ON THE QUANTUM COHOMOLOGY OF BLOW-UPS OF
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ABSTRACT. We propose a conjecture relevant to Galkin’s lower bound conjecture, and
verify it for the blow-ups of a four-dimensional quadric at a point or along a projective
plane. We also show that Conjecture O holds in these two cases.

1. INTRODUCTION

The (small) quantum cohomology QH*(X) = (H*(X)®qQ|q], ) of a Fano manifold
X is a deformation of the classical cohomology ring H*(X) = H*(X,Q), by incorpo-
rating three-pointed genus zero Gromov-Witten invariants. The quantum multiplication
by the first Chern class of X induces a linear operator ¢; on the finite-dimensional vector
space QH®*(X) := QH(X)|q=1. Attention has been drawn to the spectral properties of
¢ in the past five years, mainly due to the following two conjectures. One is the remark-
able Conjecture O proposed by Galkin, Golyshev and Iritani [GGI], which concerns with
eigenvalues of ¢; of modulus equal to the spectral radius p(¢;) and underlies their Gamma
conjecture 1. The other one is an interesting conjecture proposed by Galkin [Gal]:

Galkin’s lower bound conjecture . p(¢1) > dim X + 1, with equality if and only if X is
isomorphic a projective space P".

Here and throughout this paper, we always consider the complex dimension. Conjecture
O has been verified in various cases (see [HKLY] and references therein). Galkin’s lower
bound conjecture was verified for few cases, including complex Grassmannians [ESSSW],
Lagrangian and orthogonal Grassmannians [ChHa], and Fano complete intersections in
projective spaces [Ke].

Due to the lack of functorial properties of the quantum cohomology, individual studies
of relevant information on QQH*(X) have to be taken in general. Nevertheless, when
m : X — Y is a blow-up of Fano manifolds, the changing behavior of Gromov-Witten
invariants under blowing up may be analyzed via the absolute-relative correspondence (see
e.g. [MaPa, HLR]). In some circumstances, the Gromov-Witten invariants for X can be
read off from that for Y by explicit blow-up formulae [Gath, Hul, Hu2, Lai]. Here we
propose the following conjecture.

Conjecture 1.1. Let Y be a Fano manifold, and Z be an irreducible smooth Fano sub-
variety of Y with codimZ > 2. If the blow-up X = BlzY of Y along Z is Fano, then

p(er(X)) > p(er(Y)).

We start with codimZ > 2, since the blow-up of Y along a smooth irreducible divisor is
isomorphic to Y itself. We even wish to remove the assumption of the smoothness of Z.
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When Y = P", the Fano submanifold Z can be taken as P” forany 0 < r < n — 2.
The blow-up Blp-P™ is a toric Fano manifold, and the above conjecture is equivalen-
t to Galkin’s lower bound conjecture in this case. By using mirror symmetry [Galr] and
analysing the mirror superpotential, Conjecture O was verified for Blp-P™ in [Yang]. Nu-
merical computations of the critical values of the same superpotential, which coincide with
the eigenvalues of ¢;, provide a class of evidences for the above conjecture. When Y is a
del Pezzo surface given by the blow-up of P? at r points in general position with 0 < r < 7,
we can consider a point Z in Y. The blow-up BlzY is again a del Pezzo surface, and Con-
jecture 1.1 can be directly verified by numerically solving the characteristic polynomial
in [BaMa]. This provides another main class of evidences, which support us to formulate
Conjecture 1.1. Our conjecture gives a refined lower bound p(¢é4(Y)) of p(¢é1(BlzY)) for
blow-ups BlzY than Galkin’s lower bound dim BlzY + 1 =dimY + 1.

Let Q* denote a four-dimensional smooth quadric in P°. To further support our conjec-
ture, we obtain the following main result of the present paper.

Theorem 1.2. Conjecture O, Conjecture 1.1 and Galkin’s lower bound conjecture all hold
for the blow-ups Blpo Q* and Blp=Q*.

The quadric Q* can be interpreted as the complex Grassmannian G7(2,4) via the Pliicker
embedding. The blow-ups in the above theorem, together with the blow-ups Blp-P"”,
can be uniformly treated as Fano manifolds that arise from the blow-up of a complex
Grassmannian Gr(k,n) along a complex sub-Grassmannian. We will study the general
case systemically elsewhere.

For r € {0,2}, that Galkin’s lower bound conjecture holds for X, = Blp-Q* is an
immediate consequence of Conjecture 1.1 (see Corollary 2.2). We will prove the other two
conjectures in Theorem 3.13 and Theorem 4.6 respectively. The proofs rely on explicit
computations of the quantum multiplication by the first Chern class ¢;(X,.). Thanks to
the divisor axiom in Gromov-Witten theory, this reduces to the study of genus zero, two-
point Gromov-Witten invariants with insertions in H*(X,.). To simplify the calculations,
we explore the geometric structures of the Fano manifolds by noting that X can also be
realized the blow-up of P* along a two-dimensional quadric in a 3-plane of P4, and that X,
is a P2-bundle over IP2. Part of the Gromov-Witten invariants are therefore easily obtained
from the enumerative information of Q* by making use of the blow-up formula in [Hul].
The proof of Conjecture O also relies on a good choice of bases of H*(X,.), so that Per-
ron’s theorem [Perr] on positive matrices becomes applicable. We remark that all the three
conjectures also hold for Blp: (Q*), which is a natural case to study. While the geometric
structure of Blp1 (Q*) is more complicated than that of Blpo(Q*) and Blp=(Q*), deter-
mination of two-point Gromov-Witten invariants of Blp: (Q*) requires ad hoc arguments
with WDVYV equations involved. We therefore exclude it in this paper.

The present paper is organized as follows. In section 2, we review basic facts of quantum
cohomology and introduce Conjecture O. In section 3, we study the quantum cohomology
of the blow-up of @* at a point, and prove both Conjecture 1.1 and Conjecture O in this
case. In section 4, we study the quantum cohomology of the blow-up of Q* along a plane
P2, and prove both conjectures as well.

2. PRELIMINARIES

In this section, we review some basic facts, and refer to [CoKa] and [GGI] for more
details.
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2.1. Conjecture O. Let X be a Fano manifold, namely a compact complex manifold X
with positive first Chern class c;(X). Let Mg x(X,d) denote the moduli stack of k-
pointed genus 0 stable maps (f : C — X;p1,p2,--+ ,px) of class d € Ho(X,Z), which
has a coarse moduli space Mg x(X,d). Its virtual fundamental class [Mg (X, d)]""" is
of complex degree dim¢ X + [ ¢1(X) + & — 3 in the Chow group A, (Mo, (X,d)). The
k-pointed, genus 0 Gromov-Witten invariants of degree d for v1,7y2,- - , 7 € H*(X) =
H*(X,Q) is defined by

s+ ) = / vt () U ev (12) U -+~ U evfi(ys).
[A{o’k(X,d)]Vi"

Here ev; denotes the i-th evaluation map. Set m := rankHo(X,Z), take any homoge-
neous basis {¢; }Y; of H*(X), and let {¢'} denote the dual basis of H*(X) that satisfy
(i, M) x = [ P U @ = §; ; with respect to the Poincaré pairing. The (small) quan-
tum cohomogy ring QH*(X) = (H*(X) ®¢ Q[q1, - , ¢m],*) is a deformation of the
classical cohomology H*(X). The quantum product of v, 5 € H*(X) is given by

N
axf:= Z Z(a,5a¢i>§¢iqd-

deH»(X,Z) i=1

Here ¢9 = H;nzl q;ij ford = (di, -+ ,d,) with a basis of effective curve classes of
H,(X,Z) being fixed a prior. The quantum product is a polynomial in q, and is indepen-
dent of choices of the basis {¢; };.

Consider the even part of the cohomology H®(X) := H*¥*"(X) and let QH*(X) :=
H*(X) ® Ql[q]. The first Chern class ¢1 (X)) induces a linear operator ¢; = ¢;(X) by the
evaluation of the quantum product at 1 := (1,-- - , 1), namely defined by

¢ :QH*(X) — QH®*(X); B — c1(X) % flq=1-
Denote by p = p(¢1 (X)) the spectral radius of ¢;, namely
p:=max{|A| : XA € Spec(é1)} where Spec(é¢q):={X : A € Cisan eigenvalue of ¢ }.

Conjecture O (Galkin-Golyshev-Iritani). Every Fano manifold X satisfies the following.
(1) p € Spec(¢1) and it is of multiplicity one.
(2) Forany \ € Spec(¢1) with |\| = p, we have \° = p°, where s is the Fano index
of X, namely s = max{k € Z : % € H*(X,7Z)}.

2.2. Quantum cohomology of Q*. Let Q* be a four-dimensional smooth quadric in P°.
The quadric Q* can be interpreted as the image of the complex Grassmannian G7(2,4) =
{V < C* | dimV = 2} via the Pliicker embedding Pl : Gr(2,4) < P°. Therefore the
integral cohomology H*(Q*,7) = H*(Gr(2,4),7) = @22@,}20 Zo(%?) has a Z-basis
of Schubert classes o(*?).

Under the above identification, the hyperplane class H := o9 ¢ H?(Q*,Z) is
the pullback of the hyperplane class in H2(P°,Z). Moreover, p = o0 — gD ¢
H*(Q*,Z) is a primitive class. Then the basis B of H*(Q*, Z) of Schubert classes can be
written as ) )

B = {17H7 £+, 90—, §H37 §H4}7
in which p = L(H? + p) = 09, p_ = L(H? — p) = oV, LH? = 52D and
%H 4 = 522 Geometrically, Q* has two rulings by planes. Then g, and p_ are re-
spectively given by their cohomology classes, namely the Poincaré dual of their homology
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classes. The cohomology class of a line is %H 3, and the cohomology class of a point is
%H 4. The dual basis BY of B with respect to the Poincaré pairing is given by

1 1
BY = {§H47 §H3, 1,0, H,1}.

Let ¢ € Ho(Q*,7Z) be the homology class of a line. The non-zero three-point Gromov-
Witten invariants with insertions in B can be directly read off from a table of quantum
product of Schubert classes (see e.g. [Miha, §8.2]), and are given as follows where 6 €

{or, 0}

(HO7HO7 %H4>0Q4 —1, (H, %H?ﬂ %H4>§)4 _ 1,
o g <1 S P
(H,0,0)2" =1, (0, %H37 %Hi‘*)g’“ _1,
(H,H,0,)§" =1, <%H4, %H‘l, %H4>2; — 1.

Closed formula for the spectral radius of the linear operators induced by quantum multi-
plication by Schubert classes on Q@ H*®(Gr(k, n)) has been given by Rietsch [Rie] (see also
[ESSSW, LSYZ] for the formula). In particular for Q* = Gr(2,4), we have ¢;(Q*) =
4H = 4619 and the following property.

27

Proposition 2.1. The spectral radius of ¢1(Q*) is equal to 43;17 = 4v/2.

e
4

Corollary 2.2. If Conjecture 1.1 holds for a Fano blow-up Blz(Q*) of Q* along a subva-
riety Z C Q*, so does Galkin’s lower bound conjecture.

Proof. p(é1(BlzQ%) > p(61(Q%) = 4v2 > 4+ 1 = dim(BIzQ*) + 1. O

3. QUANTUM COHOMOLOGY OF BlpoQ*

In this section, we will study the quantum cohomology of the blow-up X = BlpoQ*
of Q* at one point, and verify Conjecture O and Conjecture 1.1 for X.

3.1. Geometric construction. We will review a geometric construction of X (see e.g.
[Harr, §22]), which can be interpreted as both the blow-up of Q* at a point and the blow-
up of P* along a two-dimensional quadric Q% in a 3-plane of P*. Both interpretations will
be used to compute the relevant 2-pointed genus zero Gromov-Witten invariants of X.

Fix z € Q* and a 4-plane P§ in PP, such that « ¢ P§. The rational map f : P5 --» Pg,
given by the projection from x to P, defines a graph I'y C P® x P§ by the Zariski closure
of {(y, f(v)) | y € P>\ {x}}. There are two natural projections T'; 2% P% and I"; 25 P3.
The morphism p; is the blow-up of P> at 2; the morphism p, endows the graph with the
P!-bundle structure I'y = Ppa (Opa (1) © Opa), which can be viewed as the projective
compactification of P* \ {2} = Npajps = Opa(1).

Lemma 3.1. For any smooth subvariety S in P, we have
py ' (S) = Ps(0s(1) @ Os),
where Og(1) is the pullback of the hyperplane line bundle Ops (1).
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Proof. p1(p;'(S)) is the cone xS in P> over S with vertex x. The statement follows by
noting that the subvariety p5 L(S)of T ¢ is the projective compactification of

S\ {x} = Npaps|s = Opa(1)]s = Os(1).
|

Let Xy C P5 x ]P’(l) be the strict transform of Q4, that is, X is the Zariski closure of

Py H(Q*\ {z}). Consider the restrictions
T =pilx, : Xo = QF, T2 =palx, : Xo — P~
The morphism 7, is the blow-up of Q* at x, and its exceptional divisor is given by
Ey = XoN Dy,

where Dog := Ppa (Ops (1) & {0}) is the exceptional divisor of the blow-up p;.

The tangent hyperplane H, of Q* at z, consisting of the tangent lines in T, P°| g4, is
naturally viewed as a 4-plane in P°. Noting that Ej is a 3-plane in D, = P4, we have

Lemma 3.2. 75(FE)) is a 3-plane in P}. Moreover, H, NP} = mo(E)).

Proof. The first statement follows directly from the construction of X. Indeed, for w €
Ey, let [, be the tangent line of Q* at = with tangent direction given by w. Note that [, is
a line in P® not contained in P, and 7> (w) is the unique intersection point of /,, and P¢.
On one hand, fory € H,NP§, the line 7y is a tangent line of Q* at x, and TyNPE = {y},
which implies that y € m2(Ep). On the other hand, for w € Ej, we have l,, C H, and
hence 7 (w) € H, NP}, Therefore the second statement follows. ]

The quadric 3-fold H, N Q* in H, is a cone with vertex = over
Q%= H,NQ* NP = Q* Nma(Eyp).

The surface Q3 is a smooth quadric in the 3-plane 7 (Ep). By the definition of Q2, for
any y € Q3Z, the line 77 is contained in Q*. This implies 7, ' (Q2) = p; ' (Q2). Thus by
Lemma 3.1, we have

E' =51 (QF) 2 Pz (Ogz(1) @ Ogz).

The morphism 75 : X — P§ is actually the blow-up of P§ along Q2 [Harr], with the
exceptional divisor E’. Under the above identification, the intersection E' N Ey is given by

Q5 = Pgz(0gz(1) ® {0}),
which is a smooth quadric in Fy = P3.

3.2. Classical cohomology. Arising from the blow-up m; : Xy — Q*, the integral co-
homology H*(Xy,Z) has a basis B, together with its dual basis By with respect to the
Poincaré pairing, coming from 7} (H*(Q*,Z)) and the exceptional classes. Let P be a
plane in the exceptional divisor Fy = P2, and L be a line in E. Precisely, we have

1 1
BO = {17H7 45 90—, §H3’ §H4a E07 P07 LO}’
1 1
B(\)/ = {§H47 §H3’ P+ 00— Hv 1, _L07 _P07 _EO}

Here by abuse of notation, we have simply denoted the pullback of a class o € H*(Q*, Z)
by «, and simply denote the cohomology class of a subvariety S of X by S as well.
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By direct calculations, the non-trivial products on By are given as follows, where 6 €
{o4+,0-}

HUH=p +p-, EyUEy=—F,
1
HU9:§H3, EOUPO:_L07
1 1 1
HU-H3=-H* EyULy=—-H*
2 2 5 0 0 2 5
1 1
fUb = 5H‘*, POUPO:—§H4.

Note that Q3 =2 P! x P! has two rulings by lines. We fix two lines [, ,/_ C Q% in
different rulings, and denote by S, the class of 7, ! (I). Let F’ be the class of a fiber of
B = Pp2(0qz(1) ® Ogz). Let H' be the pullback of the hyperplane class in P} of 3.
Arising from the blow-up 3 : Xg — P8, H*(Xo,Z) has a basis B, together with its dual
basis B}, given by

By={1,H' H? H® H* E S, S F},
By ={H* H® H? H' 1,-F,-S" -5, ,~F'}.
3.3. Comparison of two bases of H*(Xj). In this subsection, we compare the two bases
By and B, of H*(X,,Z). We observe that $ H* = H'%.

3.3.1. Comparison in H*(X,) and H(Xy). Let e € Ho(X(,Z) be the homology class
of a line in £y = P3. Denote also by ¢ the Poincaré dual of %H 3, whose image via 7y . 1S
the class of a line in Q*. Then e and ¢ form a basis of Ha(X¢,Z), and we have

Ht = 1, and Eyl = 0,
He = O, E().e = -1

Moreover, the classes e and £ — e generate the Mori cone of Xj, and X, — Q* is the
contraction associated to the extremal ray R>e.

Let ¢/ € Hy(Xg,Z) be the homology class of a fiber of E', and ¢’ € Ho(Xy,Z) be the
Poincaré dual of H'3. Then €’ and ¢’ form another basis of Ho(Xy,Z), and we have

H'.0 L [ EL =,
H.e = 0, ° Ele = -1.

Lemma3.3. ¢ =/ —e.

Proof. Note that the Mori cone of X has only two extremal rays R>ge and R>o(¢ — e).
The contraction X, —+ Q* corresponds to the extremal ray R>oe, and the contraction
Xy % P} corresponds to the extremal ray R>ge’. So e # ¢/, and hence ¢/ = £ —e. [

Lemma 3.4. ¢ = ¢/ — 2¢€'.

Proof. Write e = al’ + be’ for some a,b € C. Since a line in £y = P? is mapped via 7,
to a line in the 3-plane 7o (Ey) C P4 it follows that = 1. Moreover, since a line in Ej
in general position meets Q% = E’ N Ej at two points, it follows that £’.e = —2, which
implies that b = —2. (]

U = 20—e, d L = 1 —¢,
e = [(—e, an e = 0 —2¢€.

So we see that
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By considering Poincaré duals, we obtain

H3 = H3_— Ly, d %H3 - HB_ F/,
Fo= E3—py, YO\ Ly = HB-2F.
By considering Poincaré pairings, we obtain
H = H- Ey, d H = 2H -F,
E = H-2B, "\ E = H-F.

3.3.2. Comparison in H*(Xy). Note 75 *(Q3) = py*(Q2). Since I+ C Q3, it follows
that

mi(my (1)) = m(py ' (1)) = pa(py (1))

So 71 (my *(1+)) is the cone over the line I+ with vertex z, and hence it is a 2-plane.
Moreover, for any y € Iy, the line 77 is contained in Q*. So the 2-plane (5 *(I+)) is
contained in Q*, and the intersection

mi(my (1) N (g (12))

is the line passing through  and Ix N I_. So we see that m; (5 ' (13.)) and 7 (75 ' (1))
belong to different rulings by 2-planes of Q*. Rename I, and [_ if necessary so that

(1 (75 (14))] = =,
Lemma 3.5. S, = o, — F.
Proof. We have
S’ = p1 +ax Py, for some ax € Q.

Since 7r2_1 (I+) N Ey is aline in Ey =2 P3, and P is the class of a 2-plane in Ej, it follows
that

ey SL.Py=1
Since Py.FPy = —1, it follows that a- = —1. U

Lemma 3.6. Py = H"? -5/ — 5’

Proof. Since the image under 79 of a 2-plane in Ey = P3 is a 2-plane in ma(Ep) C Pé, it
follows that

Py=H"?+b.8, +b_S", for some by € Q.

Since 57,..5% = 0and 5.5 = —1, it follows from (1) that b = —1. O
So we have
Sho= p:— P {goi = H?-¢
’ and +
{ H? = o, +p_ — Py, Py = H?-8, -5

3.4. Two-point invariants.

Lemma 3.7. The non-zero, degree-ke' for k > 1, two-point invariants with insertions in
B, are
(4, S50 = (B F))° = 1.

e’
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Proof. Lett : E' — X, be the natural embedding, and we also denote by ¢ the induced
embedding of moduli spaces of stable maps:

L MO)Q(EI’ ke’) — Mo,g(Xm k:e’).

Note that the blow-down morphism X, — PP} is the contraction corresponding to the
extremal ray R>qe’. So we have

L(Hoyg(E/, ke')) = M072(X0, ke/).
Consider the universal diagram
Mos(E' ke') —=— E'
MO’Q(E/, ke’)

and let R := Rlm.eviN E'|x,» Where m denotes the natural morphism by forgetting the
third marking point. From the construction of virtual fundamental classes, we have

L (e(R) N [Moo(E' ke')™) = [Mo,2(Xo, ke")]™,
where e(R) is the Euler class of R. So for By, By € B, we see that
(B1, Ba)ps, = /7 evit* By Uevit* By Ue(R).
[Mo,2(E’ ke’ )]virt
For i = 1,2, consider the morphism f; : M¢o(E’, ke') — Q3F defined by the composition
fi :=m 0ev;.

We see that f; = fo, and we let f := f; = f5. Then we have

(By, By)Xo = /Qz PD (f* (evie* By Uevi” By Ue(R) N (Moo, ke')]vi“)).

3
Let Ly € H?(Q3) be the class of I, and P € H*(Q?) be the class of a point. Then
1,L4,L_, P formabasis B” of H*(Q§). Set { := ¢1(Ng/|x,) € H*(E'). We have
1=1, JH =n35(Ly+L_), H?=n;2P), H™ =0,

CH* =0, B =€, S, =m3Lya Vg, JSF =msPUC

We see that for i = 1, 2, +* B; has the form
VB =3B, U™, B e B a(i) € {0,1},
which implies that
By = f*B; Uev;e®®,

So we use the projection formula to get

(B, By)Xo = /2&u@upp@f*(ev;§a<1>Uevgga@)u«e(R)mMO,Q(E’,ke’)]vi”)).
Q3

Assume that (B, Bg>§e°, # 0. Then the above formula gives
deg B1 +deg By < 4and B; U By #0.

We use the dimension constraint to get

(4-3)+3k+2 = (deg By +deg By ) + (a(1) +a(2)) < 4+2 =6,
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which implies that £ = 1. We use the dimension constraint again to get
deg By +deg By =4 and a(1) = o(2) = 1.
From the condition By U By # 0, we only need to consider the cases
(B1,Bs) = (E',F') and (S, 5").
Since k = 1, it follows from H' (P, O(—1)) = 0 that e(R) = 0. So we obtain
(B, F)30 = (&,m3PU&L and (S, S1)3° = (ms Ly UE,m3 L UET .

Both of the Gromov-Witten invariants of E’ are equal to one, since there is a unique line
contained in a fiber of E’. O

Lemma 3.8. A curve class in Ha2(Xo,Z) admits non-zero two-point invariants only if it
belongsto {{ — e e, £,20 — e}.

Proof. An effective curve class has the form
a(l —e)+be, a,be Zxy.

Notice ¢1(Xo) = 4H — 3E (see e.g. [GrHa, Chapter 4, Section 6])). Using the dimension
constraint, we see that a(¢ — e) 4 be admits non-zero two-point invariants only if

a4+ 3b <5.

Note that (a,b) # (0,0) since the space Mg 2(Xy,0) is empty. Note that £ — e = ¢’. So
from Lemma 3.7, we can exclude the cases k(¢ — e) for2 < k < 5. O

Lemma 3.9. The non-zero, degree-({ — e), two-point invariants with insertions in By are
(Po, o), = (H, Lo)°, = (Eo, Lo);°, = 2
and

1 1 .
<P07 pi>g(—e = <@+7 p—)?—e = <Hﬂ §H3>g(—e = <E07 §H3>g(—e =1

Proof. From Lemma 3.7, the only non-zero, degree-¢’, two-point invariants with insertions
in B, are
e/

(84,8 )X = (B, F')Xo = 1.

Note that ¢’ = ¢ — e, and we can use this to determine invariants with insertions in By. For
example,

(pr, 0 )00, = (H? =S H? - 5,)J° =
We leave the rest cases to interested readers. [
Lemma 3.10. The only non-zero, degree-e, two-point invariant with insertions in By is
(Lo, Lo)o© = 1.
Proof. The proof is similar to that of Lemma 3.7, and we leave it to interested readers. [

Lemma 3.11. The only non-zero, degree-{, two-point invariants with insertions in By is

1 1
<§H3, §H4>g(0 - 1
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Proof. By the dimension constraint, we only need to consider the cases

2 2
For the former case, we use the blow-up formula [Hul, Theorem 1.2]. For the latter case,
observe that for y € Q*, there is a line in Q* passing through = and y iff y € H, N Q*.
As a consequence, for y € Q% in general position, there is no line in Q* passing through x

1 1 1
(zH3, ZH")* and (Lo, 5H4>j(0.

and y. So we have (L, %H‘l)g(‘) =0. O
Lemma 3.12. The only non-zero, degree-(2¢ — €), two-point invariants with insertions in
Bo is
Loa 1oax
(GH SH L. = 1.
Proof. Use the dimension constraint and blow-up formula [Hul, Theorem 1.4]. [

In general, there are very few tools to study the eigenvalues of linear operators on a vec-
tor space. One remarkable tool is the Frobenius-Perron theory on irreducible nonnegative
matrices [Perr, Frob] (see e.g. [Minc]), provided that a good basis of the vector space could
be found. Now we consider the operator ¢; (X ), where we recall ¢, (Xo) = 4H — 3Ej.

Theorem 3.13. Both Conjecture 1.1 and Conjecture O hold for the blow-up Xo = Blpo Q™.

Proof. Instead of the bases By and B(,, we consider another basis of H* (X, Z) given by
. 1 1 1
BO = {17H7H - EO; P+, 90— P+ T - — PO) §H37 §H3 - LOa §H4}

By Lemmas 3.8, 3.9, 3.10, 3.11 and 3.12, we have

1
c1(Xo) * Hl|g=1 = c1(Xo) U H + {¢1(Xo), H, —Lo);°, Eo + (c1(Xo), H, §H3>fjeH

1
=4+ g+ (1 (Xo)- (0 — ) ({H, ~ Lo} By + (H, 5 H*) X0, H)
=4py +4p_ —H+2(H-E).
Here the second equality follows from the divisor axiom for Gromov-Witten invariants (see
e.g. [CoKa]) and the computation ¢; (Xy).(¢ — e) = (4H — 3Ey).(¢£ — e) = 1. Similarly,
we can calculate the product ¢1(Xo) * a|q=1 for all @ € By. As a result, we obtain the
associated matrix M in é; (XO)BO = By M with

o 0 0 0 0 04 4 5
1 -1 0 0 O OO 3 4
32 0 0 0 00 =30
0 4 1 -1 0 00 0 O
M=]10 4 1 0 -1 00 0 O
0 0 3 1 1 0 0 0 O
o 0 0 4 4 5 0 0 O
o 0 o0 0 0 31 -1 0
o 0 o0 0 0 04 1 O

By direct calculations, the power M7 is a positive matrix. Thus by Perron’s theorem
on positive matrices [Perr], the spectral radius p(M'7) is a simple eigenvalue of M17, and
the modulus of any other eigenvalue of M17 is strictly less than p(M'7). Since M is a
real matrix, if \ is an eigenvalue of M, so is the conjugate . It follows that p(M) =
(p(M7))17 is a simple eigenvalue of M, and the modulus of any other eigenvalue of M
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is strictly less than (p(M'7))77. Hence, Conjecture O holds for X. (Here we notice the
Fano index of X is equal to 1, since ¢1(Xp).(£ —e) = 1.)

Notice that det(A g — M)|,_,,5 < 0. Hence, there exists a real eigenvalue Ao in the
interval (4\/5 , +00). Hence, by Proposition 2.1, we have

p(1(Xo)) = p(M) = Xo > 4v/2 = p(&1(Q")).
That is, Conjecture 1.1 holds for Y = Q* and Z = P°. O

Remark 3.14. To prove Conjecture O, one can also apply the generalized Frobenius-
Perron theorem [HKLY, Theorem 3.2] to M 'S, which is the first power of M that becomes
a positive matrix.

4. QUANTUM COHOMOLOGY OF Blp2Q*

In this section, we will study the quantum cohomology of the blow-up X, = Blp2Q*
of Q* along a projective plane IP? inside it, and verify Conjecture O and Conjecture 1.1 for
Xo.

4.1. Classical cohomology. A geometric construction of X is similar to that of X. Pre-
cisely, we let PZ and P2 be two disjoint 2-planes in Q* such that P.D.[P%] = p4 €
H*(Q*). Then they represent different rulings by 2-planes of Q*, and

N2 g+ = Qg2 (2),

where (2 denotes the cotangent sheaf.

Consider the rational map f’ : P> --» P2, given by the projection from Pi, which
defines a graph I'ys C P x P2 by the Zariski closure of {(y, f'(y)) | y € P° \ P1}. By
abuse of notation, we consider the natural projections I'y» 2 P5 and T'yr 225 P2 as well
as their restrictions 7; := p;|x, with X5 being the strict transform of Q* (i.e. the Zariski
closure of p; *(Q*\ IP’E_)). Then 7, : Xy — Q% is the blow-up of Q* along P2, and 7 :
X, — P2 endows X, with the projective bundle structure Ppz (Qp2 (2) & Op2 ) [SzWil,
which can be viewed as the projective compactification of Q% \ IF’i = Np2 |g+ = Qp2 (2).
The divisor Ey := Pp2 (2p2 (2) @ {0}) C Pp2 (2p2 (2) & Ope ) is the exceptional divisor
of the blow-up Xy —= Q*.

The integral cohomology H*(X5,Z) has a basis B, arising from the blow-up Xy —
Q*, given by

1 1
82 = {]"Ha 45 P—> §H3a §H47E27527L2};

its dual basis By of H*(X2,Z) with respect to the Poincaré pairing is given by
1 1
B%/ = {§H4? §H3a 4,5 90—, H7 17 _L27 _527 _E2}~

Here E; € H?(X3,7Z) denotes the (cohomology) class of the exceptional divisor F by
abuse of notation, Ly is the class of a fiber in 5 = Pp2 (Qp2 (2) @ {0}), and S, is the class

of the preimage of a line in ]P’%r of 1. By direct calculations, the non-zero cup products in
B \ {1} are given as follows.

HUH=p, +p-, o+ U Ey = Lo,

1 .
HUpiiin, Ey;UE; =—p, + 59,
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1 1 1
HU§H3:§H4, EQUS2:—§H3+L2,
1
HUE,; =S5, EQUL2:—§H4,
1
HUS, = Lo, Sgu52:—§H4.

Note that X» admits the projective bundle structure X5 = Pp2 (Qp2 (2) & Op2 ) — P2
Hence, H* (X3, 7Z) is generated by H?(X5,Z). By the Leray-Hirsch theorem, we see that
H*(X5,7) has another Z-basis B given by
By={1,H_,H? B>, ExH_,E;H? E3, E3H_,E3H”}.
Here H_ € H?(X5,Z) is the pullback of the hyperplane class in H? (P2, Z) via 7. Let
f be the homology class of a fiber of 5. Then 7 is the contraction corresponding to the
extremal ray R>o f, and f = ¢ — e. So we have
Hf=E,f=1.

Since H_. f = 0, it follows that we can write H_ = a(H — E) for some a € Z. Moreover,
take a line in P2 C Q™. Then the intersection number of (1), H_ and this line is one. So
we see that (71),H_.¢ = 1, which implies that H_ = H — E5. In sum, we have

1 =1, 1 =1,

H. =H-FE,, H =H_+ E,,

Hz :p_—327 0+ :EQH_,

E2 :EQ, (o :HE +E2H_+E§,
EsH o =gy, and { L1H3 =F,H? +E2H_,
E,H? = 1H3 I, th — g2,

E22 = Sg — PO+, EQ = EQ,

E3H_ = Lo, Sy =E)H_+E3,
E3H? =1H% L, =F3H_.

4.2. Two-point invariants. Similar to the case of X, we study genus zero, two-point
Gromov-Witten invariants of X5, and obtain the following lemmas.

Lemma 4.1. The only non-zero, degree-ke with k > 1, two-point invariants with insertions
in By are
(Ea, Lo)X* = (82, 8)5% = 1.

Proof. The argument is completely similar to that of Lemma 3.7. (I

Lemma 4.2. A curve class in Ho(Xo,Z) admits non-zero two-point invariants only if it
belongs to {e, € — e, £, + e}.

Proof. An effective curve class has the form
a(l —e)+be, a,be Zxy.

Notice ¢;(X2) = 4H — E5 (see e.g. [GrHa, Chapter 4, Section 6]). Using the dimension
constraint, we see that a({ — e) 4+ be admits non-zero two-point invariants only if

3a+b < 5and (a,b) # (0,0).

Note that (a,b) # (0,0) since the space M 2(Xo,0) is empty. From Lemma 4.1, we
exclude the cases be for 2 < b < 5. O
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Lemma 4.3. The non-zero, degree-({ — ¢€), two-point invariant with insertions in By are

1 1
<p—a §H4>5{fe = <E§7 §H4>g(fe = la
1 .1 1. ..
<§H57 §H3>f_ze = <§H3,L2>f_"‘e = (Lo, Lo)?, = 1.

Proof. Note that X5 admits a projective bundle structure Xy = Pp2 (Qp2 (2) © Op2 ) 2

P2 , and £ — e is the homology class of a line in a fiber of 7. By using similar arguments as
in the proof of Lemma 3.7, one can prove that the only non-zero, degree-(¢ — e), two-point
invariant with insertions in 13} are

2 22\ X 2 2 X
<E2,E2H_>é_26 = <E2H—aE2H—>e_2@ =
So we can use this to determine invariants with insertions in 3. For example,
1 oax 2 2 2772\ X
(p—, iH Vole = (HZ + E;H_+ E3,E5HZ);2 =1
We leave the rest cases to interested readers. O

Lemma 4.4. The only non-zero, degree-{, two-point invariant with insertions in Bsy is

1 41
<§H3,§H4>f2 =1

Proof. By the dimension constraint, we only need to consider the case
1 1 1
<§H3, §H4>j(2 and (Lo, 5H4>j(2.

For the former case, we use the blow-up formula [Hu2]. For the latter case, observe that
forx € ]P’f_ and y € Q*, there is a line in Q* passing through z and y iff y € H, N Q*.
As a consequence, for z € Pi and y € Q* both in general position, there is no line in Q*
passing through z and y. So we have (L, %H‘l)jQ =0. O

Lemma 4.5. There is no non-zero, degree-({ + ¢e), two-point invariant with insertions in
Bs.

Proof. By the dimension constraint, we only need to consider the case

Loy 1o ax
<§H 7§H Vefe:

Observe that for 2,y € Q*, there is a line in Q* passing through x and y iff y € H, N Q*.
As a consequence, for 2,y € Q* in general position, there is no line in Q* passing through

x and y. So we have (1 H*, %H‘*%ﬁfe = 0. 0

Now we consider the operator ¢ (X3), where we recall ¢ (X3) = 4H — Es.
Theorem 4.6. Both Conjecture 1.1 and Conjecture © hold for the blow-up Xo = Blp=2Q*.

Proof. Instead of the bases By and B, we consider another basis of H* (X2, Z) given by

. 1 1 1
By :={1,H,H — Es,p1, 0,0 — Sa, §H37 5]—[3 — Lo, §H4}
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The associated matrix M of the operator ¢ (X3) is given by ¢; (XQ)BQ = By M with

00 0 03 0 4 4 0
30 1. 00 0 O 0 4
10 -1 00 0 3 0 O
04 3 00 0 0 0 O
M=]03 0 0O0 1 0 0 O
01 4 00 -10 0 3
00 0 34 0 0 1 0
00 0 10 3 0 -10
00 0 00 0 4 3 0

Here the matrix M is obtained by combining all the lemmas in this subsection, the divisor
axiom for Gromov-Witten invariants, and the definition of the quantum product.

By direct calculations, the power M3 is a positive matrix. Thus by Perron’s theorem
on positive matrices [Perr], the spectral radius p(M'3) is a simple eigenvalue of M3, and
the modulus of any other eigenvalue of M3 is strictly less than p(M!3). Since M is a real
matrix and 13 is odd, it follows that p(M) = (p(M'3))73 is a simple eigenvalue of M,
and the modulus of any other eigenvalue of M is strictly less than (p(M'3))1s. Hence,
Conjecture O holds for X5. (Here we notice the Fano index of X5 is equal to 1, since
cl(Xg).e = (4H - Eg).e = 1)

Notice that det(A g — M)|,_,,5 < 0. Hence, there exists a real eigenvalue A in the
interval (41/2, +00). Hence, by Proposition 2.1, we have

p(e1(X2)) = p(M) = Xo > 42 = p(1(Q")).
That is, Conjecture 1.1 holds for Y = Q* and Z = P2 d

Remark 4.7. M2 is the first power of M that becomes a positive matrix.
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