ON EQUIVARIANT QUANTUM SCHUBERT CALCULUS FOR
G/P

YONGDONG HUANG AND CHANGZHENG LI

ABSTRACT. We show a Z2-filtered algebraic structure and a “quantum to clas-
sical” principle on the torus-equivariant quantum cohomology of a complete
flag variety of general Lie type, generalizing earlier works of Leung and the
second author. We also provide various applications on equivariant quantum
Schubert calculus, including an equivariant quantum Pieri rule for partial flag
variety Fln, ... n;;n+1 of Lie type A.

1. INTRODUCTION

The complex Grassmannian Gr(m,n+ 1) parameterizes m-dimensional complex
vector subspaces of C"*1. The integral cohomology ring H*(Gr(m,n+1),Z) has an
additive basis of Schubert classes ¢¥, indexed by partitions v = (v1,- -+ ,v,,) inside
an m X (n+1—m) rectangle: n+1—m > vy > -+ > v, > 0. The initial classical
Schubert calculus, in modern language, refers to the study of the ring structure of
H*(Gr(m,n+1),Z). The content includes

(1) a Pieri rule, giving a combinatorial formula for the cup product by a set
of generators of the cohomology ring, for instance by the special Schubert
classes o', 1 < p < m, where 17 = (1,---,1,0,---,0) has precisely p
copies of 1;

(2) more generally, a Littlewood-Richardson rule, giving a (manifestly positive)
combinatorial formula of the structure constants N/, in the cup product
otUo” =% N, o

(3) a ring presentation of H*(Gr(m,n + 1),Z);

(4) a Giambelli formula, expressing every o” as a polynomial in special Schu-
bert classes.

The complex Grassmannian Gr(m,n+1) is a special case of homogeneous varieties
G/ P, where G denotes the adjoint group of a complex simple Lie algebra of rank n,
and P denotes a parabolic subgroup of G. The classical Schubert calculus, in gen-
eral, refers to the study of the classical cohomology ring H*(G/P) = H*(G/P,Z).

There are various extensions of the classical Schubert calculus by replacing
“classical” with “equivariant”, “quantum”, or “equivariant quantum”. The equi-
variant quantum Schubert calculus for G/P refers to the study of the (integral)
torus-equivariant quantum cohomology ring QH;(G/P), which is a deformation
of the ring structure of the torus-equivariant cohomology H7i(G/P) by incorpo-
rating genus zero, three-point equivariant Gromov-Witten invariants. In analogy
with H*(Gr(m,n + 1)), the ring QH}(G/P) has a basis of Schubert classes o
over H7(pt)[q1, -+ ,qx] where k := dim Hy(G/P), indexed by elements in a subset
WPF of the Weyl group W of G. The structure coefficients N;‘j;Jd of the equivariant
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quantum product

o xg? = § N:f;)d(qud
weWP deHs(G/P,Z)

are homogeneous polynomials in H}(pt) = Z[ay, - - , ] with variables a; being
simple roots of G. They contain all the information in the former kinds of Schubert
calculus. For instance, the non-equivariant limit of N;f;ji, given by evaluating
(a1, - ,ap) = 0, recovers an ordinary Gromov-Witten invariant, which counts
the number of degree d rational curves in G/P passing through three Schubert
subvarieties associated to u, v, w.

When G = PSL(n+1,C), the Weyl group W is a permutation group S,41 gen-
erated by transpositions s; = (i,4+1). Every homogenous variety PSL(n+1,C)/P
is of the form Fly, ... ppnt1 = {Va, <--- <V, < C"M | dimc Vo, = nyj, V1 <
j < k}, parameterizing partial flags in C"*1. As an algebra over H}(pt)[q1," - » @],
the equivariant quantum cohomology ring QHZF(F4,, ... nym+1) is generated (see
e.g. [1,31]) by special Schubert classes

Cclni, —
oPl where c[ni, pl == Sn;—p+1 - Sni—15n,-

One of the main results of our present paper is the following equivariant quantum
Pieri rule. The non-equivariant limit of it recovers the quantum Pieri rule, which
was first given by Ciocan-Fontanine [14], and was reproved by Buch [5]. The clas-
sical limit (by evaluating q = 0) is a slight improvement of Robinson’s equivariant
Pieri rule [44]. By evaluating all equivariant parameters «; and all quantum param-
eters g; at 0, we have the classical Pieri rule due to Lascoux and Schiitzenberger
[32] and Sottile [46].

Theorem 3.10. For any 1 <i <k, 1 <p<mn; and any u € WP we have

p—d;
[ni, _ i—di—j,p—di—j d
glnibl y gt = E E E grim i J(uw'¢d;u'7d,ni—di)au}q

dePie; p(u) j=0 w
with the last summation over those w € Per(d) satisfying w- ¢a € Sp,—a,,j(u-Ta).

Here Pie; ,,(u), etc., are combinatorial sets to be described in section 3.1; the element
I = fhw-da,u-ra,ni—d; 1S & partition inside an (n; —d; —j) x (n+1—n;+d;+j) rectangle.
Each structure coefficient 7 ~%=7P=4i=J(;;) coincides with the coefficient of o# in
the equivariant product oI"?l o g# in HX(Gr(n; —d; — j,n+1)). Geometrically, it
is the restriction of the Grassmannian Schubert class (1" ") of Hi(Gr(n; —d; —
j,n+1)) (labeled by the special partition of (p—d; —j) copies of 1) to a T-fixed point
labeled by the partition u. These restriction type structure coefficients can be easily
computed in many ways [3,11,16,23-25,27,47]. For completeness, we will include
a known formula in Definition 3.4. We remark that our formula above is different
from the one in [30] by Lam and Shimozono, which concerns the multiplications by
odrp=19251%0 ipn the ring QH}(F¥l1,2,... nint1). Here 6 denotes the highest root,
and a ring isomorphism [29,34,43] between QH ;. (F¥1 2 ... nmt1) and the equivariant
homology HI (2SU(n + 1)) of based loop groups after localization is involved.

In the special case of complex Grassmannians, Ha(Gr(m,n+1),Z) = Z, so that
there is only one quantum variable g. Let Py, ,4+1 denote the set of partitions
inside an m x (n + 1 — m) rectangle. For v = (v, -+ ,vp) and n = (N1, , Nm)
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in Py, ny1 satisfying n; — v; € {0,1} for all 4, we introduce an associated partition
77u S Pm—r,71+17

U (le _j1+7‘+1,1/j2_j2+7”+2,"' 7ij77v_jmfr+m)7

where j; < jo < -+ < jm—r denote all entries with 7;, = v;,. In other words, the
Young diagram of 7 is obtained by adding a vertical strip to the Young diagram of
v; the associated partition 7, can also described with this flavor by using a simple
join-and-cut operation (see Definition 3.15 and the figures therein for more details).
A further simplification of the above theorem leads to the following equivariant
quantum Pieri rule for complex Grassmannians.

Theorem 3.17. Letl <p<mandv = (v1, - ,Vm) € Pmnt1- In QHF(Gr(m,n+

1))7
P p-l
RIS D) DL UPLLNE 3 S e

r=0 7 r=0 kK

where the second sum is over partitions 1 = (M1, - ,NMm) € Pmnt1 satisfying
In| = |v|+7r and n; —v; € {0,1} for all i; the q-terms occur only if 1 =n+1—m,
and when this holds, the last sum is over partitions k = (K1, "+ ,Km—1,0) such
that k' == (k1 + 1, + ,km—1+1) and v' := (va,- -+ ,vp) satisfy || = |V'| + 7 and
ki +1—v41 €{0,1} forall1 <i<m-—1.

For instance in QH;(Gr(3,7)), we have
0—(17171) * 0—(47())0) — (al _|_ e + a6)0(4a171) + q'

The special case when p = 1 has been given by Mihalcea [40]. The full Pieri-
type formula could have been obtained by combining the study of the equivariant
quantum K-theory [10] with an equivariant Pieri rule [16,27] using Grassmannian
algebras. It might also be deduced by the results in [29,30]. However, an explicit
statement, which is a very important component of the equivariant quantum Schu-
bert calculus, has not been given anywhere else yet. Actually, the equivariant Pieri
rule, which is read off from the classical part of Theorem 3.17, is different from
the aforementioned known formulations. It has even inspired the second author
and Ravikumar to find an equivariant Pieri rule for Grassmannians of all classi-
cal Lie types with a geometric approach in their recent work [38]. On the other
hand, Buch has recently shown a (manifestly positive) equivariant puzzle rule for
two-step flag varieties [6], generalizing the rules in [7,23]. Therefore he obtains a
Littlewood-Richardson rule for QH}.(Gr(m,n + 1)), due to the equivariant “quan-
tum to classical” principle [10]. It will be interesting to study how we simplify
Buch’s general rule in the special case of Pieri rule to obtain a more compact form
as above.

In analogy with the contents (1),(2),(3),(4) of the classical Schubert calculus,
there are the corresponding equivariant quantum extensions, say (1)’,(2)’, (3)" and
(4), in the equivariant quantum Schubert calculus. The problem (2)’ of finding a
manifestly positive formula of the structure constants for the equiavariant quantum
cohomology remains open except for very few cases including complex Grassman-
nians [6] (which is widely open even for the classical Schubert calculus). For (3)’
and (4)’, there have been a few developments (see [21] and [1,20,31] respectively).
For QH}.(F'ly, ... nym+t1), we expect that our Theorem 3.10 leads to an alternative
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approach to the earlier studies on (3)" and (4). Indeed, we will illustrate this for
the special case of complex Grassmannians [42], by using Theorem 3.17.

It is another one of the main results of the present paper that the “quantum
to classical” principle holds among various equivariant Gromov-Witten invariants
of G/P. Applying it for G = PSL(n 4+ 1,C), we achieve the above theorems.
In [33,37], Leung and the second author discovered a functorial relationship be-
tween the quantum cohomologies of complete and partial flag varieties, in terms
of filtered algebraic structures on QH*(G/B). A “quantum to classical” principle
among various Gromov-Witten invariants of G/B was therefore obtained [35] in a
combinatorial way. Such a principle was also shown for some other cases [8,12,13]
in a geometric way. It has led to nice applications in finding Pieri-type formulas,
such as [9,36]. In the present paper, we generalize the work [33] to the equivariant
quantum cohomology QH7(G/B) in the following case.

Theorem 2.5. Let P D B be a parabolic subgroup of G such that P/B is iso-
morphic to the complex projective line P*. With respect to the natural projection
G/B — G/P, there is a Z*-filtration F = {Fa} on QH%(G/B) respecting the alge-
bra structure: Fn % Fy, C Fayp for any a,b € Z2. Moreover, the associated graded
algebra Gr¥ (QH%(G/B)) is isomorphic to QH*(P/B) @z QH;(G/P) as Z*-graded
Z-algebras, after localization.

Explicit construction of the Z2-filtration will be given in section 2.2. As a con-
sequence, we obtain Theorem 2.7, giving identities among various equivariant
Gromov-Witten invariants of G/B. This is an extension of Theorem 1.1 [35]
in exactly the same form. Together with an equivariant extension of Peterson-
Woodward comparison formula (see Proposition 2.10), we expect that Theorem 2.7
leads to nice applications in the equivariant quantum Schubert calculus for various
G/P. Indeed, for G = PSL(n + 1,C), we can reduce all the relevant equivariant
Gromov-Witten invariants in Theorem 3.10 to Pieri-type structure coefficients for
H3(Fly2,.. nint1), by applying Theorem 2.7 repeatedly. Combining such reduc-
tions with Robinson’s equivariant Pieri rule [44], we obtain Theorem 3.10. It will
be very interesting to explore a simpler and conceptually much cleaner proof by
a kind of inductive argument based on Mihalcea’s characterization of the struc-
ture coefficients via the equivariant quantum Chevalley rule [41]. We can also find
nice applications on the equivariant quantum Pieri rules for orthogonal isotropic
Grassmannians, in a joint work in progress by the second author and Ravikumar.

This paper is organized as follows. In section 2, we introduce basic notations,
and prove the main technical results for homogeneous varieties G/ P of general Lie
type. In section 3, we show an equivariant quantum Pieri rule for F¢,, ... 5, n+1,
and give a simplification in the special case of complex Grassmannians. Finally in
the appendix, we give alternative proofs of a ring presentation of QH}.(Gr(m, n+1))
and the equivariant quantum Giambelli formula for Gr(m,n + 1).
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The authors would like to thank the anonymous referees for their valuable comments
on an earlier version of the manuscript. The second author is supported by IBS-
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2. A Z?-FILTRATION ON QH%(G/B) AND ITS CONSEQUENCES

In this section, we show a Z2-filtered algebraic structure on QH%(G/B), with
respect to a choice of a simple root. We also obtain a number of identities among
various equivariant Gromov-Witten invariants of G/B.

2.1. Preliminaries. We fix the notions here, following [15,18,19].

Let g be a complex simple Lie algebra of rank n, h be a Cartan subalgebra of
g, and A = {1, - ,a,} C bh* be a basis of simple roots. Let R denote the root
system of (g,h). We have R = R* U(—R") with Rt = RN@;_, Z>oa; called the
set of positive roots, and have the Cartan decomposition g = h P (EBWEB gﬂ,). Let
G be the (connected) adjoint group of g, and B C G be the Borel subgroup with
b:=Lie(B) = @(@%Fﬁ 97)- Each subset A’ of A gives a root subsystem Ra/ =
RS U(=RJ,) where RY, = RT (@, cas Za), and defines a parabolic subalgebra
by p(A’) == 6P (@‘YE—RZ/ g,). This gives rise to a one-to-one correspondence
between the subsets Ap of A and the parabolic subgroups P C G that contain
B. In particular, we denote by Pz the parabolic subgroup corresponding to a
subset {8} C A. We notice that Ps is a minimal subgroup among those parabolic
subgroups P 2 B, and Ps/B is isomorphic to the complex projective line P!.

Let {aY, -+, )} C b be the simple coroots, {xy, -, X, } C b be the fundamen-
tal coweights, {x1, -+ ,xn} C h* be the fundamental weights, and p := Y7 | x;.
Let (-,-) : h* x h — C denote the natural pairing. Every simple root a; labels a
simple reflection s; := s,,, which maps A € h and v € b* to s;(\) = A — (a4, Ny
and s;(v) = v — {y,a))a; respectively. Let W denote the Weyl group generat-
ed by all the simple reflections, and Wp denote the subgroup of W generated by
{$a | & € Ap}. Let £ : W — Z>( denote the standard length function, w (resp.
wp) denote the longest element in W (resp. Wp), and W¥ denote the subset of
W that consists of minimal length representatives of the cosets in W/Wp. Denote
QY = @, Za) and Q) := @, ca, Zay. Every v € R is given by v = w()
for some (w, ;) € W x A, then the coroot vV := w(a)) € QY and the reflection
s :=ws;w~! € W are both independent of the expressions of 7.

Let T be the maximal complex torus of G with fh = Lie(T"), and N(T') denote the

normalizer of T in G. There is a canonical isomorphism W = N(T)/T by w — wT.
We then have a Bruhat decomposition of the homogeneous variety G/ P, given by
G/P = |, ewr B~wP/P, where B~ denotes the opposite Borel subgroup, and
each cell B~ P/P is isomorphic to C4ime G/P—tw) = Ag a consequence, the integral
(co)homology of the homogeneous variety G/P has an additive Z-basis of Schubert
(co)homology classes o, (resp. o%) of (co)homology degree 2¢(w), indexed by
w € WF. Here 0¥ = P.D.([X¥]) is the Poincaré dual of the fundamental class of
the Schubert subvariety X* := B-wP/P C G/P, and ¢, is the fundamental class
of the Schubert subvariety X,, := BwP/P C G/P.

We consider the integral T-equivariant cohomology H7(G/P) with respect to the
natural (left) T-action on G/P. Every Schubert subvariety X is T-invariant and of

complex codimension ¢(w), and hence determines an equivariant cohomology class

in H%Z(w)(X ), which we still denote as o by abuse of notations. The equivariant

cohomology H7.(G/P) is an H}.(pt)-module with an H}.(pt)-basis of the equivariant
Schubert classes o¥. Here H}.(pt), denoting the T-equivariant cohomology of a
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point equipped with the trivial T-action, is isomorphic to the symmetric algebra of
the character group of T'. Since G is adjoint, we have S := H7(pt) = Z[aq, - - -, Qp).

The second integral homology Hy(G/P,Z) has a basis of Schubert curve classes
{0s.aca\ap- Therefore, it can be identified with QY/Q¥%, by > a;0s,,

ajeA\Ap
Ap = > aja] +Qp. We call \p effective, if all a; are nonnegative integers,
a; EA\Ap
i.e., if the associated function g, := 11 querQV is a monomial in the poly-
i TP

o; EA\Ap

nomial ring Z[q| of indeterminate variables QoY +QY - The integral (small) quantum
cohomology ring QH*(G/P) = (H*(G/P) ® Z|q],ep) of G/P is a deformation of
the ring structure of H*(G/P). The quantum multiplication is defined by incorpo-
rating genus zero, three-point Gromov-Witten invariants, i.e., intersection numbers
on the moduli spaces of stable maps Mg 3(G/P,d), with respect to three class-
es pull-back from H*(G/P) via the natural evaluation maps. The moduli space
Moy 3(G/P,d) admits a natural T-action induced from the one on the target space
G/P, and the evaluation maps are all T-equivariant. The so-called T-equivariant
Gromov-Witten invariants are polynomials in S, defined by pulling back classes
in H3(G/P) to H}(My3(G/P,d)) and taking integration over the moduli space
with the equivariant Gysin push forward map [21]. The Schubert classes ¢* form an
S|q]-basis of the commutative T-equivariant quantum cohomology ring QH;(G/P).
The structure coefficients Nfﬁ;f‘P in the equivariant quantum product,

u v w,A w
o' xpo’ = E Ny Po e,
weWP ApeQV/QY,

are homogenous polynomials in S. The classical limit N;‘j;JO coincides with the coef-
ficient of ¢* in the equivariant product o* o 0¥ in H3(G/P). The non-equivariant
limit ijj’v)‘P @ —a,—o 18 & Gromov-Witten invariant, coinciding with the coeffi-
cient of 0™gy, in the quantum product o ep o¥ in QH*(G/P).

There is an equivariant quantum Chevalley formula stated by Peterson [43] and
proved by Mihalcea [41], which concerns the multiplication by Schubert divisor
classes in QH»(G/P). We review the special case of it when P = B as follows. In
this case, we notice that Q% = 0, W = {1} and W5 = W. Hence we will simply
denote A := Ap and ¢; := Gay whenever there is no confusion.

Proposition 2.1 (Equivariant quantum Chevalley formula for G/B). For any
simple reflection s; and any w in W, in QH»(G/B), we have

o x ot = (i — u(xi))o" + > (i 7)o"+ Y (i gy o,

the first summation over those v € RT satisfying {(us,) = €(u) + 1, and the second
summation over those v € R satisfying £(us,) = l(u) +1 — (2p,vV).

Despite of the lack of geometric meaning, the structure coeflicients N;‘j;j\P for
QH}.(G/P) enjoy a positivity property [39]. Here is a precise statement for P = B.

Proposition 2.2 (Positivity). Let u,v,w € W, A € QV, and d := {(u) + {(v) —
L(w) — (2p,A\). The structure coefficient Nif;)A for QH}(G/B) is a homogeneous
polynomial of degree d in Zsolou, - , ], provided that X is effective and d > 0,
and zero otherwise.
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We remark that the structure coefficients for equivariant (quantum) product of
the equivariant (quantum) Schubert classes determined by the T-invariant Schu-
bert varieties X, enjoy the Graham-positivity [17,39], i.e., they take values in
Z>o[—aa, -+, —ay] instead.

2.2. Main results. Let 8 € A. The natural projection G/B — G/Pjs is a bundle
with fiber Pg/B = P'. As in [35], we define a map sgng : W — {0,1} by sgng(w) =
1if w(B) € —RT, or 0 otherwise. In other words, we have

1, i lw) — L(wsg) >0
sgng(w) = {0’ if {(w) — l(wsg) <0 .

For I = (i1, ,in) € Z", we denote |I| := iy + --- + 14, and a! := ol ---air

Definition 2.3. With respect to f € A, we define a map grg : WxZ"x Q" — Z2,
gra(w, I, X) := (sgng(w) + (B, A), L(w) + [I] + (2p, A) — sgng(w) — (B, 1))

The equivariant quantum cohomology ring Q H(G/B) admits a Z-basis c%alqy,
with w € W and ofqy € Z[a, q]. Naturally, we define the grading of o%a!q, to be
grg(w, I, X). Therefore, we obtain a family of Z-vector subspaces of QH(G/B) by

Fi={Faacze with Fa:= @  Zo“a'qy C QHH(G/B).
grg(w,I,\)<a

Here we are considering the lezicographical order on Z2. That is, (a1, as) < (b1, ba)
if and only if either a; < by or (a3 = by and az < by). The associated Z2-graded
vector space with respect to F is then given by

GrP (QH:(G/B)) = @ Grl where Grl :=Fa./Up<a Fb.

acz?

Lemma/Definition 2.4 (Lemma 1 of [48]). Let A\p € Q¥/Q}. Then there is a
unique A\p € QV such that A\p = Ag + Q% and (v, \p) € {0,—1} for all v € RE.
We call A\ the Peterson- Woodward lifting of \p.

Thanks to the above lemma, we obtain an injective morphism of S-modules

Yaap: QHT(G/P) — QHp(G/B)

defined by o%qx, — 05" "' qy,. Here wp: denotes the longest element in the

Weyl subgroup generated by the simple reflections {s, | @« € Ap, (o, \p) = 0}, and
the subscript “P” in the Schubert classes o} for G/P is used in order to distinguish
them from those Schubert classes for G/B. In the special case when P = Pg, we
simply denote 3 := YA (5}

Our first main result is the next theorem, giving an equivariant generalization
of the special case of Theorems 1.2 and 1.4 of [33] when P = Pz. We take an
isomorphism QH*(P!) = % of algebras.

Theorem 2.5. The filtration F gives a Z>-filtered algebraic structure on QH%(G/B).
That is, we have Fu x Fy, C Fayp for any a,b € 72,

The map V8 . QH*(P') — Grl, =@ Grﬁo) C Gr” (QH;(G/B)),
i€Z '
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defined by x — 06 and t — Gav, is an isomorphism of Z-algebras.

The map W}, : QH;(G/Pg) — Griy, =P Grly ;) € Gr (QH;(G/B)),
JEZL

defined by JwalqAPB — ng(awalq)\},ﬁ), s an isomorphism of S-algebras.

Remark 2.6. There is a Z>-filtration F' on QH}(G/B)[q[;VI], naturally extended
from F. The above W5 \Ilﬁor induce an isomorphism of Z2-graded Z-algebras:

ver’

oy

W, @0 GrT (QH;(G/B)lgz!]) — QH*(P)[t™!) @z QHy(G/P).

ver hor

Our second main result is the next generalization of [35, Theorem 1.1] to QH}(G/B),
with the statements exactly of the same form. We simply denote sgn, := sgn,, ..

Theorem 2.7. Let u,v,w € W and A\ € QY. The coefficient fo,;f‘ of c™qy in the
equivariant quantum product o* x o¥ in QH}(G/B) satisfies the following.
(1) N2 =0 unless sgn;(w) + (o, A) < sgn, (u) + sgn, (v) for all 1 <i < n.
(2) If sgng(w) + (o, A) = sgny(u) + sgng(v) =2 for some 1 < k < n, then

wsp A—ay . o
e [NEERE i sgn(w) =0
Nu,b = Nusy,vs = N
WSk, ; —
Ngoe?, if sgng(w) =1

Corollary 2.8. Letu,v,w € W, a € A and X\ € QV.
(1) If (o, \) = sgn,, (u) = 0 and sgn,, (w) = sgn,, (v) = 1, then N¥;} = N¥Sa:A,

u,v U,V o
(2) If (o, \) = sgn,, (u) = Land sgn, (w) = sgn, (v) = 0, then N2} = Nise =",

Proof. For part (1), we note {(a, \A+aV) = 2,sgn,, (ws,) = 0,sgn,, (us,) = sgn,, (v) =
1. Applying “(u,v,w,\,ax)” in Theorem 2.7 (2) to (v,uSq, Wsa, A + ¥, @), we
have Nz e’ = Nygete =" = Npgseg e =" That is, Nige) = N

Similarly, we conclude (2), by applying “(u,v,w, A, ag)” to (4, VSq, WSa, A, ). O

Remark 2.9. When A = 0, Corollary 2.8 (1) was also known as the “descent-
cycling” condition for H3(G/B) in [22].

2.3. Equivariant Peterson-Woodward comparison formula. There is a com-
parison formula, originally stated by Peterson [43] and proved by Woodward [48]. Tt
tells that every genus zero, three-point Gromov-Witten invariant of G/P coincides
with a corresponding Gromov-Witten invariant of G/B. It has played an important
role in the earlier works [33,35,37]. In order to prove our main results, we need the
equivariant extension of the comparison formula as follows. Our readers may skip
this subsection first, by assuming the following proposition.

Proposition 2.10 (Equivariant Peterson-Woodward comparison formula). For
any u,v,w € WF and A\p € QV/QY%, we have

Nw,)\p _ Nwwpwp/,AB
u,v u,v ’

where Ap denotes the Peterson- Woodward lifting of Ap, and wp: denotes the longest
element in the Weyl subgroup generated by {so | @ € Ap,{a, Ag) = 0}.

That is, the coefficient of o3¢y, in the equivariant quantum product o} xp o in
QH?%(G/P) coincides with the coefficient of 057" qy, in 0% xpcy in QHAH(G/B).
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Remark 2.11. The above statement is exactly of the same as Theorem 10.15 (2)
of [29], which is an equivalent version of the non-equivariant Peterson- Woodward
comparison formula in terms of Gromov-Witten invariants in [48].

The geometric method in [48] might also be valid in the equivariant setting, while
a rigorous argument is missing. In this subsection, we will devote to a proof of
Proposition 2.10, by a direct translation of Corollary 10.22 of [29] by Lam and
Shimozono. We will have to introduce some notations on the affine Kac-Moody
algebras, which, however, will be used in the rest of this subsection only.

The affine Weyl group of G is the semi-direct product W, := W x QV, in which
the image of A € QY in W, is a translation, denoted as ty. We have Lw(n) = wiyw ™!
and txty = txyn for all w € W and A\, X € QY. Let QV denote the set of anti-
dominant elements in QV, i.e., Q¥ = {A € Q¥ | (o, A) <0 for all « € A}. Denote
Wy = {wty | A € QV, and if @ € A satisfies (a, \) = 0 then w(a) € R*}, which
consists of the minimal length representatives of the cosets W,¢/W. The (level zero)
action of W on the affine root system R,; = R,jf (—R;f) is given by wt) (y+md) =
w(v) + (m — {7,A))d, in which § denotes the null root and R := {y +md | m €
Z* or (m =0 and v € R™)}. Denote the subgroup (Wp)as := Wp x Q) and the
subset (WP),¢ 1= {x € Wyt | (v +md) € R}, for all v+ md € R}; with v € Rp}.

Lemma 2.12 (See e.g. Lemma 10.6 and Proposition 10.10 of [29]). For every x €
Wat, there is a unique factorization x = x129 with 11 € (W) and o € (Wp)as.
This defines a map' ¢p : Wag — (WP )ar by 2 v x1. Then for any w € WF, we
have ¢p(wz) = wop(x).

Proposition 2.13 (Corollaries 9.3 and 10.22 of [29]). Let u,v,w € WF and \p €
QV/QY.. Picku,k,m € QY such that udp(t,), vop(t.) andwop(t,) € WiN(WP)¢
where \p = n—p—r+Q%. Write upp(t,) = u'ty,vop(ty) = V't and wop(t,) =
w't,y, where v/, v, w' € W oand p/,k',n" € QV. Then we have

! ’ ’ !
Nw,kp _ Nw n—p —K
u,v u’ v’ ’

in which the left-hand (resp. right-hand) side is a structure coefficient of the equi-
variant quantum product 0% +p 0% € QHA(G/P) (resp. o' +p o € QHH(G/B)).

Proof of Proposition 2.10. Let p = —12(n 4+ 1)M EaeA\AP XY and n = 2u + Ap,
where M := max{|(o,\g)| + 1 | @« € A}. Then pu,n are both in Q" (since the
determinant of the Cartan matrix ((a;, a)) is equal to 1,2,3,4 or n+1).

Clearly, for a € A\ Ap, we have {a,u) < 0 and {a,n) < 0. For v € R} (in
particular for v € Ap), we have (v,u) = 0 and (v,7n) = (v, Ap) € {0,—1}. Hence,
. n are both in QV, and ut,,, wwpwp:t, are both in W by noting u € WP and
wwpwp € WE'

Let v +mdé € R, with v € Rp. Since t,(y + md) = v+ (m — {(y,u))§ =
y+md € R}, t,, is in (WF),.p. Note wpwpit,(y+md) = wpwp: () + (m— (v, Ap))é.
Clearly, (v,Ap) is in {0,1,—1}, and it vanishes if and only if v € Rp/. Note
wpwps(R}p,) C RT and wpwp (RS \ Rf) € —R*. As a consequence, we have

i) if m >2or (m=1and v € Rf), then m — (y,A\p) > 0;
ii) if m =1 and v € =R}, then m — (7, A\g) = 1 > 0;

IThe map is denoted as 7p in [29].
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iii) if m = 1 and v € (=RE) \ (=RE), then m — (y,A\p) = 0, and we note
wpwpr () € R in this case;
iv) if m = 0, then v € R}. Further, if y € R\ R}, then m — (y,Ag) =1 > 0;
if v € R}, then m — (v, Ag) = 0, and we note wpwp:(y) € RF.
Hence, wpwprt,, is also in (WF)as. Since wpwp: € Wp, n — wpwp(n) € Q}. Thus
we have the factorizations t,, = t,,-id and t,, = (wpwprty)- ((Wpwp)  y—wpwp () -
Hence, we have ¢p(t,) = t, and ¢p(t,) = wpwpt, due to the uniqueness of the
factorization. Hence, ut,, wwpwpt, are in (W), by noting u, w € W¥ and using
Lemma 2.12.

Now we set k := p and use the same notation as in Proposition 2.13. It follows
immediately from the above arguments that u,x,n satisfy all the hypotheses of
Proposition 2.13, for which we have v’ = u,v’ = v,w’ = wwpwp/, ¢/ = p, K" = K,
7' =mnand n’ — u — k" = Ag. Therefore the statement follows. O

2.4. Proof of theorems. The proofs of the theorems in section 2.2 are similar to
the corresponding ones in the non-equivariant case in [33,35].

2.4.1. Preliminary propositions. We will need the next combinatorial fact.

Lemma 2.14 (Lemmas 3.8 and 3.9 of [33]). Let u € W and v € R" satisfy
Uusy) =L(u) +1—(2p,7Y). If (a,v") > 0 for some o € A, then l(u) — l(usy) =
U(usysq) — L(usy) = 1. Furthermore if v # «, then (a,v") = 1.

The next proposition is the generalization of (a special case of) the Key Lemma
and Proposition 3.23 of [33] to the equivariant quantum cohomology QH;(G/B).
We would like to remind our readers that a simple root 8 has been fixed in prior.

Proposition 2.15. Forany1 <i<n andu € W, we have Fax Fy, C Faip, where
a = grg(s;,0,0) and b := grg(u,0,0). Furthermore, we have 65 * g% = g% in

Gr” (QH4(G/B)), if the following hypotheses () hold: s; = sg andu € W (o).

Proof. Write 0% % 0% = 3" ¢,y 1 a0l gy, and denote d := grg(w, I, \). The state-
ment to prove is equivalent to the following:

i) d < a+ b whenever the coefficient ¢, r,» does not vanish;
ii) under the additional hypotheses (¢), d = a+b if and only if ¥ al gy = o%*:.
Note cy,r,x # 0 only if |d| = ¢(w) + [I| + (2p,A) = 1 + ¢(u) = |a| + |b|. Thus
for nonzero ¢y 1,5, d is less than (resp. equal to) a+ b if and only if d; is less than
(reps. equal to) ay + by, where a = (a1,az2), b = (b1,b2) and d = (dy,dz). Note
ay + by = sgng(si) +sgng(u) and di = sgng(w) + (8, A). Due to Proposition 2.1, if
cw,1,x 7 0, then one of the following cases must hold.
(1) o¥alqy = o%a; for some 1 < j < n, which must come from (y; —u(x;))o".
Clearly, d; = sgnﬂ(u) =b; < ay + by, and ‘<” holds if we assume (©).
(2) o¥alqy = o with £(us,) = £(u) + 1. If either of a;,b; is nonzero, then
di <1< aj+b;. Otherwise, we have a; = b; =0, i.e., s;,u € WFs. Due
to the canonical injective morphism H*(G/Pgz) — H*(G/B), 6**7 occurs
in c*Uo¥ € H*(G/B) C QH}(G/B) only if us, lies in W as well, i.e.,
dqy = 0. Thus d; < a; + by. Furthermore we assume (¢), then di = a; + b1
only if us, = vs; with £(v) = £(u); ys,;,0,0 # 0 implies that u < vs; with
respect to the Bruhat order, i.e., u is obtained by deleting a simple reflection
from a reduced expression of vs;, which implies u = v. Thus if both (o)
and dy = a1 + by hold, then us, = us; and cys,,00 = (xi, ) = 1.
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(3) o¥alqy = o%vq,v with £(us,) = £(u)+1—(2p,7"). Furthermore, we have
ay = 1, assuming (o).
(a) If (8,7Y) <0, then d; <0 < ay + by, and “<” holds if we assume ().
(b) If (8,7") = 0, then us, () = u(B), which implies d; = sgng(us,) =
sgng(u) = b1 < ap + by, and “<” holds if we assume (o).
(¢) If (8,7") > 0, then sgng(u) = 1 and sgng(us,) = 0 by Lemma 2.14.
If v # B3, then d; = (8,7Y) = 1 = by < ay + by, and ”<” holds if
we assume (0). If v = 3, then (x;,vY) # 0 implies that o; = 3, and
consequently dy =2 =1+1=a; +b;. Since sgng(u) =1, u & Whs,
Hence, the hypotheses (¢) cannot hold in this case.
Hence, the statement follows. ([l

Remark 2.16. The main body of [33] is devoted to a complicated proof of the Key
Lemma therein with respect to a general P. The above proposition can be obtained
as an easy consequence. Nevertheless, we provide a detailed proof for P = Pg for
both the sake of completeness and the purpose of exposition of the Key Lemma.

2.4.2. Proof of Theorem 2.5. For the first statement, it suffices to show o% %
otalgy € Fayp, for any 0%, c%alqy € QH}H(G/B) with a = grg(w,0,0) and
b = grs(u, I, \). Clearly, it holds when ¢(w) = 0, for which o® = !¢ is the unit
in QH}(G/B). We use induction on ¢(w). If {(w) = 1, then w = s; and it is
done by Proposition 2.15. Assume ¢(w) > 1 now. Take v € W and i € {1,--- ,n},
such that grg(w,0,0) = grg(v,0,0) + grs(s;,0,0) and that the coefficient of o
in the cup product ¢¥ U ¢® is nonzero. (Precisely, if sgng(w) = 1, then we take
si = sg and v = wsg. If sgng(w) = 0, then we write w = s;u € W' with
£(v) = £(w) — 1, and simply take a; € A\ {3} such that (x;,7") > 0, which exists
by noting v := v~ («a;) # 6) By the induction hypothesis, we have

o® % (0" *0‘“0/(])\) € 0% % Fyrs(0,00)4b C Fatb-
On the other hand, we have
(0% x o) x ool gy = ({(xi,v")ov + Z e )\,aw/alqu) *x ool gy

with (x;,vY) > 0 and all the coefficients cfj,’j},’)\, > 0. There will be no cancelation,
when we expand the product, due to the positivity (see Proposition 2.2). Hence,
we conclude o x c%alqy € Fayp.

It follows directly from Definition 2.3 that there is a unique term o%alqy of
grading (m,0) for every nonnegative integer m. It is given by ¢4, if m is even, or

m—1

0% qg7  otherwise. By Proposition 2.1,

0% * 0% = qgv + B0t + Z<X6a36(av)>05asﬁ,

the summation over those simple roots « adjacent to 8 in the Dynkin diagram of A.
Thus we have 0% x0°% = ggv in Gr¥ (QH%(G/B)). That is U2 is an isomorphism

of (graded) algebras (with respect to the given gradings on both sides).

As remarked earlier, Lemma 2.4 implies that U2 g an injective morphism of

hor
S-modules. For any o*’ alqy in QHZ(G/B) of grading (0, x), we have sgng(w’) +
(B,A\) = 0. This implies that w := w’ € W¥ if (3,\) = 0, or w := w'sz €

WPs and (3,\) = —1 otherwise. Denote A\p = \ + ZBY € QV/Qﬁﬂ. Then
o algy = Ys(0@algy,). Thus \Ilgor is a bijection. Let u,v € W%, Consequently,
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we have \I!for(cr“ *xpy 0V) = \I/for(cr“) * \I/for(cr”), by Proposition 2.10. For any
up € QV/QA, \Ilfor(qup) equals ¢, if (8,uB) = 0, or 0°#¢q,, otherwise. Thus
‘I’ﬁor(qxp *Py Qup) = \Ilgor(q,\P)*\Ilﬁor(qup). By Proposition 2.15, \Ifgor(qup*pﬂ o?) =
P (qup) * \I/for(a”). Hence, \Ilﬁor is an isomorphism of S-algebras.

hor

2.4.3. Proof of Theorem 2.7. The first half is a direct consequence of Theorem 2.5.
Now we assume the hypothesis in the second half of the statement, and consider
the Z2-filtration F on QH}(G/B) with respect to 8 := ay. Write

o'x0’ = Z fojéf\gw% = Z Cw 120"l gy
w,A w, I\

where N;} =37 ¢y 1,00’ is nonzero only if |I] = £(u) 4 £(v) — £(w) — (2p, \) > 0.
Thus in Gr¥ (QH%(G/B)), we have

0Tk 0" = cwracval,
with sgng(w) + (8, \) = sgng(u) +sgng(v) = 2. Since sgng (W) = {0,1}, sgng(u) =
sgng(v) = 1. Thus v’ := usg, v' := vsg are both in WPs. By Proposition 2.15,

O'u/ * 0S8 = F S GT‘;ﬁ(uyo_’O) and O'UI * 058 = F c Gr;‘ﬁ(’u,ﬂ,o)'
Since the graded algebra Gr” (QH%(G/B)) is associative and commutative,
TTx 7 = (0¥ x0V) x (577 k%7 ) = Wy (0% *p, 0¥) x G5V,

following from Theorem 2.5. In QH}.(G/Pg), we write

’ ’ w’ Ap ’ ’ ’
u v g _w _ ~ w1
o *p, 0’ = E Ny 70" @ap, = § Cuw',I' Apy 0 QO Gxp, -
w’,/\pﬁ w’, 1"\

Then we have

F*F = Z 571)’,1’,)195 ’ll)ﬁ(O'wlq)\Pﬁ )aI/Qﬁv
Hence, the second half of the statement follows, by comparing coefficients of both
expressions of g% x g?.

Indeed, we note (3, A — ") = —sgng(w) € {0, —1}. It follows that the Peterson-
Woodward lifting of Ap, := X + Q}vpli is given by Ag = A — 8Y. Set w' := w if
sgng(w) = 0, or wsg if sgng(w) = 1. Then (o™ Urp, )gsv = 0™qx, and conse-
quently ¢y 1) = Ew/717>\PB for all I. Hence, by Proposition 2.10,

- w’ A A—BY
fo,vj‘ = ch,I)AaI = Z Cul I Ap, ol = Nu,’U,PB = N;U,”v, A
T T
To show the remaining identities, we consider the expansion

o o3 ——
clxo? = (0% x oV ) x 0% = E Ny 5qso® %6

=D Carsom ol ) e, 50 al gy g,
where sgng () + (8,A\) = 1 and sgng(w) = 0 (resp. 1) hold in the former (resp.
latter) summation. Hence, if sgng(w) = 0, then for every I we have Cw o algy =
Co 1 xgwsﬁaqu_"_ﬁv for a unique term in the latter summation, i.e., for (,1, ) =

v A I _ A I _ awsgA—BY
(wsg, I, — BY). Thus Nyt = DorCw I = Y Cusyra-—pva’ = Nuas, .
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If sgng(w) = 1, then for every I we have c, raovalqy = ¢; ;50" alq; for a
unique term in the former summation, i.e., for (w, I, ;\) = (wsg, I, A). In this case,

A I_ o I _ ATWSB:A
N:jjv - EI Cw, I NOC = E[ Cwsg, IO = Nu,’us[g .

3. APPLICATION: AN EQUIVARIANT QUANTUM PIERI RULE FOR F'ly, ... pn,int1

Throughout the rest of the present paper, we let G = PSL(n + 1,C), which is
the quotient group of G = SL(n + 1,C) by its center Z(G). We make the Dynkin
diagram of A in the standard way: o0 a» - oo . The standard Borel subgroup
B of G is the quotient of the subgroup of upper triangular matrices in G by Z(G).
Each proper parabolic subgroup P D B is in one-to-one correspondence with a
proper subset

Ap =A\{an,, - ,an,}, where ng:=0<n; <ng <---<nk<nt+l=:ngy.
Then Fly, ... nynt1 := PSL(n + 1,C)/P parameterizes partial flags in C"*1:
anl,m,nk;n—i-l = {Vn1 SRR Vnk < (Cn+1 | dimc an =ng,i=1,--- 7k}

For each 4, we denote by m; : F'ly, ... n,.n+1 — Gr(n;,n+1) the natural projection.
The equivariant quantum cohomology ring QH}(F¥y, ... n,.m+1) i generated (see
e.g. [1,31]) by special Schubert classes o°l""P! where

C[niap] = Sn;—p+1°" " Sn;—15n,-

In this section, we will show an equivariant quantum Pieri rule for F¢,, ... n,n+1,
giving the equivariant quantum multiplication by o],

3.1. Equivariant quantum Pieri rule. In order to state the formula, we need
to introduce some notions, mainly following [5,14,44].

The Weyl group W for PSL(n + 1,C) is isomorphic to the permutation group
Sn+1, by mapping each simple reflection s; to the transposition (i(i + 1)). In
particular, each reflection s, from a positive root v = o; + a1 + -+ - + o is sent
to the transposition (i(j+ 1)), where 1 <7 < j < n. Furthermore, Schubert classes
o in QH4(Fly, ... nynt1) arve indexed by w € WP with

WP ={we Suy | whniy +1) <wni+2) < <wn),i=1,-- ,k+1}.

For Gr(m,n + 1) = Flp.41, we have a bijection ¢y, : WF = Prm,nt+1 to the
partitions

P+t :={(a1, - ,am) €EZ™ | n+1—m>a1 >az>--- > ap > 0},

(3.1) w = om(w) = (w(m) —m, - ,w(2) —2,w(l) —1).

We simply call such w an m-th Grassmannian permutation, whenever n + 1 is well
understood. Set Py n41 := {(0)}. Review that the length of u € W = S,,11 is given
by

O(u) = {(i,j) [ 1 <i<j<n+1and u(i) > u(j)}

Definition 3.1. Let ¢ = (rip - --i2i1) be a (p+ 1)-cycle in W. For any u € W, we
say that u( is special j-superior to u of degree p if all the following hold:

1) ig, o ip<j<r (2 ulr)>ulin) > >uliy), (3)6u)=~(u)+p.
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More generally, if (1, - ,(q are pairwise disjoint cycles such that each u(s is special
j-superior to u of degree p, and Zgzlps =p=Llul - Cq) — L(u), then we say
that u(y - - - (4 is special j-superior to u of degree p, and denote

S;p(u) :={w e W | w is special j-superior to u of degree p}.
Furthermore for w =u(; --- (g € Sjp(u) above, we sort the values
{u(l), - ,u(f)} \ {u(@) | i occurs in some &5}

to get a decreasing sequence [p1 +j — D, -, fhj—p—1 + 2, ftj—p + 1], and then obtain
an associated partition

Py 2= (1, 25 5 fj—p) € Pj_pnt1-

We denote the set of such associated partitions as
PSjp(u) = {ptwu; | we Sjpu)} CPjpni1-
Remark 3.2. If p = j, then ji,,, ; = (0) is the zero partition.

Example 3.3. For PSL(7,C)/P = Fly 4.7, we take the same u = [3715246] € W ¥
in one-line notation as in Example 2 of [5]. Since w := [4725136] = u(35)(16) is
in Sy2(u), 1,3,5,6 are the indices occurring in u~'w. Sorting {u(1),---,u(4)} \
{u(1),u(3),u(5),u(6)}, we obtain a decreasing sequence [7,5]. Hence, the associated
partition is given by pyua = (7 —2,5 — 1) = (5,4) € Pa 7, which corresponds to
the 2nd Grassmannian permutation [5712346] for Gr(2,7).

So far there have been no manifestly positive formulas for general structure
coefficients N, of an equivariant product o oo of Hy(G/P) except for the case
of complex Grasssmannians and two-step flag varieties. However, there does be one
for the special case N3+ (i.e., when u = w) in terms of a linear combination of
products of positive roots [3,24] (for G of general Lie type). Geometrically, G/P has
finitely many T-fixed points parameterized by the minimal length representatives
in WP. We let 1, : pt — G/P denote the natural inclusion of the T-fixed point
labeled by w into G/P. Then we have N0 = i} (0”) € Hy(pt), localizing the
equivariant Schubert class oV at such T-fixed point. We will reduce all the relevant
coefficients in our equivariant quantum Pieri rule to such kind of coefficients for
G/P = Gr(m,n + 1) with v = 17 being a special partition, for which there are
much more manifestly positive formulas. With the partitions in P,, 11, we give a
precise description of £™P(a) := N:,’fp following [3,24].

Proposition/Definition 3.4. Let 0 < m < n and a = (a1, - ,am) € Pmnt1-
Denote by a” = (af,--- ,al ,_,)) € Pagi—mmn+i1 the transpose of the partition a.

. . —1 _ m
Then si, i, « -+ 8i, gives a reduced expression of ., " (a) € W, where |a| =} ", as
and

[iy, - 7Z"a‘];:[n—aZ_H_m—|—1,n—a,:erl_mﬂ—Q,... N
n—1)—al  +1,(n—1)—al_ +2-- n-1;
m—al +1,m—al +2,--- m].

Consequently, v = S, -+ Si,_, (v, ) s a positive root for any 1 < b < |a|. Further-
more, we have £™°(a) = 1; for 1 < p < m, the structure coefficient £™P(a) = N:”fp
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is a homogeneous polynomial of degree p in Zsgloa,- - , o] given by

E™P(a) =D Wiy
where the sum is over all subsequences 1 < j1 < --- < j, < |a| that satisfy
[iju"' 7ijp] = [m—p+1,m—p+2,~-~ 7m]-

Remark 3.5. If p > aT, then £™P(a) = 0, for which there does not exist [j1, - - - , j,|
satisfying the constraint.

Example 3.6. Let n = 6. For a := (5,4) € Py 7, we have a = (2,2,2,2,1) € P57
and [i1, - ,ija] = [6,4,5,3,4,2,3,1,2]. Hence,

52’1(a) = 5654555334(a2) + 8684858384828351(a2) = a1 + 200 + 2a3 + 204 + a5 + ag,
52’2(a) = 56548553548253(Q1) * S654558354828351 () = (a1 + -+ + o) (a1 + -+ - + ag).
Definition 3.7. Letu € WP, 1< i<k and 1 < p < n;. We denote by Pie; »(u)
the set of elements d = (dy,--- ,dy) with [do,d1,- - ,dg,di+1] being of the form

[0, 0,1, 1,2, 2o my-eemyeee 2,210 1,0, ,0]
—— —— —— —— —— —— ——

that satisfy both d; = m < p and the next property
() w(np) >max{u(r) | np, +1 <7 <ng 1} forall 1 <5 <m.

Here 1 < hy < -+ < hyy < by < -+- < l1 < k denote all the jumps, namely

dp; =dy;, =j and dy, 1 = dj;41 =j— 1 for all1 < j <m. (Note dy = dp41 =0.)
Given the above d, we denote by Tqa € Spy1 the unique permutation defined by
Td(nlj+1 _.7+1) = Nh,, j=1--,m,

together with the property that the restriction of Tq on the remaining elements
{1, ,n+ 13\ {ny, 1 —j+1|1<j < m} preserves the usual order. Similarly,
we denote by ¢gq € Snp41 the unique permutation given by

¢d(nlj _]+1) :nhjfl +13 .7: 17 , 1,

together with the property that ¢d’{17... T\, 1 | 1<5<m} preserves the usual

order. In addition, we denote

Per(d) := {w € W¥ | w(ny,—1 + 1) < min{w(r) | np,—1 +2 <r <mny, + 1}, Vj}

The permutations 7q and ¢q 2 can be expressed in terms of products of simple
reflections ([5,14]): 7q = 7™ ... 7(1) and ¢g = ¢(™ --- () where
70) = Snp, " Sny;41—25n0; 4115 (b(j) = Snp,o1+1" 0 Sng 250, — 1,

for each 1 < j < m. Moreover, the above expressions are reduced, implying

m

1) = Z(nlﬁl —np,;) and L(pg) = —m + Z(mj —Np,—1).

j=1
Remark 3.8. For d € Pie;p(u), di = m < % + 1. When m = 0, we have
d =0 € Pie; »(u), 70 = ¢o = id € S, 41 and Per(0) = W7,

274 coincides with the permutation ~q in [5]. With notations in [14], Tq = yn1 and ¢gq = 5}:11.
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Example 3.9. Let PSL(7,C)/P = Fly 7. Take u = [3715246] € WF, i = 2,
p = 3. Then d € Piegs(u) only if d = (0,0),(0,1) or (1,1). For (0,1), the
jumps are given by h = [ = 2. Since max{u(5),u(6),u(7)} = 6 > 5 = u(n2),
(%) is not satisfied. For (1,1), we have do = m = max{d;,d2} =1 <3 =1p
and 1 = h <1 = 2. Clearly, u(n;) = u(2) = 7 > max{u(3),---,u(7)}. Thus,
Pies 3(u) = {(0,0), (1,1)}.

For Fl,, ... n,:n+1, there are k quantum variables day +Qy, 1 <0 < k, which we
simply denote as §; respectively. '

Theorem 3.10 (Equivariant quantum Pieri rule for F/,, ... 5, .nt1). For any 1 <
i<k, 1<p<n; and anyu € WF, we have

p—d;
i) _ vi—di—j,p—di—j —d ~d
O_c[n,, p]*o_u = § § § 57“ T ](:u’w'¢dyu'7'd7’ﬂi*di)gwal T qkk7

(dy,-++,dik)€EPie; p(u) j=0 w
where the last sum is over all w € Per(d) satisfying w - ¢a € Sp,—q, ;(u - Ta).

Let us say a few words on the constraints in the theorem. Givend = (dy, - -, dg)
of the form in Definition 3.7 with d; = max{dy,--- ,di} < p, we have (see [5,14]).

d € Pie; ,(u) <= l(u-1q) = {(u) — £(Ta);
w € Per(d) <= l(w - ¢pa) = L(w) + £(Pa)-

Remark 3.11. The above formula is different from the one given in [30] by Lam
and Shimozono, who worked on the side of equivariant homology of affine Grass-
mannians. In [30], special Schubert classes are of the form gSpSp=17"525150 yhere
0 denotes the highest root, and they generate QHF(FY; ... pint1) as well. These
special classes, in general, are not pullback from H*(Fly, ... n,n+1), and therefore
do not induce equivariant quantum Pieri rules for Fi,, ... p,.n41 tmmediately.

Example 3.9 (Continued). Note 7(; 1) = (234567), ¢(1,1) = (1234), u - 10,0y =
u = [3715246] and w - 7(; 1) = [3152467]. Write w - ¢a = (u - 7q) - ¢ for w €
Per(d) ) (Sa—ds,j(u-7a)) - (pa)~'. Denote a = fiy.pq,u-rq,4—d,- Precisely, we have

L d [j] w¢a | ¢ | a | e [ ow ]
0 [ [3715246] id (3,2,1,0) [6,4,5,2,3, 4]
[4715236] (16) (4,3,0) [6,4,5,3,4,2, 3]
1 [[3725146] (35) (4,3,2) [[6.4.523 41,23 (. .
(0,0) [3716245] (47) (4,1,0) [6,5,4,2,3] ith
’ A725136] | (16)(35) (5.0 6453423 1]
2 [[4716235] | (16)(47) (5,0) [6,5,4,3,2] d
[3726145] | (35)(47) (5,2) [6,5,4,2,3,1,2]
[4726135] | (16)(35)(47) (6) [6,5,4,3,2,1]
1 | [3251467 (24) (3,2) [4,2,3,1,2] 1325467
(1,1) [, [ [4251367] | (15)(24) ) [4,3,2,1] 1425367
[3261457] | (24)(36) 2) 2,1] [1326457]

By Definition 3.4, we can write down ¢*~4=7:3=4i=J(a) immediately. By abuse of
notation, we simply denote each Schubert class ¢V as v. In conclusion, we have

c[4, 3] » [3715246]
= OéQ(OéQ + a3 + Oé4)<0[2 + -4 ag)[3715246]
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+ ag(az + -+ + a)[3716245] + (a2 + a3 + ag)(as + - - - + ag)[4715236]

+ (az(az + az + a4) + az(ar + -+ ag) + (a1 + -+ + as)(ag + - + ag)) [3725146]

+ (a1 + 202 + a3 + as + as + a6)[3726145] + (g + - - - + a6)[4716235)
+ (a1 + 202 + 203 + 204 + a5 + ) [4725136)
+ [4726135] 4+ G1G=2[1326457] + §132[1425367]
+ (a1 4 209 + ag + 4)§132[1325467)

3.2. Proof of the equivariant quantum Pieri rule for F/,, .. 5, .n+1. This
subsection is devoted to a proof of Theorem 3.10. We will show it by reducing
all the relevant structure coeflicients to certain structure coefficients of degree zero
using Theorem 2.7, so that we can apply Robinson’s equivariant Pieri rule [44].

3.2.1. Robinson’s equivariant Pieri rule. For u € W and w € Sr,j(u) where 0 < j <
r < n, we denote by {i; < iy < --- < i;} the set of indices i, such that is < r and
i, occurs in a cycle decomposition of u~!w. Here we mean the empty set if j = 0.

In [44], Robinson introduced an associated element v, , ) = [v(1) - - - v(n+1)] that
is obtained from u by moving the entries u(41),--- ,u(i;) to positions r — j +1,r —
j+2,---,r, respectively, and preserving the relative positions of all other entries.

That is, U}y, v, is of the form [%- - % u(iy)u(iz) - u(ij)u(r + 1) ---u(n +1)]. The
next equivariant Pieri rule for F¢,, 1 := F; 5 ... n:nt1 is due to Robinson.

Proposition 3.12 (Theorem A of [44]). Letu e W and 1 <p <r <n. We have

w u, 7 w - *
Z Z c[r—j,p— JL — in Hy(Flni1).

J=0wesS, ;(
In the following, we further reduce the structure coefficients in the above equi-
variant Pieri rule to a more special type for complex Grassmannians.

Corollary 3.13. Let 1 <i<k,1<p<n; andu € WF. In H:(Flp, ... nin+1),

p
gllmipl o g — Z Z grimip=i (few ;)T

J=0weSy, ;(u)

Furthermore, a coefficient €™ =PI (1 4, ;) vanishes if and only if p — j is larger
than the first entry pi of the transposed partition yil, .. = (11, ) € Pny1i—n,4jnt1-

Proof. We let © € Sp41 be the (n; — j)-th Grassmannian permutation (which has
at most a descent at the (n;, — j)-th position) determined by the property that
[0(1)---0(n; — §)] is an increasing sequence obtained from u by sorting the values
{u(1), -+ ,u(n)} \ {u(d) | d < n;,d occurs in a cycle decomposition of v~ w}.
Then by definition, fyun, = ©n,—;(0) is a partition in P,,_;,4+1. Moreover,
T = {)711}[%“77”] is in the Weyl subgroup generated by {so | @ # an,—j, o € A},
and £(Vjy,u,n,)) = £(0)+£(z). We notice that sgn,, (c[n; —j, p—j]) for any a # ay, ;.
It follows immediately from Corollary 2.8 (1) that

Vw,u,n;],0 bx,0 _ AT9,0 _ eni—jp—j
Nt =503y~ Nelni—gp—ile = Nefni—jp—il.o = & (b .m0 ).
Write the transpose of fiw um, as (1] , 113, fth 1,1 ;)- It follows directly from

Proposition 3.4 that &% =9P7 (11, ,, ;) # 0 if and only if p — j < pf. O
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3.2.2. Proof of Theorem 3.10 for F{, 1. In this subsection, we will prove the the-
orem for the case k = n:

anh... nein+l = Ffl,g’... nn+l — F€n+1.

This will be done by a combination of a number of claims. Our readers can first
focus on the statements themselves without referring to the technical arguments,
in order to get an outline of the proof of our Pieri rule.

For F'¢, 1, there are n quantum variables q1, -+ ,qn, and n; =i fori=1,--- n.
The statement to prove concerns the equivariant quantum multiplication by Schu-
bert classes o°l"?] with

Ciniapi = Sn;—p+1 """ Sn;—15n;-
We notice that sgn,.(c[n;,p]) is equal to 1 if r = n;, or 0 otherwise. On the other
hand, for any nonzero effective coroot A € QV, there always exists a simple root
a such that (o, A\) > 0. In many cases, we can find o # o, with (o, A) > 1,
implying that ¢y never occurs in the corresponding multiplication by Theorem 2.7
(1). Therefore, gy occurs in ol 5 g% only if X is of particular type. Precisely,

Claim A: Assume Nc[nA ol #0, where A = dyo 4 - + dpa. Then we have

)di<p; (2)0<di <---<dy; (3)dy >--->d, >0.

Proof. Clearly, o¢l*P! occurs in (0" )P. Since N:E;ﬁ olu # 0, g occurs in the
product (o®"i )P x ¢* by the positivity property. By Proposition 2.1, there is 0 <
m < p such that A = Z;.":l(ak + ak IR ak,) where k; < n; < k; for each
j. Thus d; = m = max{dy, - ,d,} < p. This proves (1).

If (2) did not hold, then {j | Jj <i,d; > d;41} is non-empty, so that we can take
the minimum b of it. Then 1 < b < i —1 and dp_1 < dp.

If dy—1 < dp, then we have the following inequalities by noting sgn,(c[n;, p]) = 0:
sgny (w) + {ap, A) = sgny(w) + (2dp — dp—1 — dpt1) > 2 > sgny(c[ng, p]) + sgny (w).
This would imply N “[’n’\ o = = 0 by Theorem 2.7 (1), which makes a contradiction.

If dy—1 = dp, then for a :== min{j | d; = dp} < b—1, we have dq—1 < d,. If
dg—dg—1 > 2, we conclude N“f ,0 P = 0 again by using sgn,. If d, —d,—1 = 1, then

cln

by using Corollary 2.8 (2) repeatedly, we have széi;(itils.";b:-’f\;b,l = C[n W70,
where N = A—ay—--—a) ;. Note (o, N) = (aw, (dp—1))_; +dpay —|—db+1ozb+1> >
2. It would follow that N;TS”‘ZZIS Ssb+11’)‘sb_1 = 0, which makes a contradiction again.
Hence, 0 < dy < --- < d;. Similarly, we can show d; > --- > d,, > 0. O
Thanks to the above claim, we have m := max{dy,--- ,d,} = d; if NZ‘[’TS o, # 0.

Moreover, we can denote by
1<hp < - <hpmet <hp <lp<lpo1 < <lpy<n

all the jumps among d,’s, namely dj, 1 < dp, for ri1 < j < m, and di; > di1
for m > j > ro. As we will show in Claim C, there are exactly m increasing
(decreasing) jumps (i.e., 11 = ro = 1), together with lots of constraints on u and
w. To make this conclusion, we denote

Wy 1= Sh; "+ 8i—28i—1 " S81; " Si+25i+1,



ON EQUIVARIANT QUANTUM SCHUBERT CALCULUS FOR G/P 19

79 = s 8,410 s, and U = sp s s

for any max{ry,r,} < j < m. Define AU~ inductively by
A =X =diaY + - +dnay, and AUV =200 = Yy " q, Y,

We will prove the conclusion by induction on AU). Here is the first step of the
induction, which we prove by applying Corollary 2.8 repeatedly.

Claim B: N;”Un):(p]) # 0 if and only if all the following hold:
(1) dn,—1 =di,,41 =m—1; ) A
2) L) = Hw) — () and 6™ = t(u) + 6B

@)
(3) N i 70
()

('[n —1,p—1],us(m)
A A D w A
4 c[r(ifl p—1],us(m) — Nc[ni,p},u; (5) g(uwmsl) = g(u) - g(wmsl)
Proof. We first assume N:[’A)"(;]L )u # 0 and discuss all the possibilities as follows.
i) Assume h,, = l,, = ¢ (i.e., both an increasing jump and a decreasing jump
happen at the (i = n;)-th position). If (1 ) did not hold, then {(a;, A\) = (m—d;—1)+

(m — d;y1) > 2. This would imply Nc[;“ o =05 making a contradiction. Hence,

(1) holds, and (a;, \) = 2. In this case, 7(™) = ¢(™) = s; and w,, = id. Hence, all
(2), (3), (4), (5) follow immediately from Theorem 2.7.

ii) Assume h,, < i and l,, = 4. Since N;“'[’nA ol # 0, it follows that

1> sy, (u) = sgny, (clni.pl)-+sem,, () > sguy, (w)+on, ) = m—dy, 1 > 1.
Hence, all the inequalities are in fact equalities. Thus we have dp__1 = m —

1, l(usp,) = L(u) — 1, L(wsp, ) = €(w) + 1, and consequently Nufsh’"’/\ Fhm

nup] USh
N;””n’\m] # 0 by Corollary 2.8 (2). For h,, < a < n; = Iy, we note sgn, (c[n;,p]) =0

and (g, A — @) s — a;/_Q ay_ ;) = 1. Using Corollary 2.8 (2) repeatedly,

m a—1
we conclude ((ush Shy41°Sic1) = L(u) — (i = hy), L(WSh,, Sh,,+1" " Si—1) =

. WShpy Shyp 41 Si—1,A— alm*“-*aﬁrail _ATW,A
L(w) + (i — hyp), and Nl plaon, Shpti i = N pu 7 0. Since
the reduced structure coefficient is nonzero,
v v v

2> (ap A —ap, — o —af ol ) =1+m—diy > 2.

Hence, d;,, +1 = d;+1 = m — 1, and consequently and
2(m) y(m—1) St A=Y —ee—aY o —aY
weé A WShyy Shym +1°""Si—1, hom i—2 i—1 # 0

c[ni—1,p—1],us(m = c[ni\p],uShyy, Shopy+1°Si—1
by Theorem 2.7 (2). That is, the statements (1), (3), (4) hold. It is easy to see
that (2) and (5) hold as well.
iii) Assume h,, =7 and l,,, > . The claim holds by similar arguments to ii).
iv) Assume h,, < i and [,, > i. Again by similar arguments to ii), we conclude
dp, —1=di,, +1=m— 1, L(uwwn,s;) = l(u) — l(wms;), Llwmy) = L(w) + £(om),

_ Nww7n,)\(M7l)+aE/ ’Luwm,A(Tnil)

c[ni,plu c[ni,pl,uwm  lelni—1,p—1]uwm, s

For every i + 1 < a < I,,,, we have sgn, (c[n; — 1,p — 1]) = 0, {(aq, A\~ D) = 0 and

and O#N

U wsp,, -+ Si—28i—1 - S1,, - - Sa+15a) = L(WSh,, -+~ Si—28i—1 - S1,,, - Sat+2Sa+1) + L.



20 YONGDONG HUANG AND CHANGZHENG LI

By Corollary 2.8 (1), we conclude

W AT _ wshm“‘sifzsi—h)\(mil)
c[n;—1,p—1],utwm, s; c[n;—1,p—1],uw@msiSit1Si,,

and L(utm,8iSit1 - S1,,,) = L(ut0mS;)—lm+i.
Note w;,5:Si+1 - 51, = %(m)slm,l -+ 8;118;. It follows that
ur ™ s 1 -sip18) = L) — (L — han + 1) = Ly 40 = L(u) — (7)) — 1, + 1.

As a consequence, we have £(u7(™)) = £(u)—£(7™), and L(u7(™s;, 1 sp418) =
(ur™s; - s)+1foralli <b<l, —1. Hence, by Corollary 2.8 (1), we have

wshm'“si—QSi—l’/\(m_l) _ aqwg(m Am=D
cni—=1,p=1,uf(™sy, _q1-sip18; e[ni—1,p—1],uf (™)
and Uwd'™)) = U(wsp,, - 5i—98i—1) + lm — i = L(w) + £(d™).

In a summary, all (1)—(5) hold.
The other direction is obvious. (In fact, (4) is a consequence of the hypotheses
(1), (2) and (3). O

By using claims A and B, the next claim follows immediately by induction on

A0,
Claim C: N;f;li‘ ol # 0 only if all the following hold:

(a) r1 =ry =1, namely there are exactly 2m jumps among [0,dy,- - ,dy,,0].

(b) £(u- #(m) ... %(1)) =(u) — g(f(m) e %(1)) and

(w- ™ - pM) = f(w) + £(p™) - - ).

(C) é(uwmsiwm_lsi_l e wlsi_m_H) = é(u) — Z;nzl g(szi—m+j)~

Whenever both (a) and (b) hold, we have

w-d™ ..M g L wA
elni—m p—m]us0m ) = Nelng plu’

Since n; = i in the case of F, 1, we have 7(0) = 70) and (i;(j) = ¢\ for all j.

Therefore we have 7™ ... 7(1) = 74 and (ﬁ(m) e 95(1) = ¢q. Hence, we finish the
proof of Theorem 3.10 for F'¢,, 1, by using Corollary 3.13 together with the fact that

the hypotheses (a), (b) in Claim C are equivalent to the hypotheses d € Pie; ,(u)
and w € Per(d).

In order to show the general case in next subsection, we make one more claim.

Claim D: Let 1 <p<r <nandu € W. Suppose qfl -+~ qdn occurs in the product
ocrPlyx g in QHF(Flpy1). If j coincides with some jump hy, or 1y, with 1 <b < m,
then we have ((us;) < {(u).

Proof. By the hypothesis, there exists w € W such that Ncu[’;);] » 7 0, where A\ =
diaY + -+ + dpaY. By Claim C (b), (c), we have £(u - 7™ ... +(D) = f(u) —
(7 7)) and AUt 8, @m—15r—1 - W18r—mi1) = L(u) — Z;”:l (W Sr—m+j)-
Thus we have ¢(us,) < f(u), whenever a reduced expression of 7(™)...7() or
WSy * + * W1Sr—m+1 starts with s,. Hence, we are done, due to the following:

(0 0) () = —(y b1+ ag—p i) iRy =hpp — 1
—(hy—by1+ oy Fog 1) i hy <hpyr —1
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Hence, 7™ ... 7(1) admits a reduced expression starting with Sp,. Similarly, we
conclude (wmsy -+ @18r—m+1) (ay,) € RT by direct calculations. Consequently,
WmSr ** * W18r—m+1 admits a reduced expression starting with s;, . O

3.2.3. Proof of Theorem 3.10 for Fly, ... n,..n+1. In this subsection, we prove the
theorem for general F',, ... n,.n+1 by reducing all the relevant structure coefficients
to the case of F¢,11, thanks to the equivariant Peterson-Woodward comparison
formula. We will use ~ to distinguish from the notations for F'¢,, ;. For instance,
we denote by g; = doyy +QY the quantum variables in QH}(F4y, ... nym+1). For
Ap = Z?:l Jjaxj + Q% and u,w € WF by Proposition 2.10 we have

w,Ap  __ pATWWPWpr,AB

clnipl,u T 7 eng,pliu
for a unique Ap = diay + -+ + dpa).

We investigate all the nonzero N:[’n)"; L By Claim C (a), we can denote all the

jumps of the sequence [0,dy,- -+ ,dp, 0l as 1 < hy < < by <l <-o- <y <.
Since Ap = A + Qp, we have d,,;, = d; for all 1 < j < k.

Claim E: Assume {V:[)ﬁ?,};],u # 0. Then there are 2m jumps in total among the

sequence [0,dy, -+, dy,0]:
1<h < <hp<l,<- -1 <k,
which are given by the jumps for Ag. Precisely, for all 1 < j < m, we have

h; = Nh;» l; = ng, and Jﬁj = dhj = dlj = Jl_j =7

Proof. Tt follows from Claim A and Claim B (1) that d,, = m >dp, 1 >m—1
and dp,,_1 = m — 1. Hence, (o, ,Ap) € {1,2}. Since (a, Ag) € {0,—1} for all
a € Ap, we have ayp,,, € Ap. Thus h,, € {ni,--- ,n}, ie., hy = ny for some
1 < h,, < k. Similarly, we conclude d;,, = m, l,, € {ni,---,n}, and hence
lm = ng,. It follows that d; = d,, = m = max{dy, - ,d,} = max{dy,--- ,dy},
and the first two jumps around d; occur exactly on Ay, < l,.

By Claim D, we have f(us,) < f(u) for all a € {hy, -, hm—1,l1, -+ ,lm—1}
This implies a, ¢ Ap, since u € WP, Thus {hy, - ,hm_1,01, - ,Im_1} C
{n1, -+ ,ni}. The statement becomes a direct consequence of Claim C (a). g

By Claim C, we have

WWPpWpr,AB __ wawP,QAﬁ(m)..,é(l)ﬂ
c[ni,pl,u -

Cur™ - 2D = p(u) — 07 .. 2 (1)
and wwpwp ™ - ¢ = t(wwpwp:) + £ - .- V), with

c[n;—m,p—m],us(m)...+(1)7

3G — = ~(J) — —
d) _shj..'slj*]-_s’l’bﬁjsnﬁj*Fl.'.s’ﬂl’j*l? T _Shj...slj _S”;}j”'snfj'

Note Apr ={a € Ap | (a, Ag) =0} = Ap\{oznhj_l,aij |7=1,---,m} where
Ap =A\{an,, - ,an, }. It follows that wpwp: = Uy + - - UV, - - - v1, With

Uy 1= Snﬁj*1+15nﬁj*1+2 cee Snﬁj—l and v = snfj+1_15"ij+1_2 cee Sn[j+1.
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Clearly, wy,- -, Um, V1, - , Uy are pairwise commutative. Denote
j—1
UJ[‘J ] = S"L’j+1—jsnl’j+1—j—1 o S”[j —j+2
which does not contain s, _,,. It follows that
wpwpr ™ gD =, ) u1<£<1>v£°]u£” .. U%ﬂ—l] =¢m ... (b(l)vgo]vg] . ULT—H.
For d = (dy,--- ,dy), we recall ¢z = ¢™) ... (1), Since w € WP, we have
C(wwpwp ™ - §V) = 0(w) + £(dg) + Ly ol ),
Hence, by Corollary 2.8(1), we have

wwpwpléﬁm’)...d;(l),o . w¢aUEO]U£1]~~v£§n_l],0
c[n;—m,p—m],ut(m)...7(1) 7 “Tcln; —m,p—m],ut(m)...7(1)
— N¢&vo
c[ni—m,,p—m],u%(m)wi-(l)'(vgo]vgl]~~1),[:n71])*1
w-pg,0

c[n;—m,p—m],u-t3

and  L(u-7q) = L(u) — 0™ o+ O) gl gl ==y = p() — 0(ry).

m

Hence,
Nw,%\P _ 'LUW‘PWPH)\B _ N“"(l"ayo _
c[ni,pl,u c[ni,plu c[ni—m,p—m],u-1q

Then we are done by Corollary 3.13.

3.3. Specialization to complex Grassmannians. In this subsection, we will
further simplify our equivariant quantum Pieri rule for the special case Gr(m,n +

1) = Fly.n+1- The bijection map ¢y, : wt =S Pr,n+1 sends
c[m,p] = Sm—pt+1-** Sm—15m to 1P:=(1,---,1,0,---,0) € Ppyny1 (p copies of 1).

Therefore we will also denote the special Schubert classes ") as 1", We remark
that 0" is related with (but different from) the p-th equivariant Chern class ) (S¥)
of the dual of the tautological subbundle (see e.g. [42, §5.1]).

The equivariant quantum multiplication by o! was given by Mihalcea [40]. Here
we will give a neat formula of the multiplication by all o'” by simplifying Theorem
3.10. We remark that the classical part of our formula, i.e., the equivariant Pieri
rule, is different from those known rules in [16,27]. It is obtained by simplifying
Robinson’s Pieri rule in a purely combinatorial way. Nevertheless, our formulation
has inspired the second author and Ravikumar to find an equivariant Pieri rule for
Grassmannians of all classical Lie types [38] in a geometric way.

Definition 3.14. Let v = (v1, - ,Vm) and 1 = (q1,--+ ,0m) be partitions in
Pront1 with n; — vy € {0,1} for all 1 <i <m. Denote by j1 < jo < -+ < jm—r all
those n;, = v;,. We define a partition 0, in Pp_rny1 associated to (n,v) by

M= Wi —ji+r+Lvj, —jatr+2 V. = jmy+m)
The above definition can be alternatively described by the language of Young

diagrams as follows. We also provide an example illustrated by Figures 1 and 2.

Definition/Example 3.15. Let v,n be partitions in Py, 41 such that the Young
diagram of n is obtained by adding a vertical strip to the Young diagram of v.
Denote by r the number of boxes in the strip n/v. We define an associated partition
My N Pr—rnt1 by a simple join-and-cut operation as follows.
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Step 1: Whenever a row of the Young diagram of n inside the m x (n + 1 —m)
rectangle does not contain a box in the strip n/v, we add A bozes, where A
counts the remaining rows of the rectangle below the given one. We then
move them to an (m—r) x (n+1—m+r) rectangle preserving the relative
positions, which could be beyond the boundary of the rectangle on the right.

Step 2: For each row in the (m—1) X (n+1—m+r) rectangle, we remove B bozxes,
where B counts the remaining rows of the rectangle below the given one.

As a result, we obtain a partition in Pum—rni1, denoted as m,. In particular if
n=v, thenr=0andn, =v.

Figure 1 illustrates the case of v = (6,3,2,2,0,0) and n = (6,3,3,2,1,1) in
Ps,13, for which we have r = 3. Then the associated partition in Ps 13 is given by
1, = (9,6,4) as illustrated by Figure 2.

FIGURE 1. Young diagrams of partitions n, v
I [ 1] [ 1] [T

v=(6,3,2,2,0,0) n=(6,3,3,2,1,1) n/v : vertical strip

FIGURE 2. Associated parition 7, by a join-and-cut operation

Step 1: join Step 2: cut
H H
(11,7,4) ¢ P3.13 Ny = (9,6,4) € P313

Lemma 3.16. Let 1 < p < m and v,w € WF. Denote v := p,,(v) and n :=
om(w). Then w € Sy, ,(v) if and only if both of the following hold:

@) Inl = vl +p; (i) m; —v; €{0,1} forall 1 <j<m.
Furthermore when this holds, we have py y.m = Ny -

Proof. We assume w € S, ,(v) first. Write w = v(y - - - {4 where 1, - -+ , {4 are pair-
wise disjoint cycles. Since v, w € WT, it follows that v¢; --- ¢ € WP forall1 < k <

d. Denote py := (v - (k) — €(vl1 - Cr—1). Then vy -k € Smp, (VC1 -+ Cs-1)
follows from the definition. In particular, write (1 = (7ip, - - - i241), then we have

(1) i1, iy, <m <y (2) v(r) > v(i1) > - > v(ip,).
Claim F: Denote ig := r. We have
(@ip,, - yiz,ia] = [l1—p+1, - i =L ar];  (b) v(i;) = v(ij41)+1,0 < j < p1—1.
Assuming the above claim first, we write @, (v{;) = (7751), oy =M. For
any 1 < s < m distinct from those m + 1 — ¢;, we have

V) =vCi(m+1—s)—(m+1—s)=vim+1—s)—(m+1—s)=n,.
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By Claim F (b), we have

1 . . . . . .
Mor1 i, = G (i) = ij = v(ij_1) = i; = v(ij) + 1 —ij =14, + 1.

Together with Claim F (a), we obtain

. 1) _
(**) . n( ) - (1/17 e 7Vm7i17Vm7’i1+1 +17 e 7Vm7i1+p1 +]-7 Vm7i1+p1+27 e 7Vm)7

where p; < iy < m. Thus if d = 1, then we are done.

Now we assume d > 2. Write ¢y = (i}, - - - i5i}). Since (1, (2 are disjoint cycles,

m+1—i; & {m+1—d},--- ,m—|—1—2'p2}. Write ¢, (v(1(2) = n(2) = (n§2),~ ,177(3)).
Then 77(2) = 77(1) whenever s € {m +1 —41,---,m + 1 — i, }. Using the same
arguments as above, we conclude n{2 — n{") € {0,1} forall s € {1,--- ,m} \ {m +
1—idy,--- ,m+1—1,, }. Thus we have n( )—I/S € {0,1} for all 1 < s < m. Hence,
both (i) and (ii) hold by induction on k.

As a direct consequence of the above arguments, we observe that 1 < a < m
occurs in some cycle (s if and only if 9 41-¢ — Vimt1-a = 1. Hence, [v(m + 1 —

Jji),v(m—+1—7js),---,,v(m+1— jym_p)] is the decreasing sequence obtained by
sorting {v(1),--- ,v(m)} \ {v(a) | a occurs in (, for some 1 < s < d}. Hence, the
partition fhy vm = (H1, 5 fhm—p) I Pm_pn+1 coincides with 7, by noting

i = v(m+1—ji)—(m—p+1—i) = v(m+1—ji)— (m+1=j;)+p+i—ji = vj,+p+i—ji.

On the other hand, we assume the hypotheses (i) and (ii) both hold now. If
om(w) = n is given by (x*), we define i; := i3 — j + 1 for every 1 < j < p; and
define 7 to be the element satisfying v(r) = v(i1) + 1. It is easy to check r > m.
Consequently, we have w = v(rip, - - -i2i1) € Spm p, (v) with py = L(w) — £(v) = p.
In general, there are d nests of consecutive 1, for which we can construct pairwise
disjoint cycles (i, -+, (g by induction, such that w = v(y---{q € S p(v).

It remains to show Claim F. It follows from v € W¥ and properties (1), (2)
that m > 43 > 49 > --- > ip,. If (a) did not hold, then i; > 4;41 + 1 for some
1 <j <p; —1, and we would deduce a contradiction:

v(ij) = vC1(ij+1) < vC (i1 + 1) = v(ijr1 + 1) <v(iy).

Hence, (a) holds. If (b) did not hold, then v(i;) > v(i;4+1)+1 for some 0 < j < p;—1.
If j > 0, then ;41 + 1 = i; by Claim F (a), and consequently v(r) > v(i;41) +1 =
v(a) for some m + 1 < a < r. In this case, we deduce a contradiction:

v(a) = vGi(a) <vGi(r) = v(ip,) < v(ijt1) = v(a) = 1.

If j =0, then v(r) > v(i1) + 1 = v(b) for some b < r. If b > m, then we would
have v(b) = v(1(b) < v(i(r) = v(ip,) < v(i1) = v(b) — 1. If b < m, then b > i, and
consequently we have v(r) = v(1(41) < v(1(b) = v(b) < v(r). Either cases deduces
a contradiction again. ]

Using the above lemma, we can simplify Theorem 3.10 for the special case of
complex Grassmannians, and therefore obtain the following. The proof is essen-
tially the same as Corollary 3.3 of [14]. There is only one quantum variable in
QH%(Gr(m,n + 1)), which we simply denote as q.
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Theorem 3.17 (Equivariant quantum Pieri rule for complex Grassmannians). Let
1<p<mandv=(v1, - ,Vm) € Pmnt1. In QHF(Gr(m,n+ 1)), we have

p p—1
UIP Yol = Z Z gmfr,pfr(nu)o_n + Z Z gmflfr,pflfr(ﬁ/u/)oﬁq’
r=0 n r=0 kK

where the second sum is over those n = (N1, -+ ;Mm) € Pmnt1 Satisfying |n| =
|v|+r and n;—v; € {0,1} for all 1 < i < m; the g-terms occur only if v = n+1—m,
and when this holds, the last sum is over those k = (K1, , im—1,0) € Py nt1 such
that k' == (k1 + 1, JKm—1+ 1) and v' := (va, -+ ,vm) satisfy |k'| = |V'| + 1 and
Ki+1—vip1 €{0,1} foralll <i<m-—1.

Proof. Denote v = ¢} (). Using the same notations as in Theorem 3.10, we have
k =1, and hence Pie; , C {(0), (1)}. By Theorem 3.10, we have

p p—1
p . I
01 xo¥ = E E é-m 7P ](Hw,v,m)gw+e § E €m tapl j(Hw'd)(l),v'T(l),m—l)qua

j=0 wes’m,j j=0 w

where € = 1 if £(v - 7(1)) = £(v) — £(7(1)), or 0 otherwise; the last sum is over those
w € Pie((1)) satisfying w - ¢(1) € Spm—1,;(v - 71))-

The classical part of the formula to prove is referred to as the equivariant
Pieri rule. It follows from the canonical injective morphism H}.(Gr(m,n + 1)) —
H%(Flpyy1) that €m79P73 (1, 0 m) # 0 only if w € WF. Hence, the equivariant
Pieri rule follows directly from Lemma 3.16.

When d = (1), we have 74 = $Sm+1- - Sn and ¢g = $182- - Sm—1. Note
v(m) = max{v(1),--- ,v(m)} and v(n + 1) = max{v(m + 1),--- ,v(n +1)}. As a
consequence, the following are all equivalent:

i) £(v-T1y) = L(v)—L(T1)); i) vTa(ow) € RT; i) v(m) > v(n+1); iv) v(m) = n+1.

Hence, we have ¢ = 1 if and only if v; = v(m) — m = n+ 1 — m. Furthermore
when this holds, v - 7(;) is a Grassmannian permutation for Gr(m —1,n+ 1), which

corresponds to the partition ¢, —1(v-7(1)) = (V2, - ,Vm_1) = V" in Pp_1 ny1 (by
noting v74(j) = v(j) for 1 < j <m—1).
Write o, (w) = (K1, -+, Km) =: K. Then the following are equivalent:

(1) w € Pie((1);  (2) L(w- b)) = () + Udw); (3 = 0.

It follows that w - ¢(1) is a Grassmannian permutation for Gr(m —1,n + 1), which

corresponds to the partition v, 1(w - d1)) = (k1 +1,--+ km1 +1) =1 K.
Hence, the g-part also becomes a direct consequence of Lemma 3.16. (]

Remark 3.18. The non-equivariant quantum Pieri rule [2] can be obtained by using
Proposition 11.10 of [29] and the Pieri-type formula of H.(QQSU(n + 1)) in [28].
It will be very interesting to generalize this approach to the equivariant quantum
cohomology of complex (or more generally, cominuscule) Grassmannians.

Example 3.19. Among the product o010 « ¢421) in HX(Gr(3,7)), two terms
0" and ¢'c” can be read off from the following figure:

n/v n, = (5,3) : r=(1,0,0) K =v=k,=(21)
il |
I
. I . ‘
7127 ny) = o + 200 + 203 + g + o5 + ag I 02105 ) = an +ag + a3
I
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By calculating the remaining terms in the product by Theorem 3.17, we have

FLLO) | 5(421)

=(oq + ag + as)(oq + -+ ag)e @Y 4 (a1 + 205 + 203 + o + a5 + ag)o )
b (on 4+ ag)o®3D 4 032 4 0000 4 0200 | (01 + s + ag)go 100

Corollary 3.20. In QH}(Gr(m,n + 1)), we have

(n+1-—m,0,---,0) 1P

= o1 o glntl=m 0. 0)

o %o for1 <p<m;

o_lm *U(n+1—m70,»-- ,0) (al 44 Ckn)a(n—i-l—m,l,.. ,1) +q.

Proof. Let 1 <p <mandv = (n+1-m,0,---,0). It follows directly from Theorem
3.17 that all possible partitions are given by n(") := (n+1—m,1,---,1,0,---,0)
where || =n+4+1—m+r, 0 <7 < m—1; and the ¢-terms occur only if there
exists k satisfying p — 1 > r = || =m — 1 + |k| > m — 1. Hence, if p < m, then
ol % gt 1=m0..0) inyolves no g-terms. If p = m, then |x| = 0, namely (0, - - - ,0)
is the only partition satisfying the required properties. Hence,

m—1
O_lm w0l = Z é-m—r,m—r(nl(/r))o_n + gm—l—(m—l),m—l—(m—l) ((17 e 1)(07 ,0))aidq,
r=0

in which we note £%°((1,---,1)g,... o)) = 1. By definition, we have = (n+

1-m+r70,---,0) € Pp_rnt1. Hence, fm’“m”(nl(,r)) = 0 unless 7 = m — 1.
Furthermore when r = m — 1, we have

gmrm=r (i) = €41 ((n, 0, ,0)) = $psp_1 -+ s2(a1) = a1 + - + .

Hence, the statement follows. (I

APPENDIX: EQUIVARIANT QUANTUM GIAMBELLI FORMULA FOR COMPLEX
GRASSMANNIANS

We expect out equivariant quantum Pieri rule to have further applications in
the equivariant quantum Schubert calculus. To illustrate our expectation, we will
reprove [42, Theorem 3.22]. That is, we will study QHr5(Gr(m,n + 1)), giving
alternative proofs of the ring presentation and the equivariant quantum Giambelli
formula. In our approach, we use the equivariant quantum Pieri rule as in Theorem
3.17, together with the equivariant Giambelli formula [26,42]. This is completely
similar to the one given by Buch [4] for the non-equivariant quantum cohomology
QH*(Gr(m,n+1)).

We follow [42] for the next facts on equivariant cohomology H}.(Gr(m,n + 1)).

Treat S = Z[ay, - , ] as a subring of Z[t] = Q[t1, - -+, tnt1] via

;> tpyo i —tpy1—g, t=1,--- ,n.
By convention, we denote t; =0ifi <0ori >n+2. Let e; = e;(x1,- - ,Zm;t),4 =
1,---,m (resp. hj = hj(x1, - ,xm;t),j =1,---,--- ,n+1—m) denote the ele-

mentary (resp. complete) homogeneous factorial Schur functions. By convention,
we denote eg = hg = 1, ¢; = 0if ¢ < Oori¢ >m, and h; = 0if j < 0 or
j >mn+1—m. Define 7% inductively by Toep =€, and T%e,:=71"le, + (t;, —
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tm—pts+1)7° Lep_1. Denote by AT := (AL, -+ AT, ) € Ppyi—mpn+1 the trans-
pose of a given partition A € Pp, ,,11. Let Hy := det (Tj_1€1+j—i)1<ij<k- We will
need the next lemma, which follows directly from equation (2.10) of [42]

Lemma 3.21. For any M € Z*, in H3(Gr(m,n + 1)), we have
> (1o o MHy_, =0
p:

with T°H; == H; and 77°H; := 7' 7 H; + (tj4m—s — t1—s)T " H;_1.

Theorem 3.22 (Equivariant quantum Giambelli formula; Theorem 4.2 of [42]).
There is a canonical isomorphism of S[q]-algebras,

S[Q] [617 e ;em]/<Hn—m+27 e 7Hn7 Hn+1 + (_1)mq> — QH;(GT(?’TL, n -+ 1))a
defined by e, — o'’ Under this isomorphism, 0" = H, forr <n+1—m, and

A — det (Tj_lekf+j—i)1§i,j§n+1fm'

Proof. Tt is sufficient (1) to calculate Hy and det (Tj_le)\?-{-j—i) with respect to the
equivariant quantum product and (2) to subtract the quantum corrections, by an
equivariant quantum extension of [15, Proposition 11] (or [45, Proposition 2.2]).
The known ring presentation of H}.(Gr(m,n + 1)) is read off from the first half of
the statement by evaluating ¢ = 0, and the known equivariant Giambelli formula is
exactly of the same form as in the second half. Thus for any A € P, 5,41, we have

det (77 exr i) 1< janyrm = 0+ 00 9x 0 QHL(Gr(m,n +1)),

for some element g € QHy(Gr(m,n+1)). The determinant det (77 ~'eyr,; ;) in
QHY(Gr(m,n+ 1)) ®s Z[t] is a summation of the form

f(t)all1 x0l P st
By Theorem 3.17 and induction, the expansion of o1 % ¢ % -+ % o7 involves
no g-terms, and all Schubert classes in the expansion are of the form o*, u =
(1, -+, ) With g7 < j. Hence, gx = 0. That is, the second part of the statement
holds, by noting that the determinant lies in QH5(Gr(m,n+1)). In particular, we
have H, = ¢" in QH;(Gr(m,n+1)), forr=0,1,...,n —m+ 1.

Clearly, 797 eq4j_; is zero if 1+ j < i, or of degree 1+ j — i otherwise. Hence,
deg H, = r. Since degq = (c1(TGr(m,n+1)); 0s,) = n + 1, it follows that no g-term
is involved in the expansion of H, in QHy(Gr(m,n + 1)), whenever r < n + 1.

In H}(Gr(m,n+1)) it follows from Lemma 3.21 with respect to M = n+1 that

m—1n—p

Hyp = (*1)m emHpy1- m+Z fz H + Z gm] 6mH +Z ng,] ep

p=1 r=0
for some fi, gm,j, gp,r € Z[t]. Now we compute the g-terms in the expansion of the
right-hand side as multiplications in QHx(Gr(m,n + 1)) ®g Z[t]. With respect to
the equivariant quantum multiplications, we have shown H, = 0if n —m + 2 <
r<mn,and H. =" if 0 <r < n —m + 1. Hence, it follows from Theorem 3.17

(vesp. Corollary 3.20) that >7 " g, (t)o!" xoP (resp. Py D D Vgpi(t)ol" H,)
involves no ¢-terms. Hence, the only g-term in the expansion of H, 1 comes from

(71)m710_1m0_n7m+1 _ (71)m71((a1 S an)o_(n+17m,1,...,1) + CI),
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by Corollary 3.20 again. Hence, H,+1 = (—1)™ 'q in QH}(Gr(m,n + 1)). O
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