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ABSTRACT. In this paper, we introduce quantum Demazure-Lusztig operators acting by ring
automorphisms on the equivariant quantum cohomology of the Springer resolution. Our main
application is a presentation of the torus-equivariant quantum cohomology in terms of gener-
ators and relations. We provide explicit descriptions for the classical types. We also recover
Kim’s earlier results for the complete flag varieties by taking the Toda limit.
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1. INTRODUCTION

The quantum cohomology ring QH*(X) of a complex projective manifold X is a defor-
mation of the classical cohomology ring H*(X) = H*(X,C) by incorporating the Gromov—
Witten invariants. When X is a non-compact algebraic variety equipped with a nice re-
ductive group G action, the equivariant quantum product can still be defined via localiza-
tions (see e.g. [Liul3]). Symplectic resolutions are interesting examples of such varieties,
which usually come in pairs called symplectic duals [Kam22]. The symplectic duality is
a 3-dimensional mirror symmetry, generalizing well-known structures in geometric represen-
tation theory [BLPWI16]. Okounkov and his collaborators initiated the study of the sym-
plectic duality via the enumerative geometry of the symplectic resolution, which is deeply
related to various structures in geometry, representation theory, and mathematical physics
[Okol8]. There have been studies of QHE(X) for various examples of symplectic resolutions
[OP10, BMO11], [Sul6l, MS13, MO19, Dan22, MP15, KMP21).

The Springer resolution, which is the cotangent bundle of the complete flag variety B of
a complex semisimple, simply-connected Lie group G, is the most classical example of the
symplectic resolutions. It is a resolution of the nilpotent cone in g = Lie(G) and admits a
natural action by G = G x C*, where C* dilates the cotangent fibers. Let T" be a maximal
torus of G with Lie algebra t, and denote T := T x C*. The T-equivariant quantum cohomology
ring QH;(T*B) can be defined as the deformation

QHH(T*B) = (H{(T*B) @ O(Tyl,), * ),

reg

due to the equivariant quantum Chevalley formula proved by Braverman, Maulik, and Ok-
ounkov [BMOTI, Theorem 3.2]. Here T}/, is the complement of the union of root hyperplanes
in the complex dual torus TV (see Section [2)).

Our first main theorem reveals a surprising symmetry in the equivariant quantum cohomol-
ogy ring of T*B. To explain this symmetry, let us start with the classical Springer theory.
Recall that the degenerate affine Hecke algebra Hj, is a C[h]-algebra generated by Sym(t*) and
the group algebra C[W], subject to interacting relations between them. As will be reviewed in
Section H}, acts on the T-equivariant cohomology Hy(T*B), through an isomorphism of
convolution algebras [CGI0l [Lus88|. The operators corresponding to w € W C Hj, are usually
referred to as the Demazure-Lusztig operators [Gin98]. On the other hand, there is a natural
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Weyl group action on the coefficient ring O(7%,) induced by the Weyl group action on Ty,
The quantum Demazure-Lusztig operators To, over QH(T*B) = Hp(T*B) @ O(T,s,) is the
diagonal tensor product of these two actions, c.f. Definition [3.1 Our first main theorem is
the following unexpected result, for which we refer to Example for a quick illustration with

T*PL.

Theorem A (Theorem [3.2)). Every quantum Demazure—Lusztig operator is a ring automor-
phism of QH3(T*B).

Observe that the usual Demazure-Lusztig operator interacts with the equivariant cup prod-
uct via Leibniz-type formulas [Gin98| §12], which is never a ring automorphism except for the
trivial case. As the quantum Demazure—Lusztig operators that we have defined create a pole
at the origin of the quantum variables, they cannot be projected down to the equivariant coho-
mology. The key ingredient in our proof is the stable basis introduced by Maulik and Okounkov
[MO19]. We achieve this aim by direct computations using an explicit formula about the mul-
tiplication of a divisor class with the stable basis due to the second named author [Sul6]. The
proof uses some crucial structures appearing in the cotangent bundle situation.

As an application of the above theorem, we obtain a ring presentation for QH7(T*B). For
any dominant weight A\, we define in a square matrix () with values in QHZ(T*B),
inspired from the quantum Chevalley formula. It leads to an effective way of finding relations
in the equivariant quantum cohomology, due to an observation in communicative algebra as
in Lemma Via a Deformation Principle in Proposition we obtain our second main
result.

Theorem B (Theorem . The T-equivariant quantum cohomology QHy(T*B) is generated
by divisors with the relations tr (O(A\)¥) = Do pewn p* for all dominant weights X and all k > 1.

The above ring representation has an application in the study of the Calogero—Moser system,
which is an integrable system arising from the one-dimensional many-body problems (see e.g.
[OP81 [Eti07, BHI18] and references therein). Combining Theorem [Bf and [BMOI1, Theorem
3.2], we obtain an explicit type-free description of the classical trigonometric Calogero-Moser
map in Corollary In Remark we compare our construction with earlier descriptions
in terms of Lax matrices [OP&1), [DP98| BCS9§| in various Lie types.

We are going to provide an explicit ring presentation of QH;(T*B) in all classical types.
Instead of using the relations in Theorem [B| directly, we compute the characteristic polynomial
of ©(\). For instance, in type A,_1, the flag variety B = F¥,, parameterizes complete flags
in C™ and the Springer resolution T*J¥,, parameterizes pairs (A, ¢) for A an n X n nilpotent
matrix and ¢ € F¢,, a complete flag of A-invariant subspaces. Among the family of ©()), We
can find one matrix of the form

- n h A7
X1 T-qi/q2  1—q1i/q3 1—q1/gn
h h h
T—g2/q1 X2 T—g2/q3 1=g2/qn
h A h
1-g3/q1  1—q3/qe X3 1—q3/qn | » (1.1)
h h h
L1=gqn/q1  1—gn/q2 1—an/as Xn ]
where x; = x; +h)_,_; lf’;{l q/qi —hY i 1314 q/bqb. The matrix ((1.1) happens to coincide with

the one in [Eti07, §2.8]. The presentation for the T-equivariant quantum cohomology of T*B
can be stated as follows,
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Theorem C (Theorem [5.1)). The torus-equivariant quantum cohomology of T*F, is gener-
ated by divisors x1,...,x, with relations Ei(x) — ex(t) for k = 1,...,n. Here Ei(x) are the
coefficients of the characteristic polynomial of the matriz ((1.1)).

We will give a combinatorial description of €x(x) in Theorem via matching over k-
subsets of {1,...,n}, which coincides with Feynman’s elementary computation [Pol19]. The
computations for other classical types are given in Theorem (type B and type C) and
Theorem (type D).

There is another application of our explicit description of QH;(T*B). As explained in
[BMOL11, §8], we can recover QH7(B) by taking the Toda limit. In the context of quantum
Schubert calculus and mirror symmetry, it is an important problem to provide a precise de-
scription of the ring presentation of the (T-equivariant) quantum cohomology of B or, more
generally, of a partial flag variety. This problem has been solved for partial flag varieties of
type A |[GK95l [AS95, [CF99] and for the complete flag variety B of general Lie type by Kim
[Kim99]. However, a precise description for partial flag varieties of non-A type in general is not
yet available. By taking the Toda limit, we are able to reobtain the presentation of QH7 (B)
for classical Lie types and discuss its connection with Kim’s description. For type A,_1, the
matrix (1.1) (after conjugation) converges, under the Toda limit, to the well-known tridiagonal
matrix in quantum Schubert calculus:

[z -1 0 --- 07

/¢ w2 -1 --- 0

0  qfgs x3 -+ 0], (1.2)
L O 0 0 - xnl

This recovers the presentation obtained by Givental and Kim |[GK95]. It would be interesting
to establish a direct (type-free) connection between both descriptions. Our approach to finding
the ring presentation of QH}(7B) may be generalized to the cotangent bundle of a partial flag
variety. Hence, it is potentially useful in solving the aforementioned problem for the partial
flag varieties.

The paper is organized as follows. In Section [2] we review the background of equivari-
ant quantum cohomology of the Springer resolution 7*B. In Section [3| we define quantum
Demazure—Lusztig operators and show that the operators act on the equivariant quantum
cohomology of T*B by ring automorphisms. In Section {4f we give the ring presentation of
QHF(T*B), as well as an explicit description of the classical trigonometric Calogero-Moser
system. In Section |5 we carry out computations of the ring presentation of QHy(1T™B) for all
classical Lie types. Finally, in Appendix [A] and Appendix [B] we discuss the ring presentation
of QH}.(B) obtained by taking the Toda limit and provide some details for the computations
of QH{(T*B) in type A,_1.
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2. PRELIMINARIES

In this section, we review some basic results about the quantum cohomology of T*B.

Notations. Let G be a complex, semi-simple, simply connected group with Lie algebra g, and
T C G be a maximal torus with Lie algebra t. Let R C t* be the root system of (g,t). Fix a
base II = {a;};_; C R of simple roots, and let {w;}]_; C t* denote the fundamental weights
where r is the rank of G. Let RV = {a" | @« € R} C t denote the set of coroots. Since G is
simply connected, we can canonically identify the (co)character lattice with the weight (resp.
coroot) lattice:

X*(T) = Hom(T,C*) = Spany{w;};_;, Hom(C*,T) = Spany R".

Unless otherwise stated, by a > 0 we will always mean an element « in the set R™ of
positive roots. The associated reflection s, : t* — t* is defined by s,(\) = A — (A, o), where
(,-) : t* x t = C is the natural pairing. We will also denote by s, the induced reflection on t.
The Weyl group W is generated by simple reflections s; = s,,, for i = 1,...,7r. It is equipped
with the Bruhat order >, and admits a standard length function ¢ : W — Z>¢. Let X*(T')+
denote the set of dominant weights in X*(7"). For any £\ € X*(T');+ we denote by W) the
subgroup of W that stabilizes A, which is generated by simple reflections s; with (X, o) = 0.
Each coset uWy in W/W) has a unique minimal length representative, denoted as u. Therefore
W/W, can be identified with the subset W* C W of minimal length representatives.

The degenerate affine Hecke algebra Hy, is a graded C[h]-algebra generated by {z)} e and
W such that

(1) Zeagp = cTn + Tp, 2Ty = Ty, VA, 1 € ¥, Ve € C;
(2) the elements w € W form the Weyl group inside 3.
(3) siTx — Tg;(n)5i = Aoy A), VA € t",Vi=1,...,r;
The grading on Hp, is defined by degz) = 2,degw = 0,degh = 2.

Let TV := C* ®z X*(T) be the complex dual torus, and T/, be the complement of all the
root hyperplanes {¢® = 1},ep+. Here ¢ is viewed as a function over 7V, and ¢®" = [;(¢™ )%
for o =37, a;e. In the present paper, we will mainly take coefficients in

o, ):C[qav,# o € R]. (2.1)

reg 1,qa"

For any weight A € X*(7T'), we will consider the linear function py in O(t) and the differential
operator Jy on (‘)(Tr\ég), defined respectively by

(@) = (A aY), g™ =\ aV)g™. (2.2)
We will also consider actions by the groups
G:=GxC*, T:=TxC" (2.3)

2.1. Equivariant cohomology of Springer resolution. The complete flag variety B of G
parameterizes Borel subalgebras b of g. Let N denote the cone of nilpotent elements in g, i.e.
those = € g with ad, € End(g) being nilpotent. The cotangent bundle T*B is isomorphic to
the subvariety

N={(A4,b)|AcN,Acb} CNxB

via the identification T;B = [b, b] = n. The natural projection N — N, or equivalently the
composition T*B = N — N, is a resolution of singularities, called the Springer resolution.

Let B denote the standard Borel subgroup of G, whose Lie algebra is spanned by t and those
root spaces parameterized by positive roots. With the identification B = G /B, the cotangent
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bundle T*B admits a natural G-action with G-action on B by left multiplication and C*-action
given by dilation. Precisely, for any (g, z) € G, the action is given by

(gvz) ’ (:L‘B,f) = (ng,Z_lg*f),

where ¢ is a cotangent vector at gB € G/B and ¢*¢ is pull back of it to cotangent vector at
gxB induced by the left translation of g.

Let Y denote T*B,B, or a point pt, and A < G be a complex reductive subgroup. Let
us describe the A-equivariant cohomology H%(Y) = H%(Y,C) of Y. Denote also by & the
standard generator of H¢. (pt). We have

Hr(pt) = Sym(t"), Hp(pt) = Sym(t)[h],
HE(pt) = Sym(t9)", Hg(pt) = Sym(t)"[A].
Note that T*3B is a vector bundle over B, thus
Hg(T*B) = Hg(B) = Hg(B)[h, (2.4)
and  Hp(T*B) = Hp(B) = Hp(B)[A)]. (2.5)

Every A € X*(T) defines a line bundle £ := G xp C) over B. The equivariant first Chern
classes of £) are denoted as:

DSP = (L) € HE(B), DI® =cl(Ly) € HA(B). (2.6)

Similarly, for A < G, we denote by Df’T*B the A-equivariant first Chern class of the line bundle

over T*B obtained via pullback of £). Whenever there is no confusion, we will simply denote
all classes as D).

Let St := T*B x T*B denote the Steinberg variety, which inherits a G action. Let HZ(St)
denote the G-equivariant Borel-Moore homology of the Steinberg variety, which has an asso-
ciative algebra structure via convolution, see [CGI10]. The equivariant cohomology H¢(T™B)
admits a canonical action by H® (St), and hence by the degenerate affine Hecke algebra Hj,, due
to an isomorphism Hj; ~ HE(St) of C[fi]-algebras proved by Lusztig [Lus88]. The isomorphism
can be explicitly described as follows.

(1) For any A € X*(T'), xx € Hy, is sent to the the diagonal push forward of D) from
T*B to St. In particular, for any v € Hg(T*B), the action of x) on ~ is given by the
equivariant product with D), i.e.

zA(y) = Dx- .

(2) Let P; := G/P;, where P; := B U Bs;B is the minimal parabolic subgroup containing
B. The fundamental class of the conormal bundle of B xp, B inside B x B is a well
defined element in H®(St), and it corresponds to s; — 1.

The degenerate affine Hecke algebra Hj, also acts on the T-equivariant cohomology H7(T*B) =
Hi(pt) QHz (pt) HE(T*B). The operators xy, w are all Hj(pt)-linear. Moreover, the operators
w € W C H;, are also referred to as the Demazure-Lusztig operators, see [Gin98].

Due to Borel, there is an isomorphism,

O(t) = HE(B) (2.7)
which sends py to Dy; moreover, the following holds.
Proposition 2.1 ([Borb3|, see also [AF24]). We have the following ring presentation
H3(B) = CIA, Dalxex(ny/(F(Dx) = F(A) | F(A) € Sym(t)"),
where f(D)) is obtained by substituting A by Dy.
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2.2. Calogero—Moser system. The Calogero-Moser system is a Hamiltonian system in the
study of one-dimensional many-body problems. The system was originally written down in
its rational version and was generalized to the trigonometric case and the elliptic case by
Sutherland and Krichever, respectively (see e.g. [Eti07, BHI8] and references therein).

For our purpose, we need the trigonometric Calogero—Moser system mostly and it is an inte-
grable system over O(Tr%g x t)[h] with Hamiltonian defined as follows. For any non-degenerate
W-invariant quadratic form C' € Sym?(t)"', we define the Hamiltonian to be

Cl) =Y oo sy € O x Ol (28)

a>0

where p) is defined (2.2]) and naturally viewed as a function in O(T},, x t). The trigonometric

reg

Calogero—Moser system can be described by a C[#]-linear embedding
ﬁE}lM,h : Sym(t)"W [a] < O(Tye, x )[Rl (2.9)

reg
whose image consists of Possion commuting functions characterized by

(1) for any f € Sym(t)", f(p) appears as the leading term of nCCIMﬁ(f);
(2) for any C € Sym?(t*)W, nSM’h(C) is the Hamiltonian defined in (2.8)).

The existence of such a map can be ensured by the construction of Dunkl operators. For any
X € X*(T), the classical trigonometric Dunkl operator is

OéV
s, e 0T

Duny :=px—hY_(\a’) x t)[1] x C[W]. (2.10)

a>0

reg

For any polynomial f(\) € Sym(t*), writing
f(Duny) = >~ D(w, f,h) - w € O(Tpay x 4[] x C[W],
weWw
where D(w, f,h) € O(T,., x t)[h], we define

reg
):=>_ D(w, f,h) € O(Ty, x t)[A].

Then U(leﬁ(f) = D(f,h) for f € Sym(t)W
Let D(T wg) denote the C-algebra of differential operators on 7T,7,. The quantum version of

reg
the trigonometric Calogero—Moser system can be similarly described by

nean  Sym(t9)V[h] < D(T, ) [A]

characterized by similar conditions and can be constructed similarly using (quantum) trigono-
metric Dunkl operators [Hec97, [EFMV11].
For our purpose, we need a gauge transformation. Let

o=@ . (2.11)

a>0

This defines an automorphism ¢ over D(T,4,)[A] given by ¥(z) = §"z6~". By direct computa-
tion, we have

ﬁ(qa") — qa" and  ¥(0y) = O\ + hz 1= qa\,
a>0
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This induces an automorphism 9 of the Poisson algebra O(Tp4g x t)[7] such that

v v <)‘7 a\/> qa"
9q™) = ¢* and 9pr) =pr+h) 1—qo
a>0
Let us denote
Newm,n = Y 0 NeM,hs ﬁcclMﬁ =90 n&lM’h. (2.12)

2.3. Quantum cohomology. We will study the A-equivariant quantum cohomology QH (X)
of a space X € {B,T*B}. Here A < G is a complex reductive subgroup. In particular for
X = T*B, we require that A contains {e} x C*, so that the A-fixed locus X4 is always
compact.

Note that G is simply connected. We have the identifications

SpanyR" = Hom(C*,T) ~ Hy(X,Z).

Every positive coroot o defines an SLa-subgroup Gov C G, and then defines a rational curve
GoB/B C B C T*B. Therefore the cone Eff(X) of effective classes in Ho(X,Z) is generated
by the positive coroots. For each effective curve class § € Eff (X) C Ho(X,Z), and vy1,...,v €
H(X), the k-point, genus 0, equivariant Gromov-Witten invariants are given by

X *
<71,---,7k>0,k,5=/ ev (- Ko),

[Mo,,(X,8)]ViF

where [Mo (X, 8)]""" is the virtual fundamental class of the moduli space of k-pointed stable
maps to X, see [CK99] and [BMOII, section 4]. For X = T*B which is noncompact, the
integral is defined via equivariant residue, see [Liul3]. The gquantum cohomology

QH(X) = (H4(X) ®c Cld°[ pepm(x): *)

is a deformation of the equivariant cohomology H*(X). The quantum product * is a C[¢”] BEEM(X)"
bilinear product over QH(X) such that for any v1,7v2,73 € H}(X), we have

(71 % 72,73) = Z a* (71,72, 73)0's.5-
BEER(X)U{0}

Here (-, -) is the Poincaré pairing, which can be evaluated using equivariant residue in the case
of T*B.

It is well-known that QH’(X) forms a graded commutative H (pt)-algebra with identity 1.
Here, the degree of ¢° is defined to be

degq” =2(-Kx,B),
where Kx is the canonical bundle of X. In particular, the degree of ¢®" is zero in QHY(T*B),
since Kp«g is trivial.
On the trivial vector bundle on H?(X) with fiber H%(X), there is a flat connection V, called
the Dubrovin connection and defined by
Va:i=0\— A+, V€ H*(X),

where 0, is as given in (2.2), by identifying H?(X) with t*. The equivariant cohomology
QH%(X) is then equipped with an H7%(pt)-D-module structure, known as the A-equivariant
quantum D-module of X. The main results of [BMOT1] are the following.

Proposition 2.2 ([BMOT11], Theorem 3.2]).
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(1) The quantum multiplication by D) is given by

\

x/\+hz<)\,av> ] q —(8a —1).
a>0 -4

(2) The quantum connection of T*B can be analytically extended to Tr\ég and is given by

v

[0}
V)\ = 8)\ — T\ — hz <)\,Oév> 137(]0!\,(3& — 1)

a>0

Moreover, the HG (pt)-structure is given by the quantum Calogero—Moser map ey -
(3) We have an O(T,%,)-algebra isomorphism

reg

O(Tl, x t)[h] = QHE(T*B) (2.13)

reg

sending px to Dy. Moreover, the HE(pt)-structure is given by the classical Calogero—
Moser map ﬁCClMyh.

Remark 2.3. Part of the above proposition admits an equivalent version as follows. By
introducing

oV

_ v q
A)\—D,\+ﬁz<)\,a >1_qav, (2.14)
a>0
we have an O(T, r\ég)-algebra isomorphism as (2.13)), which sends p) to Ay,. In this case, the

H¢ (pt)-structure is given by the classical Calogero—Moser map nCCIMﬁ (without gauge transfor-
mation). The relation is summarized in the following diagram

O(Treg x )]

—cl

H (pt) —> Sym(t)W [1] ool QH(T*B)

1
m Af

O(TY, x t*)[]

reg

Remark 2.4. Note that Proposition shows that QHg(T*B) is generated by divisors
D) (or equivalently classes Ay). The isomorphism of (2.13)) is obtained after refining the
equivariant quantum cohomology

QHE(T"B) = Hi(T"B) @c O(Treg) (2.15)

by replacing the formal power series C[¢”]s with the function ring (‘)(Trzg). In other words,
the quantum product can be analytically extended to the ring T,7,.

The same argument also applies to QH}(T*B). That is, QH7(T*B) is generated by divisors
D) (or equivalently Ay) and we can realize it over

QH}(T*B) = H{(T*B) @c O(Trtg)- (2.16)

These facts are crucial when defining Quantum Demazure—Lusztig operators.
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3. AUTOMORHISMS OF QHp(T*B)
Let us define the main objects of this paper.

Definition 3.1 (Quantum Demazure-Lusztig operators). For any u € W, we define the quan-
tum Demazure-Lusztig operator T, to be the operator on QHp(T*B) = HH(T*B) @ O(Tyl,)
given by

T, =u® u, (3.1)
where the first u on the right-hand-side is an element of Hj, i.e. a usual Demazure-Lusztig
operator, and the second u denotes the induced action on O( reg) from that on Trveg7 namely
u(g™) = ¢

This section is devoted to the following surprising theorem, which will play an important
role in finding a presentation of QHy(T*B) in Section
Theorem 3.2. For any v € W and 1,72 € QH}(T*B),
Tu(y1 *72) = Tu(m) * Tu(72). (3.2)
As a result, T, is a ring automorphism with respect to the quantum product.

Example 3.3. Consider the case G = SL(2,C). Let s := sq € W be the only simple reflec-
tion, w be the fundamental weight, and q := ¢ denote the unique primitive effective curve
class. Note that — Dy = D_o € HE(T*PY) is the pullback of the equivariant first Chern class

c1(0(1)) € H:(PY). By ProposztzonT- I
Do D_=DoD o+ hli(pw —D_ —h).
- q

We have
Ts(Dg) *Ts(D—_r) = (D— + h) % (Dg — h)
1
=D D_, + hi(Dw —D_, —h),
—q
-1
Ts(Dw*D—w) Do D—w+h1 q 1(D—w_Dw+h)
—q
=DoD_, + hli(—D_w + Do — h).
—q
Thus

To(De * D_g) = Ts(Da) # To(D—s).

3.1. Stable basis. The stable basis was introduced by Maulik and Okounkov in their seminal
work on quantum cohomology of Nakajima quiver varieties [MO19]. It plays a crucial role in
our proof of Theorem Let us briefly recall the definition of the stable basis for the Springer
resolution, see [MO19, Chapter 3] or [Sul7] for more details.

Recall that the torus T acts on T*B, and the fixed points are (wB,0) € T*B for w € W.
For any w € W and v € Hj(T*B), we denote by 7|, the restriction of v to the fixed point
(wB,0). The definition of stable envelopes depends on a choice of a Weyl chamber in t. For
our purpose, we need to choose the negative Weyl chamber, for which we use — in the subscript
to indicate. Let B~ denote the opposite Borel subgroup. The stable basis is characterized by
the following proposition.

Proposition 3.4 ([MO19, [Sul7]). There exists a unique family of classes
{ Stab_(w) € e H2dmB(*p ) |we W}

which satisfies the following properties:
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(1) Stab_(w) is supported on the union of conormal bundle of opposite Schubert varieties
B~uB/B for u > w, i.e., Stab_(w)l|, = 0 unless u > w;

(2) Stab_(w)|lw =[] (wa—=h) ][] wa;
a>0,wa>0 a>0,wa<0
(3) Stab_(w)|, is divisible by h, for any u > w.

Moreover, the stable basis forms a basis of H3.(T*B) after inverting the equivariant parameters.

Proposition 3.5 ([Sul6, Theorem 3.14]). For w € W and X\ € X*(T), the following holds in

QHL(T"B)
D) * Stab_(w) = w(A) Stab_(w) — h Z (X, a") Stab_(wsq)
a>0,wa>0
— hz (A aY (Stab (w) + Stab_(wsy)).
a>0

Remark 3.6. The above formula can also be deduced from Propositions as well as the
Chevalley formula [Sul6, Theorem 3.7] of the stable basis for cup product.

Recall the class Ay defined in (2.14]). Proposition can be rewritten as

Ay * Stab_(w) = w(A) Stab_ Z (A, av> — Stab_(wsa)
a>0,wa>0
w4~
—h Z (X a") ¢ Stab_ (wsq). (3.3)
a>0,wa<0

3.2. Proof of Theorem Let us first prove the following lemma.

Lemma 3.7. For any w,u € W and X\ € X*(T), we have

(1) Tu(Stab_(w)) = (—1)“™ Stab_ (wu~1);

(2) Tu(Ay) = Ay
Proof. Since Stab_(w) has no quantum component, we have T;,(Stab_(w)) = u(Stab_(w)).
We know from [Sul7, Lemma 3.2] that u (Stab_(w)) = (—1)“® Stab_(wu~?!). This proves the

first part .
For the second part , it suffices to show the case when w = s; is a simple reflection:

qSiOCV
Ty (D) = si(Dy) + 0y (AaY) T— g
a>0
aV q_a\i’
= Ds,>\+h<)‘ o, >+h Z <si)\,o¢v> =g +h<)\,oz2\-/> m

a>0,a#a;

= ASZA

Here in the second equality, we have used the facts s;(R" \ {a;}) = R\ {a;} and s;(D)) =
sitx - 1= (zsn + AN @) - 1= Dyn + (A, o). -

With this lemma, we can prove the following special case of Theorem

Proposition 3.8. For any w,u € W and XA € X*(T),
Tu(Ay * Stab_(w)) = T,,(Ay) * T, (Stab_ (w)). (3.4)
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Proof. The proof is given by direct computation using the definition of 7;,, Lemma [3.7 and
(3.3). On one hand, we have

(_1)E(U)Tu(AA) * Ty (Stab_(w)) = Ay * Stab_ (wu ™)

= w(\) Stab_(wu™1) — h Z (uX, a") 1 _1qa" Stab_ (wu's,)

a>0,wuta>0

v

-h ) <uA,QV>1_a > Stab_(wu's,).

a>0,wu~ta<0
On the other hand, we have

(—1)Z<U>Tu(AA % Stab_ (w))
w(\) Stab_ —h Y (N BY) 1= W Stab_ (wsgu 1)

£>0,wB>0

v

uf

—h Z </\7B\/>IE

B>0,wB<0

o Stab_ (wsgu™')

We finish the proof by matching the coefficients in the two expressions above.
Case A. The coefficients of Stab_(wu~!) are both w(}).
Case B. Let a > 0 such that u 'a = 3> 0. If wu"ta > 0, i.e. wB > 0, we have

<UA7av> 1 1qav Stab—(wuilsa) = <)\’ﬁv> 1—

5 Stab_ (wsgu™").
Similarly, if wu='a < 0, i.e. wB < 0, we have

< v ¢~ -1 _ v g
UM, o >1_ — Stab_(wu™"s4) = <)\,6 >1_

Case C. Let o > 0 such that v 'a = -8 > 0. If wu"'a > 0, i.e. wB < 0, we have

5 Stab_ (wsgu™t).

1 1
<u)\, av> ¢ Stab_ (wu'sy) = <)\, —6v> T Stab_(w35u_1)

uBY
_ vy _ 4 ~1
=(\,B8Y) P Stab_(wsgu™").

Similarly, if wu™ta < 0, i.e. wB > 0, we have

\

a —upBY
(uh ") T Stab(wu50) = (A —5) T Stab- (wspu )
= <)\,[3’V> g7 Stab_(wSBufl). O

We also need the following easy lemma.

Lemma 3.9. Let v1,72,73 € QHH(T*B).
(1) Assume Ty(y1 % v2) = Tu(71) * Tu(y2) and Ty(v1 *v3) = Tu(n) * Tu(ys). Then for any
fa, f5 € Hi(pt) ® O(Tys,),

Tu(yr = (foyz + f373)) = Tuln) * Tu(foyz + f373)-
(2) Assume Ty (vi *v) = Tu(vi) * Tu(y) fori=1,2 and any v € QHF(T*B). Then

Tu(mr 92 %77) = Tu(y1 *72) * Tu().
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Proof. The first one follows from the definition of T}, while the second one follows from the
associativity of the quantum product. O

Now we can prove Theorem [3.2]

Proof of Theorem[3.4. Recall that by Propositionthe stable basis forms a basis of Hy(7T*B)
after inverting the equivariant parameters. Thus by Proposition and Lemma ,
is true for v; = Ay with A € X*(T) and arbitrary v2 € QHr(T*B). Since QHr(T*B) is
generated by classes Ay, the theorem follows from Lemma . O

4. PRESENTATION OF QUANTUM COHOMOLOGY

The equivariant cohomology of T*B is generated by the divisors D,,. Thus there is a natural
surjective morphism 7 of algebras over O(T,4,)[M],

m + O(Treg) [t Dyl e (ry — QHT(T™B). (4.1)

reg

In this section, we will determine the kernel ker 7. More precisely, for any (anti-)dominant
weight A € X*(T')+ and positive integer k, we let

RE =tr (ONF) = > (u\)F (4.2)

ueW?
where O(\) = (@“’”(/\))u,veWA is a square matrix of order |W?*| = |W)| defined by
Ay, if u=mwv,
Ouv(A) = *lh_%ﬁ?, if us, = v for some a € Rt \ R;f, (4.3)
0, otherwise.

Here R = RTN(X siewy, L), and we recall that us, € W* denotes the minimal length
representative of the coset us,Wy € W/W). The root « in the second case is unique [FWO04].
The following theorem is the main result of this section.

Theorem 4.1. We have the following presentation:
QEF(T*B) 2 O(Ty) W[, Dylcx- (1 / (R | N € X(T)4, & > 0).
Example 4.2. Let G = SL(2,C), and use the same notation as in Example . Then

Doth i =h
@(w) — [ thlfq 1—q },

q
-1 D-w—-lig%;

1—q
and
1 2\ _ 2 n?
2 (0(@)°) = (D= + hly)” + i)
= Dy # Dgy + 2h7%. Dy — h21qfq.
Theorem gives

Do Dy +2h—L Dy — 121 — 2 (4.4)
l—gq I—gq
Thus QH3(T*B) is generated by D with relation .

On the other hand, T*B = T*P! is also a hypertoric variety. Following [MS13], we denote
by x and y the fundamental class of the cotangent fibers at 0 and oo, respectively. We denote
h = —h. Then

xr=—w—Dg and y=w— Dg.
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We thus get the following relation, compatible with [MS13, Theorem 1.1],
zxy=qlh—x)*(h—y).
Remark 4.3. Note that the G-equivariant (quantum) cohomology can be viewed as the invari-

ants ring under the left Weyl group action recalled at the beginning of Section below. By
Lemma [4.4] it is not hard to obtain that

QHE(T™B) = O(Tyeg) (W[ Dyl pex+ () = O(Treg x £°)[1].
This recovers the first part of Proposition by Braverman, Maulik, and Okounkov. Using

the second part of Proposition , our result provides an application to the Calogero—Moser
system, see Corollary

4.1. Construction of Relations. In this subsection, we will show that the equalities R% = 0
hold in QHF(T*B).

Recall that the left Weyl group action on Hp(7™3B) is induced by the left multiplication
action of G on T*B. By extending it linearly over O(Trveg), we get a left action of W on
QH}(T*B). For w € W, we use w’ to denote this action. By noting that w’ preserves line
bundles and using [MNS22 Equation (12)] E|, we have

Lemma 4.4. The following holds for any f € H3(pt), g € O(Trveg), w e X*T) and 1,72 €
QH}(T*B):

(1) wL(ngu) = w(f)gD,u;

(2) wh(m x72) = (Why) * (why2).

Thus every w” is a ring automorphism of QH}F(T*B). Moreover, the above action of W

commutes with the action by the degenerate affine Hecke algebra JHj,.
Lemma 4.5. Let u,v,w € W and o € RT \ R{". We have

— 7h</\»av> .
(1) O15:(3) = =122,
(2) Tu(el,w) = @ﬂ,zﬁu;

(3) UL o Tu((al,w) = @ﬂ,W-
Proof. Statement follows directly from the definition of ©(\). Next, we need to verify
Statement (2) in each case of the definition of O(\) (4.3)). In the first case, we have T,,(01,1) =
Tu(Ay) = Ay = ©,.z1 by Lemma ; the second case follows from the definition of Ty;

if the third case occurs for ©1,, (i.e. ©1, = 0) then so is O, . Lastly, since every entry in
O()) is fixed by the left Weyl group action v” by Lemma , Statement follows. [

Let

a= > (-1 Stab_(w), (4.5)
weWy
denote the averaging class. Define

() = (0" 0 Tulon)) yyers- (4.6)
Note that T}, (sy) is not ﬁxedﬂ by Wi.
Lemma 4.6. For any w € Wy and u,v € W, we have

(1) Tw(sy) =sx;

IThe formula in loc. cit. was stated for QH7(G/P), while the whole set-up works for all G-varieties.
2Using [MNS22, Theorem 4.3] and [AMSS23, Proposition 9.7], we can show that sF(c\) = fita oy for any

h—aoy
s; € Wi.
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(2) ENuw = v (L, (-1 Stab_(w)).

Proof. Both statements follow immediately from Lemma and the fact that f(wu™!) =
l(w) + £(u) mod 2 for any u,w € W. O

Define the diagonal matrix
E(X) = diag (uA) ,cypa- (4.7)
As an application of Theorem we have the following key proposition.
Proposition 4.7. For any A € X*(T')+, we have
O(A) *X(A) =X(N) xE(N), (4.8)

where the product of matrices is evaluated by the quantum product.
Proof. Let us first compare the (1, 1)-entry of both sides. By definition,
(©(A) * Z(M)11

= ) OW1w * Z(Nwa

weWA
=0MN11 2N+ Y. OWig * SV
a€RT\RY
= Z DA, « Stab_ (w) + ki Z A a?) Z (—=1)™) Stab_ (ws,)
1 _aaY (03
weWy aeRJr\Rj\' weW)y

=X =A2N\a

Here the third equality uses the equality Tg;(sn) = Ts,(sn) by Lemma as well as the
fact (—1)“») = —1. The fourth equality follows from (3-3), and the facts that (i) w(X) = A
for any w € Wy, (ii) (A\,a") = 0 for every a € R, and (iii) wa > 0 for every w € W) and
a € RT\ RY.

For general u,v € W*, by applying v o T}, to the above equalities, we get

v(A) - Z(Nuw = vF 0 Ty(A - Z(N)11) = vF o T, ( D O x X( A)w,1>
weEWX
= Y OWuaw * ENaw,
weWA

= Y Ouw(N) * Z(Nuwy

weW
= (O(A) * Z(A))uw
Here the second equality follows from Lemmas [£.4] and Theorem This finishes the
proof of the proposition. O

Example 4.8. Let G = SL(2,C), and use the same notation as in Example . Then Propo-
sition [{.7] gives

[ Ao } § |:Stab_(id) sk Stab_(id):| _ [Stab_(id) sL Stab_(id):| i} [w ]

AT Ale —Stab_(s) —sL Stab_(s) — Stab_(s) —s Stab_(s)

The next lemma works for any commutative algebra over an arbitrary field F.
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Lemma 4.9. Let ©,% be square matrices of order m with entries in an F-algebra A, and
E =diag(ai,...,ay) with ay,...,ay, distinct elements in F. Assume

0-X=% =2
If there is at least one unit in each column of ¥, then det(X) is a unit in A.

Proof. Assume det(X) is not a unit in A. Then there is a maximal ideal m containing det(X),
so that A := A/m is a field and det(X) = 0 € A. Note that the columns of ¥ are all nonzero
vectors by our assumption, and hence are eigenvectors of © of distinct eigenvalues by the
hypothesis. Therefore they form a basis of A"". In other words, det(X) = det(Z) is invertible,
resulting in a contradiction. O

Let us denote F = FracH#(pt) (A1), and consider the F-algebra
A = QHp(T"B) ®pz(pt) F- (4.9)
Proposition 4.10. For any A € X*(T')+, the determinant det () is a unit in A.
Proof. For any v € W*, by [AMSS23, Proposition 9.7 and Lemma 7.3], we have
S(M\)1e = (=13 PRAmE 4 (terms of lower degrees in 7)),

Hence, it is a unit in A. Thus every column of ¥()\) contains a unit in A (at the first row).
Moreover, the diagonal terms of Z()) are distinct elements in F. By Lemma [4.9] det £()\) is a
unit in A. 0

Proposition 4.11. For any A € X*(T)+ and k € Zo, in QH3(T*B), we have
tr(ONF) = > (uM)*. (4.10)

u€WA

Proof. By Proposition det 3(\) is a unit in A, so that 3(\) is invertible. Therefore by
Proposition 4.7 we have the following relation in A:

tr (O(N)F) =tr (BN« OV« Z(N)) = tr (EWN)F) = Zuew (uN)k.

Notice that there is a natural embedding QHy(T*B) — QHL(T*B) @p,(pt) F = A, and both
sides of the equality (4.10|) take values in QH}(T*B), the statement follows. O

4.2. Proof of Theorem By Proposition all 93’; are in the kernel of m. Once we
prove that they generate the entire kernel, this will finish our proof. The following Deformation
Principle is a key ingredient in our argument, the proof of which is similar to that of a lemma
by Siebert and Tian [ST97].

Proposition 4.12 (Deformation Principle). Let {R;}icr be a family of elements in kerm.
Assume for alli € I

Ri = fi(Dy) — fi(p) mod A,
where { fi}ier generates Sym(t*)W. Then ker w is generated by {R;}icr.

Proof. We have the following diagram
O(Toeg) ][, Dyly ——= QH(T*B)

reg

| |

O(Ty) 1 Dyl —— QHA(T"B),

reg
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where the vertical maps are modulo A. Since T*3B is a homomorphic symplectic variety, the
quantum product and the equivariant product coincide modulo & [BMO11]. Hence, by Propo-

sition and isomorphism (2.5)), we see that
ker o = (f(Dy) = f(u) | f(u) € Sym(t)").

Let J be the ideal generated by {R;};c;. Assume J # ker 7. Let  be an element of minimal
h-degree such that v € ker 7\ J. By the commutativity of the above diagram,

o(ymod h) = 7(y) mod h = 0.
Note that J/ (h) = ker ¢ by our assumption. We can write

v =1+ hy

for 4 € J and some vo ¢ J of h-degree less than . Since J C kerm, we have hmr(y2) = 0,
which implies 7(72) = 0. Hence, v2 € ker7 \ J, and the hi-degree of 75 is less than that of ~,
which contradicts the choice of ~. 0

Proof of Theorem[{.1. First of all, we have R € kerm by Proposition Modulo h, the
matrix ©(\) becomes a diagonal matrix with entries D,y for u € W*. Hence,

Ry = > (D)= D> (wAN)f modh.

ucWa ueWw

By [Hum78, Section 23.1], the set of polynomials Y, cyy» (u)” for all dominant weights A and
k > 1 spans the space Sym(t*)"V. Therefore the family of all fRﬁ satisfies the condition of the
Deformation Principle We can conclude that all SR§ generate the kernel of 7. i

4.3. Explicit formulae for the classical Calogero—Moser map. In this subsection, we
will give an explicit formula for the classical trigonometric Calogero—-Moser map . Recall
that ¢ is naturally a function over TrYEg for any coroot o and py defined in is the linear
function over t. Both of them can be viewed as functions over Trzg x t naturally.

Let Y (\) be the matrix obtained from ©(A) by replacing A,y by pyy in (4.3). By Proposition
, we get immediately

Corollary 4.13. We have

nalM,n( 3 <uA>k) — tr(Y (V) € O(Ty x O][A].

u€WwA

Remark 4.14. P. Etingof shared with us in private communication that our matrix Y (\) can
be viewed as the matrix of the Dunkl operator under the basis W of O(T,%, x t)[i] x C[W],
provided that A is strictly dominant (i.e., W) is trivial). In the rational case (analogous to our
case), this method yields the known explicit formula for the rational Calogero-Moser map in
both classical and quantum cases, obtained based on Lax pairs [SS93]. In the trigonometric

case (our case), Corollary can be translated to the following trace-free formula:

tr (Z Dun® , — Z w Dunf w_1> =0. (4.11)

weW weW

Recall that Dun) is the classical trigonometric Dunkl operator defined in (2.10)). It is worth
noting that the trigonometric Dunkl operators and Weyl group elements generate the degener-
ate Hecke algebra Hp, and thus, unlike the rational case, the two sums in (4.11)) are not equal.
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To relate our result to the above formula, we need to note that
tr(Y/(\)¥) = tr(Dunf) = (Z w Dunf w™ > .

On the other hand, by extending [EFMVll, Lemma 2.2] to the trigonometric case, we can
conclude that 3, ;- Dunf | is the scalar matrix of 778M,h (X pew (wA)F). Hence,

st (3 ) = g 3 ponk )
weW weW

Corollary is thus equivalent to (4.11). It is interesting to ask for a direct proof of .
Additionally, it should be noted that the trace-free formula is not valid for the quantum
case.

In practical computation, rather than substituting square matrices of size |W| into a sym-
metric polynomial, our matrix is small and involves only matrix powers. This reduces the
computational complexity significantly.

Example 4.15 (Hamiltonian). Let A € X*(T')4 be strictly dominant such that Wy is trivial.
By direct computations, we have

9 1
tl‘ pr)\‘f'h ZZ )\O[ _ wav)(l_q—wav)

weW weW a>0
2 2 V2 1
— p’LU)\ — h < <'LU)\, o > ) N Y .

Let C € Sym?(¢*) be a non-degenerate quadratic form, which is unique up to a scalar. Thus,

0% Y (wA)? =cy-C € Sym?(t),
weW
for some constant cy. Then we can rewrite the above by

C) - (C h2z av/z(a aav)/g) )

>0

Corollary shows

\Y \Y

cl 772 Cla,a’)
C)=Cp ,
77CM,h( ) az>0 a"/2 a"/2)2

which is the Hamiltonian of the classical Calogero—Moser system .

Remark 4.16. In the theory of integrable systems, the Calogero—-Moser system is traditionally
studied via Lax matrices. In our case, a Lax matrix L is a matrix over O(T,5, X t)[h] such that
the Hamiltonian equation leads to

L =[L,M]
for some matrix M. This provides a number of conserved quantities tr(L*) for k& > 0. Here
we compare our matrix Y (\) with several constructions of Lax matrices of the trigonometric
Calogero—Moser system in the literature.

(1) When G is simply-laced, our matrix Y () recovers the “root” Lax matrix given by
Bordner, Corrigan, and Sasaki [BCS9§|, where 6 denotes the highest root. Note that
in this case, W@ coincides with the entire root system R, which is the index set of the
matrix therein.
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(2) When G is of classical type, Olshanetsky and Perelomov [OP81l Proposition 12.1] pro-
vided a construction of Lax matrices by using matrices of order 2n + 1 (see also [DP98],
Theorem 3]). While the matrices we get are of order 2n, with respect to the fundamental
weight eq, see Section

5. COMPUTATION FOR CLASSICAL TYPES
In this section, we compute QH+(T*B) for groups G of classical types.

5.1. Type A,_i1. Recall that G = SL(n,C) in type A,—1. While for the convenience of our
computation, we prefer to use GL-notations. Let 7' be the subgroup of diagonal matrices of
G = GL(n,C) and t be its Lie algebra. We denote G =G xC* and T = T x C*. By carefully
examining the proof, all the argument in this paper works for GL with minor modification
after replacing t by t in all the arguments.

Let us denote e; € X*(T) the projection of the i-th diagonal entry. Thus
XNT)=Ze & - & Ze,.
Denote by {e}} the dual basis of {e;}. The simple coroots are given by

V=e/ (i=1,...,n—1).

_ vV
Q; =€ —e€

We denote g; = ¢%. Note that ¢;/q; = ¢ "% € Eff(B) for i < j. Following the notation from
classical Schubert calculus (e.g. [AF24]), we denote

€T, = D_ei, ti = —e€;.
We denote also
Xi=0_e, =zi+h 13“/(1;.—71 131/?; .
a<i qa/4i b qi/qb
By direct computation with respect to the ordered set W~ = {id, s1,..., 8,1+ 51}, we have
- n n BT
X1 1-a1/q2  1-a1/q3 1-q1/qn
_h _h __h
T—q2/q1 X2 1—q2/q3 T=q2/qn
n n n
M(x) :=0(—e1) = | T=@s/a1  T-as/a2 X3 1—q3/qn (5.1)
h h h
L1-gn/q1  1-=gn/q2 1—gn/q3 Xn |

From the proof of Proposition [4.11 we have the following identity over A
Y(—ey) Lx M(x) * 2(—e1) = E(—ey) = diag(ty, ..., tn).

Let y be an indeterminate. We thus have

n

det (yln + M(X)> =[[w+t).

i=1

Expand the characteristic polynomial
det (yln + M(X)> ="+ 00V Eami ()Y + Ea(0).

Thus the following relation holds in QHZ(T*B),
Ex(x) = ex(t)
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where ey is the k-th elementary symmetric polynomial. Since the algebra of W-invariant
polynomials is generated by the k-th elementary symmetric polynomials, by Proposition [£.12]
we can conclude the following presentation of quantum cohomology.

Theorem 5.1. For type A,_1, we have
O(Tr\ég)[h,xl, cey Tty ]
(Ek(x) —ex(t),k=1,...,n)
Consequently, since T is cut from T by the relation e; + - -- + e, =0, we can conclude that
QHT(T"B) = QHL(T"B)/ (e1(t)) -

Next, we will give a combinatorial formula for €x(y). Let K be a subset of {1,...,n} of
order k. A matching of K is a map 7 : K — K with 72 = id, i.e. an involution over K. A
matching 7 is called perfect, if the involution 7 has no fixed points. Let us denote

2.
J(m) = HX@ and V(m) = H M

n(i)=i n(i)=j>i U

QHL(T*B) = (5.2)

Note that %, = (1f;f%j)2 € O(Treg)-

Theorem 5.2. For any 1 <k <n,

&(x) =) Y JmV(m), (5:3)
K

where the sum over all k-subsets K of {1,...,n}, and matchings = of K.

The proof of the above theorem involves some interesting equalities from the viewpoint of
combinatorics. We leave the details in Appendix

Example 5.3. Forn = 3,

E1lx)=x1+x2+ x3

n2q1q2 n2q1q3 h2q2q3
E2(x) = x1X2 + X1X3 + X2X3 +
(1 —a)? (—a)* (©2-a9)
€3(X) = x1x2x3 + X3M 2M 1m
(@1 — ¢2)? (a1 — g3)? (22 — g3)?
We can illustrate each term above by drawing the matching as follows
biiool3iou3g
X1 X2 X3
88 8°8 88 Fraie s K
1492 1493 243
XLX2 XLXS X2X8 @-w?  a-a?  (e-e)?
1 2 3 12 3 12 3 123
388 8 N g **
"2q1q2 "2q193 "2g2q3
XIX2X3 X3 Tq1—qs)? X2Tg1—gs)? X1 o —a)?
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5.2. Type B, and type C,,. The weight lattice is naturally recognized as
Zey ® - @ Ley

with the set of simple coroots

VoV oV L VooV
a/ =e/ —ef; (i=1,...,n—1) a, = pe,

where p = 2 for type B, and p = 1 for type C,,. We denote
eV

g = q°, x; =D_g,, Xi = A, t; = —e;.

With respect to the ordered set

W—et = id,sl,...,sn'-‘sl,sn_lsnu-sl,...,sl---sn_lsnmsl},
we have
I h h__ .. _pho ]
X1 1—q1/qn 1—qiqn 1—¢
h__ oy ph .. _h
1*(111/(]1 n 1*q£ 1—qiqn
M(x) :=06(—e1) = - o - (5.4)
pR_ ... h h ... _
| 147 1—q; "an’ | T=an/@ X1
Here in the upper right (resp. lower left) block, the (i,j)-entry is given by #ﬂ, (resp.
idn+1—j

ﬁ) when ¢ 4+ j # n + 1 and 1325) (resp. l—qu}p) otherwise. Similar to the case of type

A, we have

n

det <y12n + M(x)> =TI -

i=1

Expand the characteristic polynomial

det <y12n + M(X)) ="+ E100Y" T o Ean 1 ()Y + Ean(X)-

Thus for each k € {1,...,n}, Ea,—1(x) = 0, and the following relation holds in QH}(T*B),

Ear(x) = (—1)%ex(t?).

Since the algebra of W-invariant polynomial is generated by k-th elementary symmetric polyno-
mials in squares. By Deformation Principle in Proposition we can conclude the following
presentation of quantum cohomology.

Theorem 5.4. For G of type By, or C,, we have
O(TV )[h,xl, e ,CEn,tl, e ,tn]

QUIT™®) = T ) — (Fen®) = T,oom)’ (5:5)
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5.3. Type D,. The weight lattice is naturally recognized as
1
{)\161 4o+ Apen | A € 52,)\,’ —Aj € Z.}

with the set of simple coroots

o =e/—e/y (i=1,...,n—1) «al=el +e..
We denote
Qi = qe\{7 :U’L' = D—ei, XZ = A—e” tl = _ei‘
With respect to the ordered set
W= =1{id, s1,. .., S3-18n-2"""51, SnSn-2°""81, Sn***81, Sp-28n"**S1, . - .,31---sn_23n---51},
we have
_ N h -
X1 o ]-_QI/Q’VL 1—qi1qn o 0
h h
g/~~~ Xn 0 - =ga
M(x) = 6(—e)) = |— : ; (5.6)
=gy g, b “Xn U T=g1/gn
h h
| Y e e T
Here in the upper right (resp. lower left) block, the (i,j)-entry is given by #W (resp.
- q_lh q_l) when i + j # n + 1 and 0 otherwise. Similar to the case of type A, we have
“In41-i95
n
det <y12n + M(x)> = 1w ).
i=1

Expand the characteristic polynomial

det (ylzn +M <x>> =y + &0+ + a1 ()Y + Ean(X)-

Thus for each k € {1,...,n}, Ea,-1(x) = 0 and the following relation holds in QH}(T*B),
Ear(x) = (=1)Fex(t?).

For type D,,, the polynomial e,(t) is also W-invariant. In particular,

(=1)"E2n(x) = (=1)" det M(x) = en(t?) = en(t)*.

Consider
B h(1-g1)(A+g2) . h(1-q)(I+gqn) 17
X1 (1—q1/92)(1—q1q2) (1=g1/gn)(1—q14n)
h(1—g2)(1+q1) Y2 o h(d=g2)(1+qn)
Alx) = (1-g2/91)(1-q192) (1—112/(1n.)(1—q2qn) ' (5.7)
Mi-g)(1ta)  h(1-gn)(te)
L T=an/a1)(1—q10n) (1—qn/a2)(1—q2qn) Xn i

Lemma 5.5. We have
det M (x) = det A(x) - det A(—x).
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Proof. Denote

_ _1- ) B )
1 —q 1 q; !
1 |—q," 1 1
L = n 5 R = qn
_ql . . _1 qn _1
i —qn| —1 i L -1 _
By direct computation, we have
1 Ax)
—LM(x)R =
Z M) [ A(=x)*
Note that
- —11
—q
1 -1
“RL= I
2 dn
Ld1 i
whose determinant is 1. As a result, we get the assertion. O

Consider the expansion of
det A(X) = Z (_l)f(o)mo_, Mo = A(X)la(l) U A(X)na(n)
€6,
Lemma 5.6. We have

det A(y) = Y _(-1)"Im

o

with o going through permutations whose nontrivial cycles all have even lengths.

Proof. If o is a permutation having a non-trivial odd cycle, we define ¢’ by inverting the
unique odd cycle of o which contains the smallest index. Since the correspondence o + ¢’ is
an involution, it suffices to show

Mo + my = 0.
We can assume without loss of generality that the odd cycle is (1--- k) for odd k. Note that

A(X)12A(X)23 - AX)k1 = H (1 ?(;/_qi)l()tl—i_—qg;)ﬂ)

_ H —4;)4i

(g1 — ai (1 — qiqiy1)
= (—1) AX)1AX)21 - Ak k-1

where the indices are understood as elements of Z/kZ. So we can deduce m, +my, =0. O

In particular, we have
det A(x) = det (—A(—X)) = (—1)"det A(—x).
Combining Lemma we have
(det A(x))? = (—=1)"det (M(x)) = en(t)?.
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Note that e,(t) € HA(pt) and we can view det A(x) an element of QHE(T*B), see Remark
Since QHE(T*B) is a domain by Proposition (@), we have det A(x) = %en(t). As
det A(x) = en(x) mod h, the only possibility is det A(x) = ep(t).

Theorem 5.7. For G of type D,,, we have
O(TY )Ry z1, e Xy b1, e )
Hi(T*B) = e : 5.8
) = 0 — (V@) k= L on—1 %
det A(x) — en(t)

APPENDIX A. TODA LIMIT

The equivariant quantum cohomology of B can be obtained from that of T*B, by taking a
Toda limit as follows.

Definition A.1. The Toda limit of a class v € QHE(T*B) is defined to be
lim'dy = lim ~v(h,h™*q) € QH(B),
h—r00

where ~y(h, h~2q) denotes the class obtained from v by the substitution
¢ h*<2pﬂ>q5.

When v € QHF(T*B), v € QH7(B) is also called the Toda limit.
Proposition A.2 ([BMOI11l Proposition 8.1]). For any classes v1,7v2 € QHE(T*B) whose
Toda limits both converge, we have

(limtd Y1) * (limtd Y2) = lim' (1 * v2)
These also hold if we replace G by T.
Remark A.3. Proposition 8.1 of [BMO11] only stated for the case when v, is a divisor. Never-

theless, its proof therein works in general. This also follows from the fact that QHZ(T*B) is
generated by divisors.

By taking the Toda limit, we can obtain a ring presentation of the equivariant cohomology
QH}(B) from QH(T*B). Below we discuss such presentation for B of classical type, and
compare them with the nice description by using integrals of motions of the Toda lattice for
the Langlands-dual Lie group by Kim [Kim99].

Type A,_1. Note p=(n—1)e; + (n —2)eas + - -- + e,_1. We conjugate (5.1)) by
diag (1, —h,...,(—R)"1).

Note that
e ) s A A
lim'¢ 1—qi/q;  hoee1— R2G-Dg/q; -1, j=i+1,
! 0 otherwise.
After taking the Toda limit, we obtain the following matrix
[ 21 -1 0 -+ 07
/¢ x» -1 --- 0
0  qfgs x3 -+ 0], (A1)
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By Proposition this covers the representation of QH7.(B) of type A, 1 in [Kim99].
Type B,. Note p = (n— 1)e; + (n — 3)es + - - + 3e,. We conjugate (5.4) by

diag (A" TY2 L RV Y2 ),

By taking the Toda limit entry-wise, we obtain the following matrix

_ 1 1 -
—Q1/Q2 x2
. . 1
_Qn—l/Qn T 2 Ao
—2¢2| -z, 1 (A4.2)
_Qn/anl
—X9 1
B —CI1/Q2 —x1 |

We need the following lemma.

Lemma A.4 ([Mui60]). The determinant of a tridiagonal matriz is given by
_ZL‘1 al 0 tee 07

b1 Tro9 a - 0

det (? 5'2 f3 ? —;( II = 11 (—aibi))

i=o(i) o(i)=i+1

L0 0 0 - =z,
where o goes over involutions over {1,...,n} such that |o(i) —i| <1 for any 1 <i < n.

As a corollary, replacing (a;, b;) by (—a;, —b;) for any 1 < i < n does not affect the char-
acteristic polynomial of a tridiagonal matrix. Using this Lemma [A4] by suitable re-assigning

sign for (A.2) and rearranging columns and rows if necessary, we recover the matrix in sp,,
obtained in [Kim99].

Type C,,. Note p =ne;+ (n—1)es+- - -+e,. We can conjugate via the same diagonal matrix
diag (A" T2 L RV Y2 ),

Since the p is different from type B, we obtain the following matrix

- X 1 -
_Q1/QQ T2
e . 1
_Qn—l/Qn Tn 1
M = (A.3)
—Qn —In 1
—Qgn—1 _Qn/anl ’
—x9 1
L @1 —q1/q2 —21]
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Lemma A.5. The polynomial y det(yla, + M) is the characteristic polynomial of the following

matrix

r1 —1
q1/q2 T2
- . —1
Gn—1/Gn Tn|—1/2
gn| O 1/2
—dn —In
—Gn/qn-1 "

—I2 1
—Q1/QQ —21 |

(A.4)

Proof. We just give a sketch here. By expanding the determinant, the characteristic polynomial
det(yla, + M) equals

Y+ 1

[er:Jcl —q1/q2 yt+z2

q1 + go det + g3 det yers 1 |t

—q1/q2 y—71

y—:c1]
Let us write yq; as

%(qi/qm) o (@n-1/qn)an(y + x:) + %(Qi/%’+1) o (Gn-1/an)an(y — ;).

By Lemma and tedious computation, we can conclude that y det(yla, + M) coincides with
the characteristic polynomial of the matrix (A.4]). O

By suitable re-assigning sign for (A.4]) and rearranging columns and rows if necessary, we
recover the matrix in 09,1 obtained in [Kim99].

Type D,,. Note p=(n—1)e; +(n—2)es +---+e,_1. We can conjugate the diagonal matrix
diag (A", ..., —h~ 1, 1, 1,A,..., A" 1).

We obtain the following matrix

- 1 -

—q1/q2 x2

. . 1 1
_Qn—l/Qn Tn 1

(A5)
—Gn—14n

—Gn—19n|—Gn/qn-1 "

—I2 1
L —CI1/Q2 —21]
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By expanding determinant directly, it is not hard to show that it has the same characteristic
polynomial as that of

rox -1 .
q1/q2 x2
RIS ~1 ~1

Qn—l/Qn Tn 1

dn—149n —Tn 1
~qn—1Gn|=n/qn-1

—I2 1
L —q1/q2 —x1
which is the matrix for s09, in [Kim99].

APPENDIX B. PROOF OF THEOREM
For type A,_1, the Weyl group W is given by the symmetric group &,,.
Lemma B.1. Forn > 2, we have

_ -1 -9
3 . 1 1 :{gl_m)w" ’ (B.1)

sea, o) Tlo@)  tom-1)"ta(m) to(m) ~to(1) n> 2.
o(l)=1

Proof. This assertion is obvious for n = 2. Now we assume n > 2. It suffices to show
1 1 1

ta(l) - to(?) to(n—l) - to(n) ta(n) - tU(l)

=0 (B.2)
0'6671

for n > 2. In fact, each term of the sum (B.2) is invariant under the action of the cycle
(12---n), so it implies (B.1)). Following the idea of [EN16], we consider the following class in

Hi(B),
Y= H (xl - :Ej)v
1<J
j—i#ln—1
where we recall z; = D_e, and t; = —e;. By Atyiah-Bott localization theorem [AB84], we have

’7|0 *
v = € Hr(pt)
/93 UEEG:W ;o) —to)) ~

which is exactly the left-hand side of (B.2). But degcvy = @ —n < dimB, thus [,y =
0. O

Lemma B.2. We have

1 1 1 7
0 t1—to t1—13 e t1—tn
1 1 1
ta—t1 0 fa—ts 1 la—tn
1 1 1 Z 1
det t37t1 tgftg 0 tgftn = (t . t )2 (B3)
: : . T w(i)=j>1i ! J
1 1 1 . 0
Ltn—t1 tn—t2 tn—13 _

where the sum is over all perfect matchings © of {1,...,n}.
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Proof. Let us consider the expansion of the above determinant

> (=) m,.

ceG,
Firstly since the diagonal entries vanish, we have m, = 0 if ¢ has a fixed point. Notice that
the right-hand side of equals the sum over permutations o such that o2 = id.

For any permutation ¢ such that o2 # id, the cycle decomposition of o must have a cycle of
length > 2. Let 7, be the cycle of o of length > 2 containing the smallest index, and denote
by A, the set of indices of n,. Let [0] be the set of permutations ¢’ such that A, = A, and
o(i) = o'(i) for all i ¢ A,. In other words, o’ € [0] is obtained by a permutation of indices of

ne of o. By Lemma above,
5 oo
o'€lo

]

Note that all permutations ¢’ € [o] have the same sign. The proof is complete. O
Lemma B.3. Theorem[5.9 is true for k =n, i.e.
- h h -
X1 T—qi/¢z " T=aqi/an
S
- T—q2/an
det | T =@V (),
: : - : -
h h
L1—gn/a1  T—an/ez Xn

with the sum over all matchings m over {1,... ,n}.

Proof. By the expansion in polynomials in x;’s, the determinant is equal to

T ) _h ... __h
1—qb, /b, 1—qv, /v,
_h_ 0 ce. b
1—qb, /a0, 1—qby /b,
ZX‘“ " Xas det . .
A
h h . 0
| 1=,/ 1=,/ i
where the sum goes over all subsets A = {ai,...,as} of {1,...,n} with complement {b; <
.-+ < bt}. Note that by Lemma
T o _h kT
1—qb, /b, 1—qv, /v,
o O T
1—aqvy/ap 1—qv, /b
det 2 1 2 t
h h . 0
| 1—av, /a6, 1—av, /v, |
- 1 1 -
0 Ty—b; Qv
1 0 e 1
by — by b, — by
= ht(]bl /A det . . . . = ZV(T"),
: : . : -
1 1
Lavy —ab, vy —av, 0]

where the sum is over perfect matchings m over {b; < ... < b;}. We can extend 7 to a (not
necessarily perfect) matching over {1,...,n} by setting 7(a;) = a; for i = 1,...,s. Thus the
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determinant equals

> J(m)V(w)

with sum over all matchings of 7 over {1,...,n}. O

Proof of Theorem[5.2. Similarly to the proof of Lemma the coefficient of y”~* in det (y1n+

M(x)) is

X __h __h
‘@ 17(1c1 /qc2 1*‘1c1 /(Ick
h % h
1_‘162 /qcl €2 1_QC2 /QCk
g det
K
h h %
_17‘10k/qcl 1*Qck/qc2 Ck |

where the sum goes over all subsets K = {c; < --- < ¢} C {1,...,n} of order k. By Lemma

it is equal to

> JmVi(n)
K

with K a k-subset of {1,...,n} and 7 going through the matchings of K. This finishes the

g
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