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ABSTRACT. It is known that the semisimplicity of quantum cohomology implies the vanishing
of off-diagonal Hodge numbers (Hodge—Tateness). We investigate which hyperplane sections of
homogeneous varieties possess either of the two properties. We provide a new efficient criterion
for non-semisimplicity of the small quantum cohomology ring of Fano manifolds that depends
only on the Fano index and Betti numbers. We construct a bijection between Dynkin dia-
grams of types A, D or F, and complex Grassmannians with Hodge-Tate smooth hyperplane
sections. By applying our criteria and using monodromy action, we completely characterize
the semisimplicity of the small quantum cohomology of smooth hyperplane sections in the case
of complex Grassmannians, and verify a conjecture of Benedetti and Perrin in the case of (co)
adjoint Grassmannians.

HIGHLIGHTS

Hyperplane sections of complex Grassmannians Gr(k,n) are Hodge—Tate if and only if
there is a Dynkin diagram of type A, (k =1), D,, (k =2) or E,, (k=3 and n < 8)
obtained by adding a node adjacent to the Dynkin diagram of type A,_1. Namely,

. ° °
(i)(‘)—o—---—o (i) o—0—--+—o0 (iii) o—o—é—o—---
0—0—---—0 0—o0—+--—0 0—0—0—0—-=--

Quite often knowledge of Betti numbers and Fano index is sufficient to witness non-
semisimplicity of small quantum cohomology, even for Hodge-Tate Fano manifolds.
Complete characterizations for the case of hyperplane sections of generalized Grass-
mannians are proposed in Conjecture 1.7, with partial cases confirmed.

Quantum Lefschetz hyperplane principle admits user-friendly formulations, namely
Proposition 1.10 after [GI], directly applicable by non-specialists in Gromov—Witten
theory. We illustrate this advantage in the case of Gr(3,8), an avatar of Eg.

1. INTRODUCTION

The big quantum cohomology ring BQH*(X) of a Fano manifold X encodes genus-zero
Gromov—Witten invariants, and is canonically equipped with a Frobenius manifold structure.
It is important to investigate the semisimplicity of BQH*(X). For instance by Givental’s
conjecture [Giv01l] proved by Teleman [Tel2], all higher genus Gromov—Witten invariants of
X are determined by the genus-zero ones, provided that BQH*(X) is generically semisimple.
The remarkable Dubrovin’s conjecture [Du98| with clarification [GMS15] on part 1, together
with the refinement of its part 3 known as Gamma conjecture II [GGI16] and independently
formulated in [Dul3, CDG], is also concerned with the semisimplicity of the big quantum
cohomology.

1



2 S. GALKIN, N.C. LEUNG, C. LI, AND R. XIONG

The (small) quantum cohomology ring QH*(X) = (H*(X) ® C|q], *) is a deformation of the
classical cohomology H*(X) = H*(X,C) by incorporating genus-zero, three-point Gromov—
Witten invariants. It is relatively more accessible than BQH*(X), and if QH*(X) is semisimple
at some specialization of the quantum variables q, then BQH*(X) is generically semisimple.
Some important classes of Fano manifolds have generically semisimple small quantum coho-
mology, including toric Fano manifolds [Ba93, OsTy09], complete flag manifolds [Ko96] and
(co)minuscule Grassmannians [CMP10]. Nevertheless, there are some examples with nice ge-
ometry such as most of (co)adjoint Grassmannians [CP11, PS21] that have non-semisimple
small quantum cohomology, whilst having its big quantum cohomology generically semisimple.
It is known that semisimplicity of either big or small quantum cohomology QH*(X) puts some
constraints on the classical cohomology H*(X). The first one was given by Bayer and Manin,
and was strengthened by Hertling, Manin and Teleman.

Proposition 1.1 ([BM04, HMTO09]). The even part of big quantum cohomology BQH®' (X) is
generically semisimple only if H*(X) is of Hodge—Tate type, i.e. H*(X) = @p HPP(X).

There is another criterion for generic semi-simplicity of small quantum cohomology given by
Chaput and Perrin [CP11, Theorem 4] in terms of the degree of defining equations for a
presentation of H*(X) when X is of Picard number one.

Recall that the Fano index of X is defined by

(X)

r=rx = max{k € Z| ClT € H(X,7)}.

Define index-periodic even Betti numbers

b =b;(X) = Y by(X),
J=imod rx
with indices 7 running over residue classes modulo rx. As a very simple observation, we obtain
the following theorem.

Theorem 1.2. The even quantum cohomology QH® (X)) is generically semisimple only if both
of the following hold.

(1) %(X) < %(X) for all integer i and d,
(2) b;(X) = b_3(X) for all integer i.

7

Here part (2) is a direct consequence of part (1) by taking d = r—1. We specify this property as
it is already very useful in many cases. For instance, we consider a generalized Grassmannian
G/ Py, where G is a connected complex simple Lie group and Py is the maximal parabolic
subgroup that corresponds to the complement of the k-th simple root in the base of simple
roots. Here we follow the label of the Dynkin diagram for G as in [Bou], see also [Bel]. Therein
we can see that 9 (resp. 14) among all the 27 Grassmannians of exceptional Lie type have
semisimple (resp. non-semisimple) small quantum cohomology. As a first application, we will
reprove in Theorem 2.3 that the non-semisimplicity of all the 14 known cases but Eg/P;
follows directly from Theorem 1.2 (2).

A second application is given in Appendix A, by Pieter Belmans and Markus Reineke,
where it is shown in Theorem A.2 that Theorem 1.2 is also strong enough to deduce the non-
semisimplicity of a certain infinite family of Kronecker moduli. These are instances of moduli
spaces of stable quiver representations, which for other choices of the parameters include the
usual Grassmannians, which have semisimple quantum cohomology.

As one main aim of this paper, we investigate the semisimplicity of QH*(Y) for a smooth
hyperplane section Y of a generalized Grassmannian G/Pj (with respect to its minimal em-
bedding). It is natural to start with G of type A, i.e. the complex Grassmannian A,_1/Py =



HODGE-TATE HYPERPLANE SECTIONS AND SEMISIMPLE QUANTUM COHOMOLOGY 3

Gr(k,n) = {V < C" | dimV = k}. When k = 1, Y = P" 2 and QH*(Y) is generically
semisimple. When k& = 2 and n = 2m with m > 2, Y ~ C,,,/ P, and QH*(Y) is non-semisimple
[CP11]. When k£ = 2 and n = 2m + 1 with m > 1, Y is a quasi-homogeneous variety and
QH*(Y) is generically semisimple [Pecl3, Per14]. When k£ > 2 and n > 3k, H*(Y) is not of
Hodge-Tate type by [BeFaM21, Theorem 3|. As one main result of this paper, we provide the
following complete characterization, which is a combination of Theorem 3.8 and Theorem
3.22.

Theorem 1.3. Let Y be a smooth hyperplane section of Gr(k,n) ~ Gr(n—k,n) where n > 2k.
(1) H*(Y) is of Hodge—Tate type if and only if one of the following holds:
(i) k=1; (i) k=2; (i) k=3 andn € {6,7,8}.
(2) QH*(Y) is generically semisimple if and only if one of the following holds:
(i) k=1; (ii)k=2andnec{4}U{2m+1|m € Zxo}; (iii) k=3 and n € {7,8}.

Remark 1.4. The classification in Theorem 1.3 (1) is in bijection with ADE Dynkin diagrams
in the sense that the diagram obtained by adding a node adjacent to the k-th node of type
Ay —1 is a simply-laced Dynkin diagram. Moreover, by [BaFuM20, SK77, Sc06], the following
are all equivalent:

(1) H*(Y) is of Hodge-Tate type.

(2) Y is locally rigid.

(3) The fundamental representation A*C™ of GL,, has a Zariski open orbit.

(4) The cluster algebra of A,_1/Py is of finite type.

However, we do not have a conceptual explanation for the equivalence.

Besides the cases in Theorem 1.3 (1), (co)adjoint Grassmannians G/P; provide another
family of generalized Grassmannians such that the cohomology of a smooth hyperplane section
Y is of Hodge-Tate type, as shown by Benedetti and Perrin [BP22]. Such hyperplane sections
Y admit a uniform characterization. Following the terminology in [BP22] and restricting to the
minimal-embedding, we list all the (co)adjoint Grassmannians in Table 1. Therein we further
assume n > 3 for types B,,C, and n > 4 for type D,; the lower-rank cases are projective
spaces or quadrics and are treated separately.

| type | B [ € | D | Bs | Br [ Es | Fy [ Gy |
adjoint | B,/Py | — Fy/ Py | Go/ Py
coadjoint — Cn/Py Fy/Py | G2/ Py

TABLE 1. Minimally embedded (Co)Adjoint Grassmannians G/ Py

D, /Py | Eg/P, | E;/Py | Es/Ps

By Conjecture 1.10 (2) in [BP22], QH*(Y) is generically semisimple if and only if so is
QH*(G/Py). Now this conjecture holds true by combining the study of the semisimplicity of
QH*(G/Py) in [CP11, PS21] and the following theorem.

Theorem 1.5. Let Y be a smooth hyperplane section of G/Py of (co)adjoint type. Then
QH*(Y) is generically semi-simple if and only if G/Py is adjoint and not coadjoint or is
isomorphic to a smooth quadric, i.e. G/Py € {By,/Pa,Cy,/P1,Fy/P1,G2/Py,Go/P1}.

The semisimplicity of Q H*(Y") has been precisely determined except for Y in C,,/ P, or D,,/ P,
(see [BP22, Theorem 1.11]). As another main result of this paper, we obtain the following,
which is a combination of Theorem 4.1 and Theorem 4.5 and fills in the last piece of the
proof of Theorem 1.5.
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Theorem 1.6. Let Y be a smooth hyperplane section of Cy,/Pa or Dy, /Py. Then QH*(Y) is
not semi-simple.

For Y in Gr(3,6) = As/P5 or the coadjoint Grassmannians C,,/Ps, Fy/P,, we achieve the
non-semisimplicity of QH*(Y") by a direct application of Theorem 1.2 (2).

The monodromy action plays a surprising role in the proof (resp. disproof) of the semisim-
plicity of quantum cohomology for Y in A;/Ps (resp. D, /P2). More precisely, a hyperplane
section depends on a choice of global sections, and thus can be viewed as a fiber of a uni-
versal family (see Sections 3.3 and 4.2 for precise descriptions). The fundamental group of
the smooth locus acts on H*(Y) by monodromy, and preserves the quantum product. We
obtain the semisimplicity of (the radical part of) QH*(Y) in case A7/Ps by using Deligne’s
invariant cycle theorem. We obtain the non-semisimplicity in case D,,/P» by carrying out a
perverse sheaf-theoretic study of the universal family and applying Springer theory in geometric
representation theory. This will lead to an extra Zs-graded algebra structure of the quantum
cohomology, so that Theorem 1.2 (1) (strictly speaking, Lemma 2.1) can be applied. We remark
that our proof works straightforwardly for Y in a coadjoint Grassmannian of type F as well.
We also notice that the monodromy action method has been used to study Gromov—Witten
invariants [Hulb, Mil9] before.

In our proof of Theorem 1.3 (1), the key ingredient is the combinatorial characterization of
nonvanishing cohomology by Snow [Sn86] (see Proposition 3.1) from the parabolic Borel-Weil
Theorem by Bott [Bo57]. The hypotheses on (k,n) in Theorem 1.3 (1) are equivalent to the
following condition (see Lemma 3.5)

dim Gr(k,n) = k(n — k) < 2n = 2rge(gn)-

For any G/ Py, of (co)adjoint type, the inequality dim G/Py, < 2rg/p, holds by direct calcula-
tions, and H*(Y) is always of Hodge-Tate type [BP22]. These observations, together with our
computations in examples of general Lie type, lead us to the following conjecture!. We remark
that the inequality dim X < 2rx also appeared in the early study of Fano complete intersec-
tions in projective spaces [Be95, TX97]. Although the cases for G/ Py of type A or (co)adjoint
type have been classified in Theorems 1.3 and 1.5, we include them in the statement below for
completeness.

Conjecture 1.7. Let Y be a smooth hyperplane section of G/Py. Then H*(Y) is of Hodge—
Tate type if and only if dim G/ Py < 2rq/p,, namely G/ Py is given by one of the cases:
(a) a complex Grassmannian in Theorem 1.3 (1);
(b) a (co)adjoint Grassmannian in Table 1, Cy, /Py, By /Py or Dy /Pi;
(¢) (i) C3/Ps, (ii) Bp_1/Po1 =~ Dn/Pp =~ Dy/Pa_y for n € {4,5,6,7}, (iii) Eg/P ~
E¢/Ps or (iv) E7/Ps.

Proposition 1.8. Let Y be a smooth hyperplane section of G/Py. Assume Conjecture 1.7
holds. Then QH*(Y) is generically semisimple if and only if G/ Py is given by one of the cases:
(a) a complex Grassmannian in Theorem 1.3 (2);
(b) Bn/Py1, B, /P, C,/P1, D,/ P, Fy/ Py, Go/ Py or Go/Pa;
(¢c) (i) C3/Ps, (ii) Bp-1/Pn-1 ~ D,,/P, ~ D,,/P,,—1 for n € {4,5}.
Remark 1.9. There are in total 5 generalized Grassmannians G /P with dim G/ P, = 2rgp,

given by Ay /Py, As/Ps = As/Ps, By/P; = Dg/P; = Dg/Ps,Cy/ Py and Cy/Ps. They are not
N-Calabi-Yau in the sense of Bernardara, Fatighenti and Manivel [BeFaM21]. For a general

1Conjecture 1.7 can be established as a theorem via an Al-assisted extension of our proof of Theorem 1.3 (1).
We have chosen not to include this proof in the present paper, keeping all the mathematical results the entire
work of humans.
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hyperplane section Y in these cases, the Hodge number A" T17v (Y) is nonzero. As pointed
out by Laurent Manivel, such a nonzero Hodge number in the first 4 cases is the genus of an
algebraic curve that can be attached to Y. See [GSW13, BBFM25] and the references therein
for the incorporation of higher genus curves with representations in Vinberg theory.

Finally, let us describe a convenient and powerful variation [GI] of a quantum Lefschetz hy-
perplane principle that originally organized our investigation for the cases Ag/P; and A7/ Ps,
and helped to lead it through. Information about quantum cohomology of homogeneous vari-
eties is relatively easy to obtain and organize, in particular tables of [GG05], based on Peterson’s
quantum Chevalley formula often turn out to be sufficient. In turn, hyperplane sections of ho-
mogeneous varieties usually lack sufficient homogeneity, with a notable exception of (co)adjoint
varieties, as observed in [BP22]. So ways to transfer information about quantum cohomology
from an ambient space to its hypersurface or the other way around are valuable. Quantum
Lefschetz Hyperplane Principles provide a variety of such ways. Some of them more obvi-
ously can be related to classical Lefschetz hyperplane theorems, and others (e.g. some spectral
formulations below) may look very different from classical counterparts, but more useful in
practice. One feature that may look surprising in contrast to the classical case, is that in many
non-trivial situations the passage from ambient space to hyperplane section is invertible, up to
some minor constants fitting.

Now we let Y be a smooth ample hypersurface of X with natural inclusion j : ¥ — X.
The genus-zero Gromov—Witten theory of Y can be related with the (twisted) Gromov—-Witten
theory of X by the quantum Lefschetz principle theorems of [Ki99, Le01, CG07]. In these works
it is mainly phrased as a relation either between the virtual fundamental classes of moduli spaces
of stable maps or between Givental’s J-functions when passing from an ambient space X to its
hypersurface Y. There have been various extensions to other situations, such as [CCIT09, Ts10,
IMM16], and we refer to [OhTh24] and references therein for more progress in recent years. Note
that the induced ring homomorphism j* : H*(X) — H*(Y) = H} , (Y) & H;,, (V) has image
J*(H*(X)) = H*(Y )amp. All the various versions of the aforementioned quantum Lefschetz
principle relate the information of X to the ambient part of the corresponding information of
Y. By the classical Lefschetz hyperplane theorem, the restriction j*|gmx) : H™(X) — H™(Y)
is an isomorphism of abelian groups for 0 <m < dimY.

These original quoted versions of quantum Lefschetz principle turn out to be cumbersome
for some applications in practice, especially when important information is encoded differently.
See [Go07, Section 6.6] for a formulation that relates quantum D-modules, [GM11, Section 7.3]
for a relevant example that shows its convenience. A version of a quantum Lefschetz principle
on the level of quantum D-modules was in [IMM16, Corollary 1.2].

A statement of a quantum Lefschetz hyperplane principle that directly relates QH*(X) with
QH*(Y) on the level of algebras is being developed by Galkin and Iritani. For the purposes of
this article the preliminary form available in [GI] would suffice.

For simplicity, here we restrict to Fano manifolds X of Picard number 1. In this case,
QH*(X) = H*(X) ® Clgx] is a C[gx]-module, and we consider the linear operator & on
QH®*(X) := QH*(X)|gx=1 induced by the quantum multiplication: 8 +— (a * )|qx=1. Make
H*(X) = ; A’ into a Z,-graded vector space, where

A= P HIX)

j=imod r

Note, in particular, that periodic Betti numbers b; = dim At are dimensions of graded pieces.
Define Rad(X) = {a € H*(X) | (caa(X))*™ * a = 0 for some m > 0}, and consider its
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orthogonal complement
A (X) = {y e A%(X) | / aU~vy =0 for any a € Rad(X)}.
X

For dimY > 2, by Lefschetz hyperplane theorem, the induced map Pic(X) — Pic(Y) is
an isomorphism of free cyclic groups Pic(X) = ZOx(1) and Pic(Y) = ZOy (1) that sends
an ample generator Ox (1) to an ample generator Oy (1). Denote by hx = ¢1(Ox(1)) and
hy = j*hX = Cl(Oy(l)), so that 61<X) = TxhX and Cl(Y) = T’yhy.

Proposition 1.10 (Quantum Lefschetz hyperplane; Galkin-Iritani [GI]). Let j : Y — X be
the natural inclusion of a smooth Fano hypersurface Y in a Fano manifold X of Picard number
1. Assume dimY > 2.
(1) There is a ring homomorphism j; : QH*(X) — QH*(Y) that fits into a commutative
diagram

s

Jq

QH*(X) QH*(Y)

| .* |

QH*(X)/(qx) = H*(X) —— H*(Y) = QH*(Y)/(ay)

and j;(qx) # 0. Moreover, jl’;(qx) =qyhy if bothrx —1 =171y and ry > 1 hold.

(2) When ry > 1, the set of nonzero eigenvalues of i;)\(TX coincides with that of ﬁ;\/ry, up
to dilation by a constant if rx —ry > 1.

Remark 1.11. The stability of spectra in part (2) of the above proposition could have been
observed independently more than once. We know it was observed and used in early 2000s
by mirror symmetry research group in Moscow, that included Golyshev, Galkin, and Przy-
jalkowski, not later than 2004, and is implicitly used in supplementary materials [GGO5] for
[GGO6]. Some of these developments were announced in Golyshev’s report [Go08| on spectra
and strains, including various definitions of spectra, and a claim of spectral stability. We note
that the case ry = 1 will further require a shift of Spec(ﬁ;) by a constant.

Remark 1.12. In [GI], Galkin and Iritani studied the relationship between QH*(X) and the
Euler-twisted quantum cohomology QH{, (X, L) (twisted by a nef line bundle L), and showed
a ring homomorphism QH;, (X, L) — QH*(Y'). As a consequence, they can obtain the current
Proposition 1.10. In specific cases, Proposition 1.10 can be verified more directly. Indeed,
the cases of Fano complete intersections in projective spaces follow immediately from [Giv96,
Corollaries 9.3 and 10.9] and [Ke24, Lemmas 3.2 and 4.2]. In Theorem 3.19, we also provide a
direct verification for the cases of hyperplane sections in Ag/Ps or A7/Ps.

We may further compare A9 (X) and A9 (V) as follows.

Conjecture 1.13. With the same notation in Proposition 1.10, there is a natural injective
— —

morphism of algebras A% (X) — A9 (Y) that intertwines operators hx Y and hy *, up to the

normalization described in Proposition 1.10(2) and Remark 1.11 whenrx —ry > 1 orry = 1.

Conjecture 1.13 tells us that the semisimplicity of QH*(X) could be related to the semisim-
plicity of the subalgebra of QH*(Y') generated by A9 (Y) and ¢;(Y). This could be useful when
Rad(Y) is of small dimension. Indeed, we were guided by this philosophy when investigating
QH*(Y) for Y in Ag/Ps or A7/P;. We succeeded in verifying all the expected properties,
providing evidence for Conjecture 1.13 and achieving the semisimplicity of QH*(Y).

This paper is organized as follows. In Section 2, we provide necessary conditions for the
semisimplicity of small quantum cohomology. In Section 3, we completely characterize the
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semisimplicity of QH*(Y) for smooth hyperplane sections Y in A,,_1/Py. Finally in Section 4,
we show the non-semisimplicity of QH*(Y) for Y in C,,/ P> or D,/ P;.

Acknowledgements. The authors would like to thank Pieter Belmans, Peter L. Guo, Jianxun
Hu, Xiaowen Hu, Hiroshi Iritani, Hua-Zhong Ke, Allen Knutson, Laurent Manivel, Jiayu Song,
Mingzhi Yang, and Zhihang Yu for helpful discussions. C. Li is supported by the National Key
R & D Program of China No. 2023YFA1009801. S. Galkin is supported by CNPq grants PQ
315747 and PQ 308303, and Coordenacao de Aperfeicoamento de Pessoal de Nivel Superior-
Brasil (CAPES)-Finance Code 001. N.C. Leung is substantially supported by grants from the
Research Grants Council of the Hong Kong Special Administrative Region, China (Project
No. CUHK14305923 and CUHK14306322). R. Xiong was partially supported by the NSERC
Discovery grant RGPIN-2022-03060, Canada.

2. CRITERIA FOR THE SEMISIMPLICITY

2.1. Semisimple commutative algebra. Let A be a finite-dimensional commutative (unital)
C-algebra. The algebra A is called semisimple if for any a € A, the induced linear operator
a: A— A; B+ a-f is semisimple; or equivalently, every nonzero « is not nilpotent. Suppose
that A = @Xe a AX is equipped with an M-graded algebra structure, where M is an abelian

group.

Lemma 2.1. Suppose that there exists (d,x) € Zso x M such that dim AX > dim A%, Then
there exists e € A\ {0} such that €% = 0.

Proof. Take a basis {e;};_; (vesp. {&;}];) of AX (resp. AX). Then 0 = ¢4 = (31 aie;)) =
Z;-”:l fj(a)é; holds if and only if a € C" is a common root of the m homogeneous polynomials
fi(y1,- -+ ,yn) of degree d > 0. Since n > m, there exists a nonzero common root. O

Lemma 2.2. Take any m > 0 and any a € A with & invertible. Then A is semisimple if and
only if Aly]/(y™ — «) is semisimple.

Proof. If A is semisimple, we have the decomposition A = @, A; into one-dimensional subal-
gebras A;. The map a — «; by taking the A;-component of « induces a ring homomorphism
Aly] — A;ly], and it further induces a ring isomorphism Aly]/(y™ — o) = P, Ailyl/(y™ — o).
As each A; is isomorphic to the complex field, the algebra A;[y]/(y™ — ;) is semisimple if and
only if every root of ¥ — «; is of multiplicity one. Note that « is invertible if and only if every
component «; is invertible. Hence, 4™ — «; does not have multiple roots.

Conversely, the subalgebra A of the semisimple algebra A[y|/(y™ — «) is semisimple. O

2.2. Quantum cohomology. We refer to [CoKa] for more details of Gromov-Witten theory.
Throughout the paper, we assume X to be a Fano manifold with even cohomology only. Let
M07m(X, d) denote the moduli space of stable maps to X of degree d € Hy(X,Z), and ev; :
Mo (X,d) — X denote the ith evaluation map. For 71,--- ,vm € H*(X), we consider the
genus-zero, m-point Gromov—Witten invariant defined by

ool = Vil U Uevi (). )
[Mo,m (X, d)]
Here the virtual fundamental class Mo, (X, d)]V'" lies in Hoexpdim (Mo,m (X, d), Q), where
expdim:dimX—l—/cl(X)—l—m—B. (2)
d
Take a basis {[C4],---,[Cp]} of the Mori cone NE(X) of effective curve classes. (Here we

have assumed that the effective curve semigroup is free for notational simplicity; the proof of
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Theorem 1.2 is unchanged in general) Each generator [C};] associates with an indeterminate
gi- For d =}, d;[C;], we denote qd =11, q;ij . The (small) quantum cohomology QH*(X) =

(H*(X) ® C[ql, -, qp),*) is an associative commutative algebra with unit 1 € H°(X) ® C,
with the quantum product defined by

X
Qi k Q i= g E az,a],ak dakq ;

k deNE(X)

Here {«;}; denotes a basis of H*(X), and {« }; denotes its dual basis with respect to Poincaré
pairing: (g, )x = f[X] a; Uaj = ;. The quantum cohomology QH*(X) is naturally a
Z-graded algebra with respect to the grading

deg ¢ :—/ a1 (X), dega :=j, Vac H¥(X)\{0}.
[Ci]

Proof of Theorem 1.2. Note that r divides degqy, --- ,degq,. Thus for any specialization q =
n € CP the Z-graded algebra QH*(X) naturally induces an Z,-graded algebra (H*(X) =
QH*(X)|q=y = Diez, A', *y), where A" = D;— HY(X).

If QH*(X) is semisimple at some q = 7, then (H*(X), %) has no nonzero nilpotent element,
and hence statement (1) follows from Lemma 2.1. . .

Consequently, for any i, we have dimA* < d_imfl(r_l)i = dimA~". Applying it to —i, we
obtain dim A~* < dim.A*. Hence, we have dim A’ = dim A~¢. That is, statement (2) holds. [J

2.3. First applications. Given a Lie type D,, and an integer 1 < k < n, we denote by D,,/ Py,
the quotient of a simply-connected, complex simple Lie group G of Lie type D,, by the maximal
parabolic subgroup Py of G that corresponds to the subset A\ {ax}. Here A = {aq, -+ ,an}
is a base of simple roots for G with the same ordering as in [Bel|, and D, /P is called a
generalized Grassmannian (of type D,,). In particular, the Grassmannian of type A4,,_1,

Ap_1/P, ={V <C" | dimV =k} =: Gr(k,n),

is known as a complex Grassmannian. There are in total 27 Grassmannians of exceptional
Lie type: 9 of which are known to have semisimple quantum cohomology, 14 are known to
have non-semisimple quantum cohomology, and the other 4 cases are unknown [Bel]. Here
we provide a proof for 13 non-semisimple cases by Theorem 1.2. Unfortunately, the remaining
non-semisimple case Eg/ Py cannot be checked by Theorem 1.2, nor does it give any obstruction
for the 4 unknown cases Er /P, E7/Py, E7/Ps, Eg/Ps.

Theorem 2.3. For anyX € {E@/PQ,EG/P4,E7/P1,E7/P3,E7/P6,Eg/Pl,Eg/PQ,Es/Pg,Es/Pg,,
Eg/P;, Eg/Ps, Fy/Ps, Fy/ Py}, the quantum cohomology QH*(X) is not semisimple.

Proof. Simply denote r = rx and by; = bo;(X). Then we can read off the data of dim X, r, by;
of each X from [Bel] directly, where by; = 0 if j > dim X. Then we can calculate dim A* for
Fy/ Py and dim A% for the other 12 cases. For instance for E;/ Ps, we have dim Al = bo+bg.14+
bo.o7+bo.g9g = 142642942 = 58, and dimA-1 = bo.1a+bo.05+bo.38+bo51 = 21+34+4+0 = 59.
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X |dimX | r | i|m|dimA" = Y byyjpy | AmAT = 7 bogr_ipjn
J=0 J=0

Eg/Py| 21 |11 1 6 7

E¢/Py| 29 7 4 102 104

E;/P | 33 |17 1 7 8

E;/Ps| 47 |11 4 183 184

E;/Ps| 42 |13 3 58 59

Eg/Py | 78 |23 3 94 95

Eg/Py | 92 |17|1| 5 1016 1017

Eg/Ps| 98 |13 7 5317 5318

Eg/Ps | 104 |11 10 21993 21992

Eg/Pr| 83 |19 4 354 355

Eg/Ps | 57 |29 1 8 9

Fy/Ps| 20 7 2 13 14

Fy/Py 15 11 (4] 2 3 2
As from the table, none of the 13 cases satisfies dim A? = dim . A~* for the given i. Hence, none
of them has semisimple quantum cohomology by Theorem 1.2 (2). O

3. SMOOTH HYPERPLANE SECTIONS OF Gr(k,n)

In this section, we let X = Gr(k,n) ={V < C" | dimV = k}, which is a closed subvariety in
P()~1 via the Pliicker embedding. The intersection of X with a general hyperplane of p()-1

gives a smooth hyperplane section Y of the complex Grassmannian X. We will investigate the
semisimplicity of QH*(Y'). Since Gr(k,n) = Gr(n — k,n), we can always assume n > 2k.

3.1. Characterization of H*(Y) of Hodge—Tate type. Due to Proposition 1.1, we start
with the study of the Hodge diamond of Y, which has its own interest in classical algebraic
geometry. One key ingredient is the combinatorial characterization of nonvanishing cohomology
by Snow [Sn86] from the parabolic Borel-Weil Theorem by Bott [Bo57].

Denote by Pr, :={\ = (A1, -+, \) € ZF | n—k > Xy > -+ > A > 0}. Denote || := >, \;.
The hook length of a cell in the Young diagram of a partition A is defined to be the total number
of cells which are either directly to the right or directly below the cell together with the cell.

Proposition 3.1 ([Sn86, Section 3.1 (2)]). For ¢ > 0, we have
HI(Gr(k,n), Q(£)) # 0
if and only if there exists X € Py, of p cells with no cell of hook length ¢ such that j equals the
number of cells in A of hook length larger than £.
Remark 3.2. Recall a smooth projective variety X is said to satisfy Bott vanishing if
HI(X, 0% @ L) =0
for any ample line bundle L. However, Bott vanishing fails for complex Grassmannians other

than projective spaces, see [BTLM97, Section 4.3]. We refer to [Be25, Fo25] for the failure of
Bott vanishing for certain generalized Grassmannians of general Lie type.

j>0,p=>0

We call a partition A a j-core partition, if j does not appear as the hook length of cells in A.
We first assume Lemma 3.3, which will be proved in Section 3.4 in a purely combinatorial way.

Lemma 3.3. For 3 <k <n/2, there exists (\,i) € Py, x [1,n—1] such that |\| > k(n—k) —1i
and X is an (n — i)-core partition if and only if (k,n) € {(3,6),(4,8),(3,9)}.
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Example 3.4. Below are partitions (3,2,1),(4,3,2,1),(6,4,2),(4,4,2,2), whose cells are la-
beled by their hook length. For example, the partition (6,4,2) has 12 cells with no cell of
hook length 3, and has 6 cells of hook length larger than 3. Thus H%(G7(3,9),Q2'2(3)) # 0 by
Proposition 3.1.

5[3]1 7]5]3]1] 8[7]5[4]2]1] 7161312
=T 5[3[1 6[5[2]1
A 31 5[4]2]1
; 311 5T 3[2
= 1 21
(k,n, 1) (3,6,4) (4,8,6) (3,9,6) (4,8,4)

As we will see from the proof of Lemma 3.3, they are the only (n — i)-core partitions.
Lemma 3.5. Forn > 2k, k(n — k) > 2n holds if and only if one of the following holds:
(i) kK > 5; (ii) k=4 and n > 9; (iii) £ = 3 and n > 10.

Proof. For k > 5, k(n — k) —2n = (k —2)n — k% > (k — 2)2k — k> = k* — 4k > 0. For k < 4,
by direct calculation, k(n — k) > 2n if and only if (k =3,n > 10) or (k =4,n > 9) holds. O

Lemma 3.6. Assume dim X > 2n. Then for any 0 < p < n, we have
HS(X,Qgng*j(p—j))zo forall s and 1 < j <p.

Proof. Assume H®(X, Q%mX*J (p— 7)) # 0 for some (s,7,p). Then by Proposition 3.1, there
exists A € Py, with |A| = k(n — k) — j, having no cell of hook length p — j and having s cells
of hook length larger than p — j. Since 1 <p—j <mn, thenfori:=n—p+j € [j,n—1], |\ >
k(n—k)—i and X is an (n—1)-core partition. Thus by Lemma 3.3, (k,n) € {(3,6),(3,9), (4,8)}.
This contradicts the assumption dim X = k(n — k) > 2n. O

We have the following proposition, whose proof is a refined version of Griffiths’ theory
([Gr69], see also [Voi, Section 6.1.2]) with more precise control of cohomology vanishing. A
similar argument appears in [DV10, Theorem 2.2].

Proposition 3.7. Assume k(n — k) > 2n. Then
hk(n—k)—p,p—l(y) _ 0, p<m,
1, p=n.
In particular, H*(Y') is not of Hodge—Tate type.

Proof. Let U = X \'Y be the complement of Y. Let Q% (logY’) be the sheaf of logarithmic
p-forms, i.e. meromorphic differential p-forms ¢ such that ¢ and d¢ both have a pole of order
at most 1 along Y. By the proof of [Voi, Theorem 6.5], the Hodge filtration of H4™X (U, C) is
given by

Fdlm X—p—l—lHdlmX(U, (C) — Hp—l ()(7 le(lm X_p+1(10g Y)closed)-
Note that by definition, Qg(imxfp Jrl(log Y)closed = Q()i(imX*p JrI(Y)Closed. We have the following
exact sequence for p < dim X

0 — QEMX=PH () eq S QIMX =Pl (y) 4 qdimX=pt2 9y 4 4 Ky (pY) — 0.
By the vanishing in Lemma 3.6, we can shift the degree, and hence for 1 < p < n,

pAmX—p1 pdim X 77y & O X Ky (pY)).
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Then by the assumption dim X > 2n, we have
FdimX—pHdimX—l(Y) ~ HO(X, Kx(pY)).

It has dimension 0 when p < n and 1 when p = n. This gives the Hodge number. O

Theorem 3.8. Let Y be a smooth hyperplane section of Gr(k,n) where n > 2k. Then H*(Y)
is of Hodge—Tate type if and only if either (i) k € {1,2} or (ii) k=3 andn € {6,7,8} holds.

Proof. By Proposition 3.7, it remains to check the case when k(n — k) < 2n. For k = 1,2, the
hyperplane sections are known to be Hodge—Tate. Thus by Lemma 3.5, it remains to check the
cases when (k,n) belongs to {(3,6), (3,7), (3,8), (3,9), (4,8)}.

To compute the Hodge numbers, we consider the A-class A\, (Y) = 3 - y?[Q}] € K(Y)[y]
in the polynomial ring of y with coefficients in the K-theory of Y [Hir|. We have

(1+y0(=Y)) - Ay(Y) = Ay(X)]y-
So

— p Py _ — 1-0(=Y)
W) = 0 = AY) (X070 ) € 2l

This can be obtained by using the Bott—Lefschetz localization formula and taking the non-
equivariant limit. For X = Gr(3,9), we have

xy(Y):—y17~|—y16—2y15+3y14—4y13+5y12—7y11+7y10—6y9
+6y° —Ty" + 7y° — 50 + 4yt -3+ 2% —y + 1.
That is,
| p JO] 1 ]2[3[4]5]6] 7 [8] 9 |10[11[12]13 [14][15][16] 17 |
X ) [1][-1]2][-3[4[-5[7[-7[6]-6[7|-7]5[-4[3[-2[1]~1]

By Lefschetz theorem and Poincaré duality, we have
(1) A*/(Y) =0 unless i = j or i + j = dimY = 17;
(2) wheni+j <dimY =17, " (Y) = h"I(X).
Comparing them with the Poincaré polynomial of Gr(3,9), we conclude when i + j = 17,
h8Y = p%8 =2, h¥J = (0 otherwise.

In particular, H*(Y") is not of Hodge—Tate type. By the same methods, we can work out the
other cases. The following diagrams list their Hodge diamonds.

Y CGr(3,9) Y CGr(4,8)
Y CGr(3,6) Y CGr(3,7) Y CGr(3,8) 1 % 1
11 I3 g
1 1 1 35 3 3 52
1 1 15 3 3 4 5 3 5
1 1 1
L

Hence, for k > 3, H*(Y) is of Hodge-Tate type if and only if £ = 3 and n € {6,7,8}. g
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Remark 3.9. The method in the proof is well-known and works for any Gr(k,n) in prin-
ciple, while the computation of x,(Y) is not efficient in practice. The polynomial x,(Y")
can be efficiently computed via the Pieri rule of motivic Chern classes of Schubert cells over
Grassmannian [FGSX24]. The readers can try it online: https://cubicbear.github.io/
PluckerHodge .html.

3.2. Quantum Pieri rule for Hodge—Tate hyperplane sections.

3.2.1. Quantum Pieri rule for X. Here we review some facts on QH*(X) (see e.g. [Bu03]).
For A € P, the Schubert subvariety X, C X of codimension |A|, associated to a fixed
complete flag Fq of C", is defined by Xy ={V € X |dimV N E,_j4,_x, > ¢, i=1,--- k}.
The Schubert classes oy := P.D.([X,]) € H?(X,Z) form an additive basis of H*(X,Z). The
dual basis is given by {(o))Y = oav}r, where \Y = (n—k — Ag, -+ ,--- ,n—k— A1) is the dual
partition. We simply denote the special partitions p = (p,0,---,0) and 17 = (1,--- ,1,0,---,0)
where there are p copies of 1. There is an exact sequence
0-8—-C"—>Q9—0

of tautological vector bundles over X. The fiber of the tautological subbundle § at a point
V € X is given by the vector space V. The Schubert classes o, (resp. o1») coincide with the
p-th Chern classes ¢,(Q) (resp. (—1)Pc,(8)). Hence, they are related by ¢(8) Uc(Q) =1, i.e.

m

Z(—l)ialiom_i =0 (3)

=0
for all m > 1. Here we take the convention oy = 0, whenever A\ € P ,,. There is a canonical
ring isomorphism, where o,’s are polynomials in o;s’s read off from (3),

QH*(X) 2 Clo1, 01k, ax]/(On—tt1, s Onet1, 00 + (—1)Fgx). 4)

The quantum multiplications by o,’s (or o1»’s) are known as the quantum Pieri rule, and were
first provided by Bertram. We refer to [BCFF99, Proposition 4.2] for the following form.

Proposition 3.10 (Quantum Pieri rule). Let 1 <p <k and A € Py,,. In QH*(X), we have
O1p X O) = ZO’H +qXZUV7
" v

the first sum over p obtained by adding p cells to X\ with no two in the same row, and the second
sum over v with |v| = |A\|+p—n such that \1—1 > 01 > Xo—1>D9 > -+ > Ny pp—1 > Uy > 0,
which occurs only if \i =n —k and where A € Py,_}.,, denotes the transpose of \.

3.2.2. Quantum Pieri rule for Y. Denote by j : Y < X the natural inclusion. It induces an
algebra homomorphism j* : H*(X) — H*(Y'), with j*|p2i(x) an isomorphism of vector spaces
for 0 < 2i < dimY. Taking a line P! C Y, we have Ho(Y,Z) = Z[P'] and Hy(X,Z) = Zj.[P'],
and simply denote by d € Z a curve class under this identification.

Proposition 3.11 ([BP22, Proposition 5.13 and Theorem 5.11 (1)]). Assume n > 2k > 3.
(1) Ford € {1,2}, Mo, (Y, d) is irreducible of expected dimension.
(2) For any a,o/ € H*(Y) and v € H*(X) with i <n — 1, we have
<aa 0/7.7*’7>¥ = <j*a7j*a,7 PY>A1X
Remark 3.12. Part (1) with d = 1 is a consequence of the result in [LMO03] as explained

in [BP22, Corollary 5.8]. Then part (2) is obtained by a canonical argument with projection
formula as in [BP22, Lemma 5.12]. Part (1) with d = 2 was proved in [BP22, Theorem 5.11
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(1)] for adjoint or quasi-minuscule Grassmannians (excluding type G2), and also holds in our
situation by exactly the same arguments therein.

Extend the morphism 5% : H*(X) — H*(Y) to a C-linear map j* : QH*(X) - QH*(Y) by
defining j*(¢'¢) = gy*, which is distinct from the lifting j; in Proposition 1.10.

Proposition 3.13. Let A\ € Py, 1 <p <k and f € Hpim(Y). In QH*(Y'), we have

Jrow xjrox = j (o Uo) + j (o x (0xUo1) —ow U (0aUo1))  mod gy,
o xB=0 mod ¢%.
Proof. Denote m := p+|A| — (n—1). Take an ordering {O’M(1), e ’Uu(b>} of the Schubert basis

of H?™(X) such that H>™(Y) has a basis {7700 hi<i<a U{Bi}1<i<c for some 1 < a < b and
primitive classes ;’s which appear only if dimY = 2m. Write

a C
Jro x jron = frow Uit o +ay D mijto,e +ay Y mifi mod gy
i=1 i=1
Then for any 1 < i < ¢, 1 = (j*ow,j*on BN = (01, 5:(5"00), j«(B))1 = 0 by using
Proposition 3.11 and noting j.(8;") = 0 (since 8, is again a primitive class). For 1 <1i < a,

mi = (a1, j*ox, (77 0,0) ") = (o1, 4:(7702), (7 0,0) V)T -

Since Y is a hyperplane section of X, by projection formula we have j.(j o)) = j.(j¥oaU1) =
oxUjxl =0)Uop. For any v € iPk,n \ {M(S)}a<sgb, we have

/[X] 3e((70,0) ) Vo, = /[Y](j*%(i))v Ujtow =6,
Fora < s < b, writing j*o ) = Y_{_ €stj*0 ), we have f[X] 3 ((5%0 )Y )Uo ) = f[Y] (J*o,m)'U
(32 esti*o,m) = csi- Tt follows that j.((j*0,m)") = O':L/(i) + > csial(s). Hence,

a a b
qy Z mij o0 = qy Z ((o1p, 00 U 01, O':L/(Z.)>{(j*o'u(i> + Z (019,05 U o1, O-:L/(S)>{(Cs’ij*0'“(i))
=1 i=1 s=a+1
b
=ar ) _{ow,oaUor, OV
i=1
= j*(glp * (0-)\ U 0'1) —o1p U (0’)\ U 0'1)).

Here the last equality follows from the quantum Pieri rule for X, which shows that the quantum
part of o1p x (o) U 1) consists of the degree-one part of the quantum product. 0

The span Span(Z) of a subvariety Z C X is the smallest vector subspace of C" that contains
all the k-dimensional spaces given by points of Z. It has been used to study QH*(X) in [Bu03].

Proposition 3.14. Let k > 3 and Z be a closed subvariety of Y of dimension m. Ifn > 2k+m,
then for any o € H*(Y'), we have

(P.D.[pt], P.D.[Z],a)Y = 0.

Proof. It suffices to show the case when « is represented by a closed subvariety of dimension
m = 2dimY —m — 2(n — 1). Assume ([pt], [Z], @)} # 0, then for any point P € Y and any
closed subvariety Z’ of dimension m, there exists a conic C' passing through P, Z and Z’ by
Proposition 3.11 (1). Say P € C'N Z, then we have dim Span(P) = dim(P) = k. Hence,

Span(P) N Span(P) # 0, by noting that they are both vector subspaces of Span(C) while
dim Span(C) < k + 2 by [Bu03, Lemma 1].
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Consider the configuration space
By = {(V17Vk7‘7k) ’ V< Vk, Vi<VieZ,dimV; =1,dimV, = dika = k}

as well as the natural projections m; by sending (Vi, Vi, Vi) to the ith vector space. Note that
By is a closed variety, which is a fibration over Z via mg with fiber at Vi being a Gr(k—1,n—1)-
bundle over P(Vj). Thus dim By =dim Z + (k — 1) + (k — 1)(n — k). Hence,

codimxms(Bz) = dim X — dim73(Bz) > dim X —dim Bz =n — 2k —m + 1.

Since Y is codimension 1 in X, codimy (Y N 7w3(Bz)) > n — 2k — m > 0 by the hypothesis.
Therefore, there exists V, € Y \ m3(Bz). Then for any V} € Z and any 1-dimensional vector
subspace Vi, either Vi £ V4, or Vi £ V; holds. That is, V3 N'V;, = 0, saying that the span of
the point V} in Y and the span of the point V}, € Z C Y has zero intersection and resulting in
a contradiction. O

Definition 3.15. We call Y a Hodge-Tate hyperplane section, if H*(Y') is of Hodge-Tate
type.

Proposition 3.16 (Quantum Pieri rule for Y'). Let Y be a Hodge—Tate hyperplane section.
Take any 1 <p <k, A € Py, and f € Hpuim(Y). In QH*(Y'), we have

j*0'1p *j*UA :j*(01p UO’)\) +j*(01p *(0’)\ UO’1) —o1p U (O’)\ Ual)); j*O'lp * 3 =0.

Proof. Denote ¢ := qy. For k € {1,2}, we have Hpim(Y) = 0 and p+ |A| < k+dimY =
k+k(n—k)—1<2(n—1)=2degq. Thus there are no ¢%terms with d > 2 in j*o1» * j*0.
By Theorem 3.8, it remains to consider the case when k = 3 and n € {6,7, 8}.

By degree counting again, there are no ¢%terms with d > 3 (resp. d > 2) in j*o1» x j* 0
(resp. j*o1r x ). Thus by Proposition 3.13, we have j*o1» x § = 0.

For p = 1, we further conclude that there are no ¢*-terms in j*o; * j*o. Indeed, when
n = 6, this holds by degree counting. When n = 7, a ¢>-term occurs only if 12 = 2degq <
1+ Al €1+ dimY = 12, implying A = (4,4,3). The coefficient of ¢® - 1 in j*oy * J0(4,4,3)
equals (j*o1, P.D.[pt], P.D.[pt])} , and hence equals 0 by Proposition 3.14. When n = 8, there
are at most two possibilities by degree counting, being the coefficient of ¢%- 1 (resp. ¢?j*o1) in
Jro1%j 0(55.3) (resp. jYo1xj%0(55.4)). They both equal (j%o1, P.D.[pt], P.D.[P'])¥ and hence
equal 0 by Proposition 3.14 again. Hence, the first equality in the statement holds for p = 1.

For p € {2,3}, it follows from the associativity of quantum products that ¢>-terms do not
occur. For instance for p = 2 and n = 7, ¢*>-terms occur at most in J 01,100 * 570 (4,4,2) and
J0(1,1,0) * 770 (4,4,3), by degree counting. By direct calculations, we have

Jrorxj ey = 7 0ua2) + 457 03,1,0)
Jroa0)*x it ouan *itor = q(7 0@ 20 I 0wu10) * 01 = q(§ 02,0 i 0@10) Uitor+ ¢ q,
47 03,100 % 0(1,1,0) = 45 03,1,0) Y0010+ G-
Hence, j*0(1,1,0)*j*0(14,2) = 4(J0(3,2,0) T 7" 0(4,1,0) VI 01 — 45" 0(3,1,0) U J"0(1,1,0), which does

not contain ¢?-term. The arguments for the remaining few cases are similar. U

3.2.3. Applications. Denote by po v (x) the characteristic polynomial of the induced operator
& on an algebra V containing «. Using the quantum Pieri rules, we have the following.

Lemma 3.17. Let Y be a smooth hyperplane section of X = Gr(3,n), where n € {7,8}.
(1) Forn =17, Py 40(x)(¥) = D(jrayys a0y (2) = (128 — 13z + 2?)(1 - 572 — 2892% + 2°).
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(2) For n = 8, we have pys ox)(®) = (v — 1)3(1 — 1154z + 2%)(6561 — 34z + 22) and
Pobsc 2 A0(X) (r) = (1 —2)(1 + 478z — 2?)(1 + 22)(2187 + 6z + 22). Moreover,

P(j*e1)7,A0(Y) (z) = :EQPU%AO(X)('I)v D(j*01)3%j* 0,2 ,A9(Y) (z) = $2pa§*alz,A0(x)($)

Proof. For n = 7, A%(X) = C{1,0(43,0),0(42,1), 9(33.1), 03,22)} and A°(Y) = C{1, j*o(41,1),
7503300, 7703,2,1), 7 02,22} With %0 420) = 27 0411 + 50330 — 770@21) T770022,2)-
For n = 8, A%(X) = C{1,0(53,0),9(5,2,1)> T(4,4,0)+ T(4,31): 0(4,2,2), 0 (33,2) } and ANY) = C{1,
35 05,200 J70(5.1,1), 07 0(4,2,1), 57 0(4,3,0), 370 (3,2,:2), 570 (3,3,1): J 0 (5,5,4), B}, where (3 is a primitive
class and we have j*o1 x5 = 0.
Then the statements follow from direct calculations by using Proposition 3.16. g

Proposition 3.18. Let Y be a smooth hyperplane section of X = Gr(3,n) with n € {7,8}.
There is an isomorphism of algebras

AV(X) =5 A (Y)
with a’{X = ((7%01)™Y) L.

Proof. Denote ax := 01* and ay := (j*01)". For n = 7, by direct calculations, {1, ax,- - ,0/)1(}
(resp. {1,ay, -+, a3 }) form an additive basis of A°(X) (resp. A%(Y)). Therefore the minimal
polynomial of ax (resp. ay) is given by the characteristic polynomial of it. Therefore, by
Lemma 3.17, A%(X) (resp. A%(Y)) is isomorphic to Clz]/(pay,a0(x) (7)) by sending ax (resp.
ay) to x.

Now we consider n = 8 and denote ax = J{X_Q x o2,y = (j*o1) * j*o2. By
exactly the same argument for n = 7, we conclude that A°(X) (resp. A9 (Y)) is isomorphic to
Clz]/(pay a0(x)(z)) by sending éx (resp. (ay)1) to z. By direct calculations, we see that axy

'r'y—2

and (ay ) have exactly the same linear expansion in terms of {a% }; and {(a,) | }; respectively.
Hence ax is sent to (ay )| under the isomorphism. O

Theorem 3.19. Let Y be a smooth hyperplane section of X = Gr(3,n) with n € {7,8}. Then
both Proposition 1.10 and Conjecture 1.13 hold forY .

Proof. Conjecture 1.13 and Part (2) of Proposition 1.10 follow directly from Proposition 3.18
and Lemma 3.17 respectively.

Recall QH*(Gr(3,n)) = Clo1, 012,013, 4x]/(0n—2,0n-1,0n — ¢x ), Where o; can be obtained
by the relation (3). Denote by e1 = j*o1,e2 = j*012 and e3 = j*oy3. Note jj(on—2) = 0, as
n —2 < ry. To verify part (1) of Proposition 1.10, it suffices to show that

%

Jg(on-1) =0,  jy(on) = js(ax) = gver,
where ji(0n—1) = he, js(on) = hy for n =7 (vesp. j;(on-1) = h7, j;s(0n) = hg for n = 8) with

he = € — Beteq + 6e3e3 + dedes — e — Gejeges + €3,

hr = eI — 6efeq + 106?6% + 561163 — 4616% — 126%6263 + 36%63 + 3616%,

hg = €§ — Tebeqy + 156‘1163 + 6e3es — 10etel — 20e3eses + e% + 12e1e3e3 + 6e2e3 — 3eqes.

Then we are done by direct calculations using Proposition 3.16. O
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3.3. Semisimplicity of QH*(Y). Here we investigate the semisimplicity of QH*(Y') for a
smooth hyperplane section Y of X = Gr(k,n). We will need to apply the following proposition
in the case (k,n) = (3,8).

Let m : Y — U be a projective smooth morphism. Let p € U be any point and denote
Y, := 7 1(p) the fiber of 7 at p. There is a monodromy action (see e.g. [Voi, Chapter 3]) of
the fundamental group 71 (U, p) on the classical cohomology H*(Y,).

Proposition 3.20 ([LT98, Theorem 4.3], see also [Hulb, Corollary 3.2]). The monodromy
action of m(U,p) on H*(Y,) naturally extends to an action on QH*(Y,) and preserves the
quantum product.

For Y in Gr(3,8), we consider the family 7|y : Y° — U obtained by restricting the natural
projection
m:Y={(V,7) € Gr(3,8) x A3(C¥* | 7|y = 0} — A3(C®)*.
to the unique Zariski open G Lg-orbit U of A3(C®)*. More precisely, the first projection Y —
Gr(3,8) is a vector bundle over Gr(3,8) whose fiber at V is the space ker[A3(C?)* — A3V*].
Therefore, the smooth hyperplane section Y of Gr(3,8) can be realized as a fiber over any
p € U. Notice Hpim (Y) = C{8}.

Lemma 3.21. ForY in Gr(3,8), there exists o € w1 (U) such that o8 = — under monodromy
action.

Proof. By Deligne invariant cycle theorem [Voi, Theorem 4.24], the image of the restriction
H*(X,Q)= H*(Y,Q) = H*(Y,Q)

is the monodromy invariant subalgebra. In particular, the restriction of o3 € H?(X,Q) is

invariant, so the primitive space Qf is preserved. Since [ is not in the image, there exists

o € m(U) such that 8 # o8 € QB. Note that [, 8> = [, 8% # 0, the only possibility is

o =—p. O

Theorem 3.22. Let Y be a smooth hyperplane section of Gr(k,n) where n > 2k. Then
QH*(Y) is generically semisimple if and only if one of the following holds:

(a) k=1; (b) k =2 and either n =4 or n is odd, (¢) k=3 and n € {7,8}.

Proof. Let X = Gr(k,n) with n > 2k. For k = 1, Y is a projective space and hence QH*(Y)
is generically semisimple. For X = Gr(2,4), X is a quadric in P, and hence Y is a quadric
in P* with generically semisimple quantum cohomology. For k = 2 and n = 2m with m > 2,
Y = SG(2,2m) and QH*(Y) is known to be non-semisimple [CP11]. For k =2 and n = 2m+1
with m > 1, Y = SG(2,2m + 1) is a quasi-homogeneous variety with generically semisimple
quantum cohomology [Pecl3, Perl4]. For k¥ > 3 or (k = 3 and n > 8), QH*(Y) is not
semisimple by Theorem 3.8 and Proposition 1.1.

Now we assume k = 3. It remains to investigate the cases n € {6,7,8}. For n = 6, we
notice that dim A! = by(Y) + b12(Y) =1 +2 # 4 = bg(Y) = dim A~!. Hence, QH*(Y) is not
semisimple in this case.

Now we consider n € {7,8}. Notice A} (Y) = A°(Y) and Rad(Y) = 0if n = 7. It is
well known that QH*(X) is semisimple, so is the subalgebra A%(X). By Proposition 3.18,
AY (V) =2 A°(X) is semisimple. By Lemma 3.17, the restriction of (j*o1)" to the complement
of Rad(Y) in QH*(Y') is invertible, so is j*o1. Hence, A (Y)[j*o1] =2 AY (V) [y]/(y"Y —(j*01)™)
is semisimple by Lemma 2.2. This settles the case n = 7. Now we consider n = 8, for which
dim A9 (Y)[j*o1] = 49. We have QH*(Y) = Rad(Y) @ AY (Y)[j*01], where Rad(Y) = C{3,~}
with

Y 1=20(54) — 0322 T 033,1) T 0@21) — 204,30) — 30(5,1,1) T 20(5.2,0) € H (Gr(3,8)).
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Then we are done by showing that Rad(Y') is semisimple. Indeed, since Rad(Y) is a two-
dimensional unital algebra factor, the nilpotent elements of Rad(Y") form a subspace of dimen-
sion at most 1 and any nilpotent element has nilpotent index no more than 2. Thus j*v is not
nilpotent, by noting [,-(j*y) U (j*y) = 6 # 0. If a8 + bj*y is nilpotent, then so is —af3 + bj*y
by applying the monodromy action by Proposition 3.20 and Lemma 3.21. This forces b = 0.
Then it follows from [}, 5% # 0 that a = 0. O

3.4. Proof of Lemma 3.3. We discuss all the possible n — 4.

Case I: n —i € {1,2}. If n —i = 1, only the empty partition is a 1-core partition, but our
assumption implies k(n — k) > k% > k > i. Thus it is impossible.

If n — i = 2, then the 2-core partition must be a staircase. The maximal 2-core partition in
P is (k,---,2,1) and has kk+1) ol By the assumption, we have

2
Mzk(n—k)—i.

Hence, k(k;l) > k(n — k) — n, implying @ + k%> (k—1)n > 2(k — 1)k and consequently
k < 5. Combining the above inequality with 3 < k < &, we obtain (k,n,7) € {(3,6,4), (4,8,6)},
see the first two diagrams in Example 3.4.

To proceed in the remaining cases, we use the bijection Py, — ([Z]) defined by A — A =
{a1,...,ax} with a; = \; + k — i+ 1 for all 7. Under this identification, we have

() N>kn—k)—ie=>F aw>n+m-1)+-+n-k+1)—3

(ii)) Nis (n —i)-core <= ifa € Aand a — (n—1i) > 1 then a — (n — i) € A.
Here the equivalence in (ii) follows from the fact that the multiset of hook lengths of \ is given
by Ule ({1, coyap = 1\ Ujs{ai — aj}), see [St99, proof of Lemma 7.21.1].

Case II: n —7 >3 and 7 < n —i. Let us consider
B={acA|ln—i<a<n}.
Since n —i < n < 2(n — i), we have the disjoint union
A=BuUBUC
where B’ ={b—(n—1i)|be B} and C = A\ (BU B’). Assume |B| = b. Note that
k= |B|+|B'| +|C| > 2b, k—b=|B'|+|C|<n—i
and
#(AN{1,...,i}) >b,  #(An{l,....n—i}) > k—b.
That is,
ap < -+ <az<ap <n
ap—p < - < app2 < AQpp1 <N — 1
ag < -+ < ag—pt2 < AGg—pt1 < L
This implies
ai+-+a<n+n—-1)+---+n->b+1)
+n—i)+(n—i-1)+--+(n—i+1—-Fk+2b)
+i+(i—1)+--+(i+1-0)
=n+n—-1)4+--+n—-k+1)—(k—2b)(: —b) —b(n —k+b—1).
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By the assumption (i), we have
0> (k—=2b)(i—0b)+bn—k+b—1i)—i, (5)

implying b > 0 (otherwise we would have 0 > ki —i > 0). If n — k+ b —i < 1, then we have
k>k—-b>n—1i—-1> %5 —1, contradicting k < 5. Thus we can assume n —k +b—1i > 2.

If kK —2b > 0, then it follows from (5) that 0 > (i —b) +2b — ¢ = b > 0, a contradiction. It
follows that k = 2b. Since k > 3, we have b > 2 and n > 4b. Using i < n/2, we obtain

(b+1)n
2

b(n —b) — (b+1)i > b(n —b) — > 2b(b—1) — b* = b(b—2) > 0.

This contradicts the inequality (5), where k& = 2b in this case.

Case III: n — ¢ > 3 and i > n — i. Let us consider
M={acAl|i<a<n}, m = |M]|.

By (ii), we have an injective map ¢ : M — {1,...,n— i} N A such that ¢(a) = a — ¢(n — i) for
some ¢ > 0. Moreover since ¢ > n — i, we have a — (n —i) > a —1i > 0, hence ¢ > 1 and in
particular a # ¢(a). Now M N ¢(M) = &, we can conclude that

k>2m,  #(AN{l,...,n—i})>m.

We first exclude m = 0. If M = &, then a; < i and we have ax < n—1 ( otherwise, condition
(ii) would imply a — (n — i) € A, contradicting the minimality of ag). Since the elements of
A are distinct, we obtain

k k
Zlajg(k—l)i—(k_l)zM (n—i <Zln—j+
j= j=

where the second inequality follows from k£ > 3 and n — ¢ > 3. This contradicts condition (i).
Hence m > 1.

Subcase ITI.1. When |M| =1, ie. M = {a1}, we have
arp <n—1, ap—1 < -+ <az <az <4, a1 < n.
Then

a1+ tay<n4i+(i—1)+-4(G—k+3)+n—i
=n+n-1)+n-2)+-+n—-k+1)—(k—2)(n—i—-1)—(i—k+1).

By assumption (i) and noting n — i > 3, we have
0>k-2)n—i—1)—k+1>2(k—2)—k+1=k—-3>0.
So k = 3, and all equalities should be achieved at each step, i.e.
n—1t=3, as=mn—1, as =1, a; =n.

Then az = 3. Since ag > az = n — i, by (ii), this forces ag — (n — i) = a3, i.e. i =6 and n = 9.
So the only case is (k,n,i) = (3,9,6), see the third diagram in Example 3.4.
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Subcase III.2. When |M| =m > 2, we have
ap < Op—1 <+ < Qg—mt1 <N —1 and Ok <+ < Q42 < Q41 < 1.
Then
ag+-+ta<n+mn—-1)+--+nm-—m+1)
+i+(@—-1)+--+@GE—(k—2m)+1)
+(n—i)+(n—i—1)+---+(n—i—m+1)
=n+n-1)+-+n—-k+1)—(k=2m)(n—m—14) —m(i+m—k).
By (i), we have
0>(k—-2m)(n—m—13)+m(i+m—£k)—1 (6)
If n —m —i =0, then it follows from (6) that
O=mn—-k)—i>2n—k)—i>n—1>0,
a contradiction. So n —m — ¢ > 0, and by (6) we have
0>(k—-2m)+2(i+m—k)—i=i—k>n/2—-n/2>0.

This shows ¢ = k and all equalities should be achieved at each step. Then i = k = n/2,
m =2 (since i +m—k=m >0)and k —2m = 0 (since if n —m —i =1i—2 = 1, we can
solve (k,n,i) = (3,6,3) contradicting k& > 2m). So the only possibility is (k,n,i) = (4,8,4)
witha; =n=8,a0=a1—1=7,a3=n—1t=4 and aq4 = a3 — 1 = 3, see the last diagram in
Example 3.4. Now the proof of Lemma 3.3 is completed.

4. SMOOTH HYPERPLANE SECTIONS OF GENERALIZED (GRASSMANNIANS

In this section, we consider a generalized Grassmannian X = G/Py. There is an embedding
X — P(V,,), where wy is the k-th fundamental weight and V,, denotes the corresponding
fundamental representation of G. Let Y be a smooth hyperplane section of X, given by
the intersection of a general hyperplane in P(V,, ) with X. We begin with some (co)adjoint
Grassmannians in Table 1.

4.1. Hyperplane sections of C,,/P,. The coadjoint Grassmannian G/P» of type C), is the
symplectic Grassmannian SG(2,2n) = {V < C?" | dimV = 2, w(V,V) = 0}, where w is a
symplectic form on C?" and n > 3. It can be realized as a smooth hyperplane section of
Gr(2,2n). In particular, ry = 2n — 1 and dim X = 4n — 5. The following theorem verifies
[BP22, Conjecture 1.10 (2)] for type C, and provides a new proof of the non-semisimplicity of
QH*(SG(2,2n)) as well.

Theorem 4.1. Letn > 3. For a smooth hyperplane sectionY of X = SG(2,2n), both QH*(X)
and QH*(Y') are non-semisimple.

Proof. Note that the odd Betti numbers bg;41(X) = dim H%1(X) all vanish. Since the two-
step flag variety SFI(1,2;2n) of type C is a P!-bundle over SG(2,2n), and also a P?"~3-bundle
over P2"~! we have the Poincaré polynomial (with respect to complex degree)

1— t2n 1— t2n—2
px(t) = Ja+n

1—t 1-—t
1_t2n 1_t2n72
:( (1_2)((1_t2) ):(1+t+---—|—t2n_1)(1—|—t2—|—'--+t2n_4).

Thus for 0 <7 < 2n — 3, we have bzi(X):{ 2 o Miseven,

21 if i is odd.
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Since rx = 2n—1 and dim X = 4n—5, we have dim A~2(X) = ba(on—3)(X) = m=Stl —p—1
and dim A2 (X) = b2.2(X)+b2(2n+1)<X) = b2-2(X>+b2(2n—6) (X) = %—FW =n# dim A2,
Hence, QH*(X) is not semisimple by Theorem 1.2 (2).

Note ry = 2n — 2 and dimY = 4n — 6. By [BP22, Theorem 1.2 and Lemma 3.1], YV is
invariant under the natural action of a maximal torus of GG, and its torus-fixed loci coincide
with the torus-fixed loci of X. Therefore X and Y have the same Euler number. It follows that
b2(2n—3) (Y) = bQ(2n—3) (X) +bg(2n_2) (X) = 2n—2 and bgl(Y) = bZZ(X) for 0 <i<2n—-4. Thus
dim A (Y) = ba(Y) + by(zn—1)(Y) = ba(Y) + ba(an—5)(Y) = 1+ Z27H = n— 1 # by(gn_3)(Y) =
dim A~!. Hence, QH*(Y) is not semisimple by Theorem 1.2 (2). O

Remark 4.2. The same argument also works for Y in Fy/P;.

4.2. Hyperplane sections of D, /P,. For n > 4, the (co)adjoint variety D,,/Ps is the Grass-
mannian of isotropic planes in C?" with respect to a non-degenerate symmetric bilinear form.
The argument for the type C case does not work for the type D case. Here we use the mon-
odromy technique, which works not only in the type D case.

Let G/P denote a coadjoint Grassmannian of type D or E. Consider the natural projection

m:Y:={(gPv) € G/P xg|ve gL} — g

where L C g is the span of root vectors and Cartan subalgebra except the lowest root space.
Denote by  the Killing form of g. Then the fiber Y, at ©* € g can be identified with the
hyperplane section defined by the linear equation x(z, —) over g under the Pliicker embedding
G/P — P(g). Moreover, for any = in the set U = g"* of regular semisimple elements of g,
the fiber Y, is smooth, being a smooth hyperplane section Y of X. It is well-known that the
fundamental group of g"* is the braid group of the Weyl group W of G.

Lemma 4.3. The monodromy action factors through the Weyl group W, and as a W -representation,
H*(Y)=H"(Y )iny ® H* (Y )sta
with H*(Y )sta = Xstd the standard (i.e. reflection) representation of W.

Proof. We will use Springer correspondence in terms of perverse sheaves and Fourier transfor-
mation (see e.g. [Gin98]). Let Cz be the constant sheaf of a variety Z. Denote by IC(Z,x)
the intersection complex of the local system x over Z and we omit y if y = Cz. By abuse
of notation, throughout this proof we write f. for Rf,, suppress cohomological shifts, and
regard multiplicity spaces as ungraded, with multiplicities summed over all shifts. By the
Decomposition Theorem [BBD], we have

mCy = @ IC(g"™, x) ® V, @ (perverse sheaves with smaller support) (7)
X

where the sum goes over irreducible representations of 71 (g"®), and V}, is the multiplicity space
of x in H*(Y'). Let us consider the analogue p of Springer resolutions
p: Y ={(gP,v) € G/P x g |v € span(ges)} — g

where 6 is the highest root and ey is the corresponding root vector. The image of p contains
only two nilpotent orbits, the zero orbit @y = {0} and the minimal G-orbit Oy, = Gey. Since
p is one-to-one over Oy, by the Decomposition Theorem [BBD] again, we have

pxCyL = IC(Opin) ® IC(Og) @ V

for some coefficient space V. Let us denote by .# the Fourier transformation between g and
g* ~ g, where the isomorphism is given by the Killing form. Since g is simply-laced, by the
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Springer correspondence, we have
F(IC(0p)) =IC(g"™),  F(IC(Omin)) = IC(g", Xsta),
see for example [Ju08]. Since Fourier transformation is functorial, similarly to [Gin98, Claim
8.4], we have .7 (p*(CyL) = mCy. This implies
m.Cy = IC(g", Xsta) ® IC(g") @ V.
Comparing with (7), the multiplicity space V,, = 0 unless x = Xstd O Xinv and dim V, =1 for

X = Xstd- Hence, the decomposition in the statement follows. O

Lemma 4.4. For any finite irreducible Coxeter group W not of type A, we have
dim(Sym® xsea)"" =1, dim(Sym? xsea)" = 0.

Proof. By a theorem of Chevalley, for example [Hum, Section 3.5], we have an algebra isomor-
phism to the polynomial ring @d>0(8ymd xsta)W = C[p1,p2, ..., pn), with p; homogeneous of
degree d;. The numbers dy < ds < --- < d,, are classified, and the statement follows from the
fact di = 2 and dy > 4 except type A, see [Hum, Section 3.7]. O

Theorem 4.5. For a smooth hyperplane section Y of a coadjoint Grassmannian X of type D,
the quantum cohomology QH*(Y) is non-semisimple.

Proof. By Proposition 3.20, the symmetric cubic form

(M *gy=172,73)y € C, 1,772,773 € H*(Y)

is W-invariant. By Lemma 4.4, when v1,7v2,73 € H*(Y )std, we have (71 xgy =1 72,73)y = 0.
Since the Poincaré pairing is non-degenerate and W-invariant, so is its restriction to H*(Y)sq
by Lemma 4.4. So we have 1 x4, =1 72 € H*(Y )iny.

If y1,72 € H*(Y )iny and 73 € H*(Y )sta, then we have (7144, =173,72)y = (V1%gy=172,73)y =
0. Again, since the Poincaré pairing is non-degenerate and W-invariant, so is its restriction to
H*(Y )iny. So we have 1 g, =1 73 € H*(Y )std-

Notice that dimY = 2ry, and ry is even. Moreover,

H*(Y) = H*(Y)in, unless i = ry.
By the discussion above, we can construct a subalgebra B of A with a Zs-grading by
B0 = HO(Y) @ H*™ (Y )iy @ H™ (Y),
Bl = H™Y (V)@ HYY (V) ® HY (Y )ga.
Since
dim H?™ (Y)gq = dim H*Y (Y )iy = rank G,
dim H*(Y) = dim H*Y (V) =1,
dim H™ (Y) = dim H3Y (Y) > 1,
we have dim B? < dim B. Hence, B contains a nonzero nilpotent element by Lemma 2.1. [

4.3. Proof of Proposition 1.8. By Proposition 1.1, it suffices to determine the semisimplicity
for those smooth hyperplane sections Y whose cohomology is of Hodge-Tate type. By the
hypothesis, we have assumed that Conjecture 1.7 holds. Each of its cases has been distinguished
accordingly in the statement to prove. Indeed, case (a) follows from Theorem 1.3 (2). Case (b)
is a combination of Theorem 1.5 with the fact that C,,/P; = P?*"*~! and B, /P, (resp. D,/P)
is an odd (resp. even) dimensional smooth quadric, so that their smooth hyperplane sections
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have generic semisimple quantum cohomology, for being projective spaces or smooth quadrics
as well.

It remains to discuss case (c) in Conjecture 1.7. By direct computations using the Betti
numbers b;(X) of X, we obtain the following table. For instance for X = Dg/FPs with i = 4,
we have dimY = dimX —1 = 14, ry = rx — 1 = 9 and dim AY(Y) = bg(Y) + bog(Y) =
bs(Y) 4+ b2(Y) = bg(X) + b2(X) = 2+ 1 = 3, where the second equality uses the Poincaré
duality and the third equality uses the Lefschetz theorem. Here dim X,rx and b;(X) are
known and for instance can be directly read off from [Bel]. Thus by Theorem 1.2 (2), all these
four cases have non-semisimple small quantum cohomology.

| X [dimY |ry[i|  dimA(Y) [ dimA(Y) |
De/Ps | 14 [ 9 [4] bg(X)+ba(X) =3 [ b1o(X) + bo(X)
D7/Pr | 20 | 11 2| by(X) + b1a(X) =5 | bis(X) + bo(X)
4
8

=4
=6

Es/P | 15 |11 bs(X) +bo(X) =3 ba(X) =2
E;/P; | 26 |17 bi6(X) + bo(X) =3 | big(X) +bo(X) =4

Note that D4/Py is a smooth 6-dimensional smooth quadric. Hence its general hyperplane
section Y is isomorphic to a 5-dimensional smooth quadric and has generic semisimple small
quantum cohomology. The Schubert classes for C3/P; and D5/Ps; = By/P; can both be
indexed by strict partitions. Their general hyperplane sections Y satisfy dimY = 5,ry = 3
and dimY = 9,7y = 7 respectively. Consequently, the algebras A°(Y") are both 2-dimensional,
generated by {1,7%03} and {1, j*o43} respectively. Proposition 3.13 applies to the quantum
multiplication by hy in both cases, with the same proof.

For X = C3/P3, Proposition 3.14 also gives (hy, P.D.[pt], P.D.[pt])d = 0, by similar span
arguments, which is the only possible quantum term of degree > 1 in the multiplication by hy .
By direct calculations using the quantum Chevalley formula [FW04], we obtain

hy = 8j*03 + 4qy, hy x j*o3 = 20qy j* o3 + 845

For X = D5/Ps ~ By/Py, there are no quantum terms of degree > 1 in the multiplication
by hy, simply by the dimension constraint. By direct calculations, we have

hY = 12j%043 + 5qy, h x j* 043 = 29gy j* 043 + 12¢5.
At gy = 1, these identities show that h}" generates AP(Y'), with respective minimal polynomials
2 — 24t + 16, 2 — 34t + 1.

Both have distinct nonzero roots, so A°(Y) ~ C @ C and hy is invertible. Therefore QH*(Y)
is generically semisimple by Lemma 2.2. This completes the proof of Proposition 1.8.
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APPENDIX A. GENERIC NON-SEMISIMPLICITY OF SMALL QUANTUM COHOMOLOGY OF
KRONECKER MODULI

BY PIETER BELMANS AND MARKUS REINEKE

In this appendix, we explain how the semisimplicity obstruction from Theorem 1.2 is strong
enough to show that certain Kronecker quiver moduli have non-semisimple small quantum
cohomology. Quiver moduli are moduli spaces of (semi)stable representations of a quiver, and
they admit many strong results, see [9] for a survey. We will focus on the case where the quiver
is the m-Kronecker quiver with m arrows:

R "

where we will throughout assume that m > 3. We will write (d, e) for the dimension vector,
where d,e > 1. We will assume that ged(d,e) = 1. As there are only 2 vertices, there is a
unique non-trivial stability function, for which stability coincides with semistability. We denote
the moduli space of (semi)stable representations of the m-Kronecker quiver with dimension
vector (d, e) by MG o)
The important properties for us are that
(1) M) = Gr(e,m) and MG = Gr(d, m);
(2) M{j ) is Hodge-Tate [7, Theorem 3];
(3) Mz’é,e) is a smooth projective rational Fano variety of dimension mde — d?> — €% + 1,
Picard rank 1, and index m, see [5, Corollary 5.2].
In addition to generic semisimplicity of small quantum cohomology of Kronecker moduli
which happen to be Grassmannians, we have the following important result [8, Theorem 5.23],
which follows from an explicit presentation of the small quantum cohomology.

Proposition A.1 (Meng). The small quantum cohomology QH(M?QB)) is generically semisim-
ple.

Given that a version of Schofield’s conjecture predicts that the derived category of a quiver
moduli space (and thus M) n particular) admits a full exceptional collection [2], and
Dubrovin’s conjecture then predicts that its big quantum cohomology is generically semisimple,
one might (optimistically) wonder whether the small quantum cohomology is already semisim-
ple, as is the case in all known examples. However, the following shows that this is not the
case.

Theorem A.2. Assume that m > 5 is odd. Then the small quantum cohomology QH(M’(g m))
is not generically semisimple.
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We will obtain this as a consequence of Theorem 1.2, and thus we can conclude that this
result is also strong enough to show that certain Kronecker moduli spaces have generically
non-semisimple small quantum cohomology, similar to the application in Theorem 2.3 for ex-
ceptional generalized Grassmannians.

Two lemmas. Given a polynomial with integer coefficients

N .
=3 wd € Zjg (9)
1=0

and an integer n > 1, we define

Bj = Z ap (10)

k=j mod n
for j € Z/nZ. Later on, the polynomial will be the even Poincaré polynomial of a smooth
projective variety, and the b; will be the index-periodic even Betti numbers.

Lemma A.3. Assume that b; < by, for all j,k € Z/nZ. Then P(e*™/") = 2 djn H( (n/d)bg, in
particular, it is an integer.

Proof. By assumption we have that b; = I;jk if k € (Z/nZ)*. The orbits of (Z/nZ)* on Z/nZ
correspond to the divisors of n, thus we can write

27r1/n Z b e27r1]/n Z by Z e2ﬂ'lj/TL Z I;d Z GQﬂij/(n/d) = Zu(n/d)i)d

dln (j,n)=d dln (4,n/d)=1 din
(11)

where the last step uses standard properties of Ramanujam sums [6, Theorem 271], and the
latter expression is indeed an integer. O

We also recall the g-Lucas theorem on evaluations of Gaussian binomial coefficients [Z]q at
roots of unity [4, Proposition 2.2].

Lemma A.4. Fora,be N and 0 <r,s <n, we have

an—+r a r
= . . 12
|:bn + 8:| eQTri/n <b> |:S:| e27‘ri/n ( )

Poincaré polynomials of Kronecker moduli. Now we consider the Kronecker moduli
spaces M( ¢ for e odd and m, e > 3. There is a duality

Mg,e) = ?52771 e)’ (13)

(with both being empty when e > 2m) see, e.g., [1, Corollary 4.1], thus we can assume e < m.
Their Poincaré polynomials admit a closed expression using a resolved Harder-Narasimhan
type recursion [10, Section 7.

Lemma A.5. Let e,m > 3, and assume that e < m, and e is odd. The Poincaré polynomial
PG, ( ) ofM26 s given by

P?E,e)(Q)Zq(ql_l) qil[ L (ezli:)mqm“k [k]q[eTkL : (14)

We can now derive the main observation.
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Lemma A.6. Let e,m > 3, and assume that e < m, and e is odd. Then PE’QZ 6)(62”1/’") 18

strictly imaginary if and only if e = m > 5.

Proof. If e <'m, then all Gaussian binomial coefficients in Lemma A5 evaluate to zero at ¢ =
e2™/™ by Lemma A.4, because we always have r = 0 and s = e > 1, and thus PE’QL ¢) (e27i/my = 0.

If e = m, we find

. 1 1
m 2wi/my _ ) -
(Q,m)(e ) - e?wi/m(GQﬂ'i/m _ 1) <627ri/m +1 2 1)
1
_627ri/m(627ri/m + 1)’

(15)

as for k = 0 in the summation in Lemma A.5 we have [Tg] = [m} o2mi/m = 1 by definition,

e2mi/m m

whilst all other Gaussian binomial coefficients in the sum evaluate to zero at ¢ = e2™/™ by
Lemma A.4 because for k > 1 we will have r = 0 and s > 1, whereas [27;"] 2mi/m = (%) [8} o2mi/m =

2 by another application of Lemma A.4. This is strictly imaginary for m > 5.
Proof of Theorem A.2. By Lemma A.6 we have that P72 . (e2™/™) is strictly imaginary (and

(2,m)
thus nonzero). By Lemma A.3, this invalidates the criterion of Theorem 1.2, and thus the
small quantum cohomology of ME’; m) is not generically semisimple. O

Let us illustrate what happens in the smallest example, where m = 5.

5
(2,5

Fano variety, of index 5. Using the algorithm for Betti numbers of [10, Corollary 6.9], and
implemented in [3], or by working out the special case from Lemma A.5, we obtain that the
even Betti numbers are

Example A.7. The Kronecker moduli space M ) is a 22-dimensional smooth projective

1,1,3,4,8,11,17,22, 30, 35,41, 41,41, 35,30,22,17,11,8,4, 3,1, 1. (16)
Hence, the index-periodic even Betti numbers B(), . ,f)4 are
78,77,78,77,77. (17)

We see that by > by, hence by Theorem 1.2 we obtain that QH(M?%)) cannot be generically
semisimple.

Acknowledgements. P. B. was supported by NWO (Dutch Research Council) as part of the
grant doi:10.61686/RZKLF82806. M. R. thanks University Diisseldorf for the kind hospitality.
We would like to thank Maxim Smirnov for interesting discussions, and for asking a question
about horospherical varieties, which led us to consider the case of Kronecker moduli.

REFERENCES

[1] Alexandre Astruc, Frederic Chapoton, Karen Martinez, and Markus Reineke. “Motives of central slope
Kronecker moduli”. In: E‘pijournal de Géométrie Algébrique Volume 9, 19 (2025). DOI: 10.46298/epiga.
2025.14742.

[2] Pieter Belmans, Ana-Maria Brecan, Hans Franzen, Gianni Petrella, and Markus Reineke. “Rigidity and
Schofield’s partial tilting conjecture for quiver moduli”. In: J. Ec. polytech. Math. 12 (2025), pp. 1345-1379.
DOI: 10.5802/jep.312. MR: 4954467.

[3] Pieter Belmans, Hans Franzen, and Gianni Petrella. QuiverTools. DOI: 10.5281/zenodo.1268022. URL:
https://quiver.tools.

[4] Jacques Désarménien. “Un analogue des congruences de Kummer pour les g-nombres d’Euler”. In: Furopean
J. Combin. 3.1 (1982), pp. 19-28. po1: 10.1016/50195-6698(82)80005-X. MR: 656008.

[5] Hans Franzen, Markus Reineke, and Silvia Sabatini. “Fano quiver moduli”. In: Canad. Math. Bull. 64.4
(2021), pp. 984-1000. pOI: 10.4153/S0008439520001009. MR: 4352662.


https://doi.org/10.61686/RZKLF82806
https://doi.org/10.46298/epiga.2025.14742
https://doi.org/10.46298/epiga.2025.14742
https://doi.org/10.5802/jep.312
http://www.ams.org/mathscinet-getitem?mr=4954467
https://doi.org/10.5281/zenodo.1268022
https://quiver.tools
https://doi.org/10.1016/S0195-6698(82)80005-X
http://www.ams.org/mathscinet-getitem?mr=656008
https://doi.org/10.4153/S0008439520001009
http://www.ams.org/mathscinet-getitem?mr=4352662

28 S. GALKIN, N.C. LEUNG, C. LI, AND R. XIONG

[6] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Sixth. Revised by D. R. Heath-
Brown and J. H. Silverman, With a foreword by Andrew Wiles. Oxford University Press, Oxford, 2008, pp.
xxii+621. 1SBN: 978-0-19-921986-5. MR: 2445243.

[7] Alastair D. King and Charles H. Walter. “On Chow rings of fine moduli spaces of modules”. In: J. Reine
Angew. Math. 461 (1995), pp. 179-187. DOI: 10.1515/cr11.1995.461.179. MR: 1324213.

[8] Junyu Meng. Quantum cohomology of a Fano quiver moduli space. 2024. arXiv: 2412.15987v1 [math.AG].

[9] Markus Reineke. “Moduli of representations of quivers”. In: Trends in representation theory of algebras and
related topics. EMS Ser. Congr. Rep. Eur. Math. Soc., Ziirich, 2008, pp. 589—637. 1SBN: 978-3-03719-062-3.
DOIL: 10.4171/062-1/14. MR: 2484736.

[10] Markus Reineke. “The Harder-Narasimhan system in quantum groups and cohomology of quiver moduli”.
In: Invent. Math. 152.2 (2003), pp. 349-368. DOI: 10.1007/s00222-002-0273-4. MR: 1974891.

MATHEMATICAL INSTITUTE, UTRECHT UNIVERSITY, BUDAPESTLAAN 6, 3584CD UTRECHT, NETHERLANDS
Email address: p.belmans@uu.nl

FACULTY OF MATHEMATICS, RUHR-UNIVERSITAT BOCHUM, UNIVERSITATSSTRASSE 150, 44780 BOCHUM,
GERMANY
Email address: markus.reineke@ruhr-uni-bochum.de


http://www.ams.org/mathscinet-getitem?mr=2445243
https://doi.org/10.1515/crll.1995.461.179
http://www.ams.org/mathscinet-getitem?mr=1324213
https://arxiv.org/abs/2412.15987v1
https://doi.org/10.4171/062-1/14
http://www.ams.org/mathscinet-getitem?mr=2484736
https://doi.org/10.1007/s00222-002-0273-4
http://www.ams.org/mathscinet-getitem?mr=1974891
p.belmans@uu.nl
markus.reineke@ruhr-uni-bochum.de

	Highlights
	1. Introduction
	Acknowledgements

	2. Criteria for the semisimplicity
	2.1. Semisimple commutative algebra
	2.2. Quantum cohomology
	2.3. First applications

	3. Smooth hyperplane sections of Gr(k, n)
	3.1. Characterization of H*(Y) of Hodge–Tate type
	3.2. Quantum Pieri rule for Hodge–Tate hyperplane sections
	3.3. Semisimplicity of QH*(Y)
	3.4. Proof of Lemma 3.3
	Case I: n-i{1, 2}.
	Case II: n-i3 and i<n-i
	Case III: n-i3 and in-i
	Subcase III.1
	Subcase III.2

	4. Smooth hyperplane sections of generalized Grassmannians
	4.1. Hyperplane sections of Cn/P2
	4.2. Hyperplane sections of Dn/P2
	4.3. Proof of Proposition 1.8

	References
	Appendix A. Generic non-semisimplicity of small quantum cohomology of Kronecker moduli [6pt] by Pieter Belmans and Markus Reineke
	References

