : G/P — G/P(k)
the natural projection. There is a remarkable coincidence between the divided
difference operator 0y = mj (7). and the operator (evs),ev) in the equivariant
K-theory of G/P, which we explain next.

Proposition 6.2. Let P be a k-free parabolic group and v,z € WF.

(a) There is a natural isomorphism D ~ G /P X g puy G/P. Under this isomor-
phism, the evaluation maps eve and evs correspond to projections pri,pro in the
fibre diagram

eve=pri

DZG/P XG/P(k) G/P G/P
J{ew—prz J/ﬂ'k
G/P ik G/P(k)

(b) Assume that RY is non-empty. Then the Gromov- Witten subvariety GWy ¢, (2, v)
is isomorphic to prl_lRZ and the diagram in (a) determines another fibre diagram
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eve=pri

GWo e, (2,v) prflRZ

i evV3=pr2 l Tk

Lo, (2,0) ~ mp  (meRY) —— m(RY)

Furthermore, T'o ¢, (2,v) has rational singularities and the map evs : GWy ¢, (2,v) —
Lo e, (2,v) is cohomologically trivial.

(¢) Under the identifications in (a), the divided difference operator Op = 7} (7 )«
equals (evs).evi and it satisfies

[Ory] = [Os,(ry)] = [Or,.., (20)]-

Proof. We first prove (a). Let x € G/P. We will use repeatedly the observation that
the unique line £, > z of degree ), specified by Cor. 4.3 is given by £, = 7 ' (71 (x)).
This follows from Cor. 3.3. Then the evaluation maps ev,,evs : D — G/P have
the property that 7 eve = 7 evs. This determines a morphism

v:D— G/P XG/P(k) G/P

sending a line ¢ with two markings (ze,z3), to (e, z3). A line is uniquely deter-
mined by any of the two points it contains, thus this morphism is injective. W is
also surjective, because dimD = dim G/P Xq/px) G/P, and the latter variety is
irreducible. Since both varieties are normal, Zariski’s Main Theorem [39, p. 209]
implies that ¥ is an isomorphism. The identification of the evaluation maps with
projections pry, pro is immediate from the definition of V.

We now prove part (b). The restriction ¥’ of ¥ to GWy ., (2, v) determines maps
to RY and T, (2,v) C 7}, ' (7 RY) (= Ok (RY)), and therefore a map

U GWo e, (2,0) = RY X, (Ry) o (e (RY)) =~ pri H(RY).

The morphism ¥’ is again injective. Since RY is normal, irreducible and pry is a
P'-bundle projection it follows that pr; *(RY) is normal and irreducible as well. We
know that GWy ¢, (z,v) has rational singularities [7, Cor. 3.1] hence it is normal.
To prove that ¥ is an isomorphism it suffices to show that dim GWy ., (z,v) =
dim pri '(RY). But a standard application of Kleiman’s transversality theorem [26]
shows that

dim GWo ¢, (2,v) = dim My {4 31 (G/P, ;) — codim RY =
dimG/P +1 — (dim G/P — dim RY) = dim R” 4+ 1 = dim pr; }(RY).

Since the projection map pro is now identified with the restriction of the evaluation
map evs to GWy ., (z,v) it follows that 7; ' (7 (RY)) is isomorphic to the image of
evs, which is T'g ., (z,v). Lemma 2.3 gives that Jx(RY) has rational singularities.
We employ Thm. 2.2 to prove that evs is cohomologically trivial. Because we
work in a fibre square diagram, a general fibre of evs coincides with a general fibre
F of m, : RY — 7, (RY). This morphism is cohomologically trivial (Lemma 2.3),
in particular it has connected fibres. But the fibre of the unrestricted morphism
7, G/P — G/P(k) is P!, and this implies that F is either isomorphic to P! or to
a reduced point. The hypotheses of Thm. 2.2 are then satisfied and evs must be
also cohomologically trivial.
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We now prove part (¢). By [22, 111.9.3] or [13, 5.3.15] it follows that in the given
fibre diagram 0y = 7 (mx)« = (evs)« evy as operators in the equivariant K-theory.
Then 0k ([Or:]) = Oy, (ry) from Lemma 2.3. O

We prove in the next three lemmas the key facts needed in the proof of positivity
and vanishing of the structure constants N,”;*. In what follows we will repeatedly
use the description of I'y ., (z,v) as the locus of points € G/P contained in a
line ¢ of degree g5 such that £ N RY # (). In all the lemmas we use the common
hypothesis that P is a k-free parabolic subgroup and z,v € WF.

Lemma 6.3. If either 2* = 2 or vy = v then To ., (z,v) = T¢, (2,v).

Proof. One inclusion is clear. Take z € T', (z,v) and ¢, > z the unique line from
Cor. 4.3. By definition of I';, (z,v), the line ¢, intersects both X(z) and Y (v).
Assume now that z¥ = z. Then by Prop. 4.2 this line is entirely included in X (z),
therefore it must intersect X (z) NY (v). The case when v, = v is similar. O

Lemma 6.4. Assume that both z* # z and vi # v. Then both evaluation maps
evs : GW,, (z,v) = D¢ (2,v) and evs : GWy e, (z,v) = Do (2,v) are birational
and Do, (z,v) is a divisor in T (z,v). In particular, we have strict inclusions

R, =X(z2)NY(v) CToe,(2,v) C X(zsp) NY (vs,) = RL*

ZSk "

Proof. Thm. 4.8 shows that T'., (z,v) = X(2*) N Y (vy). The hypothesis on z,v
implies that

dimT,, (z,v) = dim X (2*) N Y (v},) = £(2) — £(v) + 2 = dim GW,, (z,v);

the last equality follows from a standard calculation based on Kleiman Transver-
sality Theorem [26]. Since evs : GW,, (z,v) — I'¢, (z,v) is cohomologically trivial
by Thm. 4.8, Stein factorization [22, I11.11.5] shows that it must be birational.

We now turn to I'g., (z,v). The fibre square in the part (b) of Prop. 6.2
implies that a general fibre of evs : GWy ., (z,v) — T, (2,v) is isomorphic to
a general fibre of m, : RY — mp(RY). It suffices to show that the latter map
is birational. Indeed, the hypothesis on z means that z € WF®)  therefore m, :
X (z) = m(X(2)) = X () is birational; let U C X (z) C G/P be the open set where
this map is an isomorphism. Because X (z) NY (v) # 0, Kleiman Transversality
Theorem implies that Y (v) N U # 0; the claimed birationality follows.

Finally, the definition of I'g ¢, (2,v) implies that we always have inclusions (not
necessarily strict)

R} =X(z)NY(v) CTye,(2,v) CTe, (2,v) = R

z 28k "

Counting dimensions again we obtain that dim RY{* —dim RY = 2 and dim "¢, (z,v)—

dim Ty ¢, (#,v) = 1, therefore the inclusions must be strict. O

Remark 6.5. The proof of the previous lemma shows more: evs : GWy ., (z,v) —
Lo, (2,v) is birational whenever z* # z or vy, # v.

6.2. Vanishing and positivity of N;;7*. To prove the vanishing and positivity
parts from Thm. 6.1 we need to further rewrite the definition of the structure
constants from equation (12), using the additional information from the previous
section. Note that a theorem of Brion [3] gives the signs of the structure constants
in equation (9); but these do not determine that of N;;*. Our proof uses the
geometric results from the previous section, and it shows why the terms of the
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wrong sign get canceled when we consider the full coefficient Ny’;7+. In this section
X = G/P where P is a k-free parabolic subgroup. Expand:

=> P,.0.;  P,.€A

We replace O by > P, .0, in (12) to obtain

N = Pue (X, ey (V1 05 ev3 07 v (0) )~

(14) z
Xo(evi O - evy OV - evi(0O™)Y)).

We noticed in §2.4 that evi O, - ev; O” = [Ogw, (2] in K7(Mo3(X,er)). Same
proof shows that in K7 (D) we have evi O, - ev} ‘o = [Ocw, ., (20)]- Recall that
both morphisms evs : GW¢, (z,v) = e, (z,v) and evs : GWy ¢, (z v) = Toe,(2,0)
are cohomologically trivial (Thm. 4.8 respectively Prop. 6.2). Then by projection
formula we have

(evi O, -evis OV - evi(0™)Y) — x, (evi O, - eviy OV - evi(0™)Y)

= [ (Or o) = Or, o)) (0"
X

Xﬂo,3<><v€k>

therefore
(15) qufjfk = Zpu Z/ OFak(z v)] [OFO,ak(Z,U)]) ) (Ow)v~

This immediately implies the claimed vanishing:

Proof of Thm. 6.1 part (b). Because QK (X) is a commutative ring, we can as-
sume that vy, = v. The parabolic subgroup P is k-free, thus I's, (z,v) =g ¢, (2, v)
by Lemma 6.3. Then the vanishing follows from the identity (15). O

For the proof of Thm. 6.1(c) we will use the following positivity theorem of
Brion ([3, Thm.1]).

Theorem 6.6. (Brion) Let Y be an irreducible closed subvariety of X = G/P
which has rational singularities. Consider the expansion

= Zaw(’)
Then (—1)3mY—£w)g, >0,

Proof of Thm. 6.1 part (c¢). Given the vanishing in Thm. 6.1(b), we can assume
that u # w and vy, # v; equivalently, £(usy) = £(u)—1 and £(vsy) = £(v)—1. There
are two cases. The first is when w* = w. From Thm. 6.1 part (a) Ntk = cl
and this coefficient satisfies the required positivity by Thm. 6.6.

We turn to the second case when w® # w. In the non-equivariant case O% = Oy,
where & € WT is the minimal length representative in the coset wouWp € W/Wp.
Then equation (15) becomes:

USE, VS’

Nk = / (O, @] - (O")Y = / (O, ] - (O).
X X
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Then the required positivity follows again from Brion’s Theorem. To see that,
consider the expansions

[Or., @] = Z dz,0%  [Or, . @v] = Z f2.,0%.

Then
(16) Nyt =dg, — fa

v
and by Brion’s Theorem

(_1)dim Tep ('71,1))—dimY(w)d%uw > 0 and (_1)dim To,ep (ﬂ,?})—dimY(w)fgj’U > 0.

But the hypothesis on « implies that @* # @, therefore by Lemma 6.4
dim Ty, (u,v) = dim GWy ¢, (W, v) = dim RY + 1 = £(u) — ¢(v) + 1;

(the second equality follows from the fibre square in Prop. 6.2). Same Lemma
implies that dimT';, (u,v) = dim g ¢, (@, v) + 1. Finally,

dim T, (@,v) — dimY (w) = £(u) — £(v) + 2 — dim Y (w) =
(dim X —4(u)) — £(v) +2 — (dim X — 4(w)) = L(w) + 2 — (L(u) + £(v)).

This shows that both terms df  and f in (16) have the correct sign, and finishes
the proof. O

Remark 6.7. We conjecture that the equivariant coefficients N;’;7* satisfy the
positivity property:

(_1)f(u)+€(v)—€(w)—deg qx N;ﬁ;jﬁk c Zzo[e_ai _ 1]04716A\Ap~

This holds if P is k-free and w® # wsy, because then Nk = ey, v, 88 equi-
variant structure constants. The latter satisfies the claimed positivity thanks to a
conjecture of Graham-Kumar [20] proved by Anderson-Griffeth-Miller [1]. It gener-
alizes the Peterson-Graham positivity [19] in equivariant cohomology, and the one
in equivariant quantum cohomology proved by the second author in [37].

If P is k-free, this conjecture follows if the positivity theorem [1, Thm. 4.1]
would generalize from 0 an ample divisor to a big and nef divisor. We will consider

this generalization and its relation to the QK structure constants elsewhere.

6.3. Structure constants in QK (G/P) for more general parabolic groups.
Let X = G/P. In this section we state statements analogous to (a) and (b) from
Thm. 6.1 in the case when P is not k-free, but (P,ay) € P. The proofs will be
similar to those before, therefore we only sketch them and point out the differences.
The main tools we used in the case when P is k-free - Prop. 6.2 and lemmas after
that - are no longer available. Instead, we will rely on a weaker version of Thm.
4.1 to transfer the computations from G/P to G/Py. Since Py is k-free, most - but
not all - calculations from previous section will extend.

To fix notation denote by 7 : G/ P, — G/ P the projection and by IT : Mg 3(G /Py, ex) —
Moy 3(G/P,ei) the map induced by 7. If u € WP, recall that 4 € W is defined
by 771X (u) = X (@) and that (O%)Y is denoted by &,. We keep the notation from
§6.1, but we distinguish by Dp respectively Dp, the boundary loci defined in (13)
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for maps to G/P and G/Pj. We have a commutative diagram

(17) Dp, C Mos(G/Py,er) —— Dp C Mo 3(G/P,zx)
LEV lEV
(G Py)? T (G/P)?

where as usual EV = evy X evy X evs. The top arrow means that II induces a re-
striction map II: Dp, — Dp. We know from Thm. 4.9 that IT : Mg 3(G/ Py, ex) —
ﬂo,g(G /P, ey) is surjective and cohomologically trivial, and minor modifications in
that proof show that its restriction Il : Dp, — Dp has the same properties. Using
this, projection formula, and equation (12) we obtain (for u,v,w € WF):

NEZ =X oy (EV(O" X 0 X 6,)) = X, (EV (O x 0" x &) =
Xty sy epy BV (O X O X 7(€4)) = X, (BV(O" x O” x 7*(£4)).

A standard computation based on the class of the diagonal A C G/Py x G/ Py, (see
e.g. [7, Lemma. 5.1]) shows that

X, (EVH(O" x 0" x 7™ (€)= Y (0%,0%,&)g6/p,(O°, 7" (), c/m,

2€W Pk
_ z
- § : Cup,vi
z

where the last sum is over z € W such that z,;Wp = wWp as cosets in W/Whp.

(18)

This follows because (0", 0",¢.), G/Py = Cuugvy, a0d
(0%, 7" (&w))er /Py =/ O - 7" (§w);
G/Pk

then we use formula (7) for 7*(§,,) in Cor. 5.4 above. Together with formula (18)
this implies:

Theorem 6.8. Let (P, o) € P, and u,v,w € WF. The structure constants Ny*
in QK (G/P) are given by the following formula:

wW,EL __ a b
Nu,;) - E Cuk,vk. - E Cu,v
a b

where the first sum is over a € WP such that aWp = wWp, the second over
those b € WPk such that byWp = wWp, and czkm,cz,v are structure constants in
Kr(G/Py).

We now turn to the analogue of vanishing result from (b), Thm. 6.1.

Theorem 6.9. Let (P,ay) € P and u,v € WP, Assume that either uj, = u or
vp = v as minimal length representatives in W . Then N+ =0 in QK (G/P).

Proof. By commutativity of QK,(X) we can assume that v, = v. Starting from
identity (18), the same reasoning used to obtain formula (15) shows that

19)  Nre= 3 P / (Or. )] = [Ory.. o)) - 7 (),
2eW Pk G/ P

where O% = 37y p Pu.0. € Kp(G/Py). But then I'c, (z,v) = Lo, (2,v) by
Lemma 6.3 and we are done. O
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7. APPENDIX

In this appendix we present multiplication tables for QK1 (G/B) up to degrees
€k, in the case when G = SL3(C) and G = Sp4(C). In type A, the multiplications
are up to the symmetry s; «— sy of the Weyl group; in type C, «; denotes the
short root.

Table of QK (SL3(C)/B) up to degrees ¢,

OO =(1—e *M)O% +e M0 e %g —e Yq O™
051 o 082 = 08182 4 032s1 _ 0818281
Osl o Oslsg = (1 _ e—al)oslsg + e—aloslsgsl
Osl ° 05251 — (1 —a1 ag)(/)szsl + e—al Ot2q 052
Osl 00515251 — (1 7011 a2)0515251 +e o] — Otgq Oslsg
05182 o 08182 — (1 7&1)(1 _ 870[17&2)05152 + efaquOstl
+ (1 )6*041*042 2051
08182 o 08231 — (1 7(11 a2)0313251
OSISQ o 0813281 — (1 70(1)(1 _ efalfaz)oslszsl + (1 _ 670(170(2)670[1(]208281
0818281 o 0818281 (1 —Otl)(l _ e—a2)(1 _ 6—0&1—0&2)0818281
+ (1 —e al)(l _ e—(n—az)e—aquoslsg
(L)1 = e gy 0%

Table of QK (Sp,s(C)/B) up to degrees ¢,
Osl o 081 = (1 _ 670‘1)051 + e*a105251 + e*alql _ 6*a1q1032
Osl ° 082 = 08132 + (98281 _ 0818281 _ 0828182 + 081828182
Osl o 03132 = (1 _ e—a1)0s1S2 + e—al Osls?sl + e—al 0328182 _ e—al 081828182
Osl o 05251 = (1 _ e—al—az)08281 + e—a1—0t20515251
+ e—al—aquosz _ 6—a1—a2q108182
Osl ° 0818281 = (1 _ 6—2011—012)0313231 4 e—2a1—a2q103132
051 ° 0525152 = (1 _ e—al—az)05251sz + e—a1—a2051828182
Osl ° 081828182 = (1 _ 6—2@1—02)031323152 4 e—2a1—a2q10328182
032 ° 032 = (1 _ e—a2)032 + (1 + e—al)e—a208281 _ e—a1—a20828182
+ e—a2q2 _ (1 + e—al)e—a2q2081 + e—ul—a2q205251
(1 _ e—2a1—ag)03132 + e—2a1—a20323132

+ e—2a1—0¢2q2051 _ e—20¢1—a2q205251

0% 0 051 =
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Osz o 08281 = (1 _ 67(12)08251 + (1 + 67a1)€7a20518281
+ e—a20828182 _ (1 + e—al)e—a2051525132
052 o 0518251 = (1 _ 672&170(2)0515281 + 672a170(2081$28152
052 o D525152 = (1 _ 6—2041—2042)(9523182 + e—2a1—2a2q2032sl
052 o (51525152 = (1 _ e—2a1—2a2)051525132 4 e—2(¥1—2(¥2q20818251
08152 5 (O5152 = (1 _ eial)(l _ 672(117052)03152 4 (1 _ 6720517012)670610828182
+ 673011*&2(]208281 + (1 _ efa1)€72a17a2q2osl
03152 o 03231 = (1 _ 6—2041—&2)0315231 4 (1 _ e—al—a2)0323152
— (1 1Tz _ e—2a1—a2)031523132
08152 o (1)518281 = (1 _ 67&1)(1 _ e*QOtlft)ég)OSlSQSl + (1 _ 672a17a2)67a1051528152
05182 o 0828152 = (1 _ @70(170(2)(1 _ 6720&170&2)052S182
+ 6—01—l¥2q20518281 + (1 _ e—al—ag)6—2111—(x2q205251
05152 o (DS1525182 — (1 _ efalfo@)(l _ 6720{170‘2)081528132
+ (1 _ 6*2041*a2)efoélfazqzoslsgsl
Oszsl fo) 05231 = (1 _ e—az)(l _ e—oq—az)oszm + (1 _ e—(n—ocz)(l 4 e—al)e—a20313251
+ (1 + e*al)e*a1+*2a2q105182 + (1 _ €*a2)e*a1*a2q1052
05231 o 0315251 = (1 _ 67(1170‘2)(1 _ 6720417(12)0515251
+ e—2a1—agq10523182 + (1 _ 6—2041—042)6—041—aquoslsz
O5251 o (D525152 = (1 _ efaz)(l _ 670&17&2)0528152
+ (1 _ e—al—az)(l + e—oq)e—azoslszslsg
05281 o 081828152 = (1 _ efalfaz)(l _ 6721117&2)051523132
+ (1 _ e—oa—ozz)(l _|_ e—al)e—al—agqloszslsz
O515251 5 (DS15251 = (1 _ e—cn)(l _ e—al—ag)(l _ e—2a1—a2)0313251
+ (1 _ 6*2111*&2)6*041(110523152
+ (1 — e )(1 — e 2N 02)e 1 a2g, (5152
O515251 § ()S25152 = (1 _ e—al—az)(l _ e—2a1—a2)051525132
0315281 o 031828182 = (1 _ efal)(l _ 670(170[2)(1 _ 672(117042)051525132
+ (1 — e*"‘l*aZ)(l _ e*2a1*a2)€*a1q10528152
0528132 o 0325132 = (1 _ e—a2)(1 _ e—al—az)(l _ 6—2041—(12)0323152
+(I—e ™72 (1 +e e *2q0" 152
+ (1 _ e—az)(l _ e—al—a2)€—2al—azq205231
OF25152 o 51928152 = (] — 7 2)(] — ¢~ *172)(] — e—2a1—a2)051325152

+ (1 _ e*alfaz)(l _ e*2a1*a2)670¢2q20513251

Qo112 6 OS1929152 = (1 = gan)(1 — =) (1 — g~ OR)(] — ¢~2ar—az)Qsisasne:
+ ( _ 0‘2)( e o1~ 042)(1 _ e—zal—az)e—alqlosgslsz
+ (1 —e al)(l _ e—ou—ocz)(l _ e—2a1—a2)e—a2q20315231
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